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ABSTRACT

Pressure build-up data in low permeability reservoirs take too long and are usually of 

poor quality. A pressure buildup test is perhaps the most widely performed transient 

test. In pressure buildup test, a well which has been producing for some time at a 

constant rate is shut-in and the bottomhole pressure is measured as a function of 

shut-in time.  It is easier to conduct and interpret than most other transient tests, but 

often it is not economically feasible to shut in a well with a high production rate for a 

buildup  test.  Sand  producing  wells  are  not  good  candidates  for  long  pressure 

drawdown tests. It is often impracticable to maintain a constant rate long enough to 

complete  a  drawdown  test.  In  these  cases,  a  multi-rate  flow test  should  be  run 

instead of buildup or drawdown tests. In most cases, the well is shut-in at the surface 

and as a result, some of the early time pressure data may be affected by wellbore 

storage. Actually a well-designed multi-rate flow test may minimize the  influence of 

wellbore storage on pressure data.

A new technique based on the pressure derivative concept is presented for 

interpreting  a  multi-rate  flow  test.  It  is  shown  here  that  a  Cartesian  plot  of  the 

pressure  derivative  data  versus  a  time  group  is  a  straight  line  from  which  the 

reservoir permeability can be estimated. It is also shown that for the case of two-rate 

test, Tiab’s Direct Synthesis technique is applicable for calculating permeability and 

skin. A step by step procedure is presented for interpreting a multi-rate test using 

pressure and pressure derivative data. This new technique is illustrated by several 

numerical examples.
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CHAPTER 1

INTRODUCTION

1.1 Overview

Pressure transient testing techniques are an important part of reservoir and 

production engineering. From the analysis of the pressure tests, the reservoir model 

can  be  recognized  and  the  reservoir  properties  can  be  obtained.  In  order  to 

determine such characteristics, drawdown and Buildup tests are performed. But to 

run successful pressure tests, many requirements have to be satisfied. For instance, 

pressure buildup analysis requires that: 

(1) The well be shut in for a sufficient period of time ∆t and (2) The producing time, 

during the last constant rate prior to shut in, be four times longer than the total shut in 

time in order to obtain actual reservoir response.

Because  we  need  to  shut  the  well  in,  the  pressure  build  up  test  is 

uneconomical both for high production wells and tight formations due to income loss. 

Drawdown tests require that: (1) The well be shut in long enough, before the test is 

run to reach reservoir static pressure. and (2) The flowrate be maintained constant 

during  the  entire  test,  which  is  quite  difficult  to  achieve  in  practice.  Pressure 

drawdown tests are not suitable for sand-producing wells.

 Consequently, in order to overcome the drawbacks of the conventional single 

rate tests, a Multirate flow test should be run instead. A Multirate test is a draw down 

test conducted at several production rates (fig. 1). A well designed, performed, and 

analysed multirate test  yields the same results as a single flowrate test,  reduces 

income loss and removes the effects of flowrate fluctuations on the resulting pressure 

transient  responses.  An  additional  advantage  is  the  minimization  of  phase 

redistribution effects. Such a test may be conducted if:

1. An operator cannot afford to shut in a well for a build up test but wishes to 

obtain the same type of information that can be obtained from the build up 

test.

2. Sand production prevents shutting in the well for a build up test.

3. Phase segregation prevents the use of build up test.

4. Required to do so by a regulatory agency as in the case of gas wells.

5. Test began at a constant rate drawdown test, but the rate varied significantly 

during the test.

12



Reservoir  parameters  such  as  formation  permeability,  total  skin  factor, 

average reservoir pressure, and distance to a barrier if present, can be obtained from 

a Multirate test. In Multirate test, a well is flowed at a number of constant rates and 

the flowing BHP are recorded as a function of time. The constant rates should either 

be in increasing or decreasing order of magnitude. The effect can be modelled by 

considering a Multirate well to be several single rate well at same location, and each 

time the rate changes , a new well with rate equal to the total rate change is added to 

the calculation as shown in fig. 1.

1.2 Literature Review 

A multi-rate test may be characterized by a series of constant flow rates, or 

uncontrolled variable rate. In fact, pressure build-up testing is a special type of multi-

rate well test. The flow meters can aid in the design of both kinds of tests, variable or 

constant flow rates, and as a direct consequence more accurate analysis and results 

of their interpretation can be obtained. The approach presented here is based on the 

assumption that the system is infinite-acting and the logarithmic approximation to the 

line source solution of the diffusivity equation is applicable. The pressure behaviour 

caused by a variable flowrate is given by the principle of superposition with time.

The principle of superposition with time is used to develop a plot to determine 

the  reservoir  parameters.  The  principle  states  that  adding  solution  to  a  linear 

differential  equation  results  in  a  new solution  to  that  differential  equation  but  for 

different boundary condition. The concept of superposition entails:”Every flow rate 

change in  a  well  will  result  in  a  pressure  response which is  independent  of  the 

pressure responses caused by other previous rate changes”. This applies to single 

well with variable production flow rate.

Visualizing a single well as two wells located at the same point with one producing at 

rate  q1  from t=0 to t=1 and the second imaginary well producing at rate ( q2  -  q1) 

starting at new time t1 and continuing for a time period (t – t1) as shown in fig. 2.

Russell1 developed  a  testing  method  for  a  two-rate  flow  test,  which 

overcomes the drawbacks of buildup and drawdown tests. Geometrical and boundary 

effects can be inferred from a two-rate flow test analysis. The difficulty of the two-rate 

flow test  is  that  the  second flow rate  must  be constant.  This  is  quite  difficult  to 

achieve in practice and a slight fluctuation of the flow rate, if not accounted for, may 

lead to considerably erroneous results.  Selim2 observed that  the results  obtained 
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from a two-rate test were sensitive to the slope of the straight line drawn according to 

the  method  proposed  by  Russell.  Therefore,  he  suggested  a  modification  of  the 

method by returning the well to the producing rate it had prior to the test once the 

well  had reached stable conditions.  Pinson3 proposed to plot  Pwf versus Log (∆t) 

when the first flow rate lasts over a long period of time, when compared with the 

second flow rate time. Earlougher4 developed a technique for the estimation of the 

errors  in  the  calculated  transmissibility  and  skin  factor,  when  Pinson’s  analysis 

technique is used for a two-rate flow test. These errors can be used to decide which 

technique should be applied. As mentioned above, in practice, it is quite difficult to 

maintain both first and second flow rates constant. For this reason, it is necessary to 

modify  the two-rate flow equations.  Odeh and Jones5 modified  the procedure by 

removing the constant rate requirement during the second flow period. Thus, any drift 

in rate is taken into consideration in the calculation of results. Doyle and Sayegh6 

presented a method to calculate average reservoir pressure, formation damage and 

reservoir  characteristics  from  a  three-rate  transient  test  in  gas  wells.  The 

conventional semi-log or log-log type curve matching techniques are used to analyse 

Multirate tests.  Tiab introduced first  the direct  synthesis  technique for  interpreting 

pressure transient tests for a well producing at constant flowrates. This uses log-log 

plots  of  pressure  and  the  pressure  derivative  versus  time  to  compute  several 

reservoir parameters without using the type curve matching technique.   

Pressure drop at a single well is given as

ΔP=
141. 2µB

kh [q1 P D r D1 ,t D +S  q2−q1  PD r D1 ,  t−t1 D +S  ]

In oil field units: pressure at any point or observation well at distance r from 

the active well is given as:

 

ΔP=
−70 . 6µB

kh [q1−q0  E i948ΦµCt r
2

k t−to  q2−q1 E i 948ΦµCt r2

k t−t1  ]
The general form of this equation is given as:

ΔP=
141. 2µ

kh
∑
i= 1

n

[ qB i− qB i−1] [P D r Di , t− ti−1D +S  ]

In oil field units, for n constant rates this gives:

Pwf=Pi−
Bµ

0 .007082kh
∑
i=1

n

PDi Δq i

Where Δqi = qi – qI-1 , q0 = 0

14
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PDi is determined at t-ti-1 which is the time each rate change has been 

in effect, t = current time, ti-1 = time when rate was changed to qi and to 

= 0.

If the reservoir is infinite acting for each flow rate, then

P Di=0 . 5 [ln t Dwi −0 .80907 ]

 where

 
t Dwi=

0 .0002637k t− ti−1
ΦµC t rw

2

This implies that:

Pwf =P i−
Bµ

2πkh
∑
i=1

n

0 .5[ ln  k t−t i−1
ΦµC t r w

2 0 .80907] Δqi

Dividing through by qn gives

P i−Pwf

qn

=m'∑
i=1

n qi−qi−1

qn

log t−t i−1  + m'    { S ¿

Division by qn ensures that the plot in each flow period lines up to give one straight 

line with the same intercept.

For instance, for a three rate test,

@ n=1, ∑
i=1

n q i−q i−1

qn

log t−t i−1 =
q1−q0

q1

log t−t0 

@ n=2, ∑
i=1

n q i−q i−1

qn

log t−t i−1 =
q2−q1

q2

log  t− t1 
q1

q2

log  t 

@ n=3, ∑
i=1

n q i−q i−1

qn

log t−t i−1 =
q3−q2

q3

log  t−t2
q2−q1

q3

log t−t1
q1

q3

log  t 

A plot of 

P i−Pwf

qn  versus  
∑
i=1

n q i−q i−1

qn

log t−t i−1 
 gives a slope m' and intercept, 
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b=m'    { S ¿
, from which, k, kh and s are obtained.

Where 

(1.9)

        (1.10)

From  equation  1.9  and  1.10, 

Permeability, k and skin factor, s is obtained as follows:

k=
162 .6µB

m'h

1.3 Objective of the Study 

The objective of this study is to apply a new technique based on the pressure 

derivative concept for interpreting a multi-rate flow test. A step by step procedure is 

presented for interpreting a multi-rate test using pressure and pressure derivative 

data. This new technique is illustrated by several numerical examples.

1.4 Organization of the Study 

Chapter two covers the theory of oil reservoirs, including pressure function for 

continuously changing flow-rates, pressure function for constant flowrate preceded 

by  variable  flow-rates,  and  Direct  synthesis  for  multirate  tests.  Chapter  Three 

discusses the various test scenarios encompassing multirate test, three and two rate 

test. It also considers the application of a pressure-function and pressure derivative 

methods to multirate test and application of Tiab's Direct Synthesis in two rate test. 

Chapter  Four  presents  and  compares  the  results  obtained  from  the  pressure 

calculations; It includes the discussion of the results and the calculations of reservoir 

parameters such as permeability and skin factor.  Finally,  Chapter Five covers the 

summary, conclusions of the study, and the recommendations.
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− log  k
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2 3.2275]

m'=
162 .6Bμ
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CHAPTER 2

THEORY OF OIL RESERVOIRS

2.1 Application of Pressure Derivative Concept to Multi-Rate Test in Oil 

Reservoir

A multi rate test is difficult to interpret because both pressure and production 

flow rate vary with time. If both pressure and flow rate are measured, the problem 

can be solved by using the convolution theorem as highlighted below:

If  f(t)  & g(t)  are piecewise continuous functions on [0,∞),  then convolution 

integral of f(t) & g(t) is given as:

(f * g)(t) = ∫
o

t

f  t−τ  g τ  dτ = ∫
o

t

f τ  g  t−τ  dτ (2.1)

Since pressure, P and flowrate, q are also time dependent, ie P(t) and q(t) and are 

piecewise continuous functions on [0,∞) as seen in multirate test, then convolution 

integral of P(t) and q(t) is given as:

(P*q)(t) = ∫
o

t

P  t−τ  q  τ  dτ (2.2)

From Duhamel's integral,

P(t)  ≈ ∑ P(τ).∆τ.∂(t – τ) (2.3)

x(t) ≈ ∑ P(τ).∆τ.q(t-τ) (2.4)

as ∆t → 0, and replacing summation term by integral term:

x(t) = ∫
o

t

P τ  q  t−τ  dτ=∑ P τ  . ∆τ . q  t−τ  (2.5)

In dimensionless form, the convolution integral of PD(t) and q(t) is:

P D=∫
o

t

qD τ D 
dP D t D−τ D 

dt D

dτ D (2.6)

Discretizing of the equation using Riemann's integral results: 

∑
i=1

n

∆xk 0 as  n ∞ (2.7)
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This is the general form of the dimensionless pressure equation caused by variable 

flowrate.

P D=∑
i=1

n

qDi−q Di−1 [ P D t D−t Di−1 ] (2.8)

Where qD0 = 0 , tD0=0 and q Di=
q

qref

The line source solution to the diffusivity equation for a well producing at a constant 

rate in an infinite acting radial system in oil field units is given as follows(assuming 

that the log approximation is valid)

  P Dw=1 . 1513 [ log  t S ] (2.9)

and
P Dw=

kh
141 .2qref μB P i−Pwf 

At the wellbore, the dimensionless pressure caused by a variable flowrate during 

infinite  acting  radial  flow regime is  obtain  by  combining  the discretized  equation 

above for PDw as shown below: 

P Dw=1 . 1513[∑
i=1

n

q Di−q Di−1   log t−t i−1 0 . 8686qDn
S−3. 227 ]

      (2.10)

In real parameters and oil field units, equation becomes:

P i−Pwf  t 

qref

=
162. 6μB

kh [∑i=1

n qi−q i−1

qref

log t−t i−1 0.8686
qn

qref

s−3 .227]
        (2.11)

qref is the last flow rate at the time tn

2.2 Pressure Function For A Continuously Changing Flow Rate.

In equation 3.23, let qref = qn and thus for practical purposes can be written as:

        (2.12)

18

S=[ log  k
φμct rw

2 −3 . 22750. 86859 s]Where

P i−Pwf  t 

qn

=mn∑
j=1

N

[ q j−q j−1 

qN

log t−t j−1]+ bn



Equation (2.12) can also be written in the form below:

P i−Pwf  t 

qn
=mn X n  bn

          (2.13)

where the slope = mn, intercept = bn and superposition time = Xn . 

A plot of  
P i−Pwf  t 

qn
 versus Xn should yield a straight line with a slope mn,  and 

intercept  Xn  during  the  infinite  acting  radial  flow.  Such  a  plot  is  termed a  rate-

normalized  or  multirate  superposition  plot.  From  the  slope  and  intercept,  the 

permeability, k and skin factor, s can be expressed as: 

k=
162 .6µB

mnh                (2.14)

                 (2.15)

In addition, equation 2.13 can be written in a different form as:

P i−Pwf tn 
qn

=mn log t eq  bn         (2.16)

where 
tn−tn−1

[
q

i
−q

i−1
qn ]

= 10X n
        (2.17)

A semilog plot of 
P i−Pwf  t 

qn
 versus either t or teq should yield a straight line 

with slope m and intercept bn. The intercept is read from the value of  
P i−Pwf  t 

qn
 

read from the straight line or its extrapolation at t=1hr.  The permeability and skin 

factor are calculated from equation 2.14 and 2.15 respectively.

2.3 Pressure Derivative Concept To Multi-Rate Tests  

With the derivative approach, the time rate of change of pressure during a 

test period is considered for analysis. In order to emphasize the radial flow regime, 

the derivative is taken with respect to the logarithm of time (Bourdet et al., 1983 a). 

19
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By using the natural logarithm, the welltest derivative function can be calculated with 

the  following  central  difference  approximation:  derivative  expressed  as  the  time 

derivative, multiplied by the elapsed time ∆t since the beginning of the period.          

∆p' =  
dp

dln∆t   = ∆t
dp
dt         (2.18)

 In  dimensionless  form,  the function  normally  used to  diagnose  the presence of 

wellbore storage in the pressure data is the welltest derivative function defined as

P D '=
dP D

dlnt D
=t D

dP D

dt D (2.19)

In actual variable, the welltest derivative function becomes,

∆P'=
d∆P
dlnt

=t
d∆P
dt

=70 .6
qμB
kh

=a constant
(2.20)

The welltest derivative function can be calculated with the following central difference 

approximation:

(2.21)

The derivative is plotted on log-log coordinates versus ∆t. 

Modern  analysis  has  been  enhanced  by  the  use  of  derivative  plot 

introduced  by  Bourdet,  Whittle,  Douglas,  and  Pirard  (1983).  The  advantage  of 

derivative  plot  is  that  it  is  able  to  display  in  a  single  graph  many  separate 

characteristics that would otherwise require different plots.

Practically all wells produce at varying rates and therefore it is important that 

we be able to predict the pressure behaviour when rate changes.

The concept of superposition which states:”Every flow rate change in a well will result 

in a pressure response which is independent of the pressure responses caused by 

other previous rate changes”.

The  following  equation  is  used  to  interpret  a  multirate  test  using  the  pressure 

function:

        (2.22) 
 

where the slope is given as

20

P i−Pwf

qN

=m'∑
j=1

N

[ q j−q j−1

qN

log t−t j−1 ]+b'

m'=
162 .6Bμ

kh



           (2.23)

and intercept as:

        (2.24)

The derivative with respect to 

time yields: 

        (2.25)

where the new slope is:

  

                                                                           (2.26)

From comparing Eqs. 2.23 and 2.26:

                                                                         (2.27)

The primary purpose of the derivative is to make sure that the appropriate straight 

line, for calculating k, is selected properly.

           

2.4 Direct Synthesis Technique For Multi-Rate Test.

2.4.1 Direct Synthesis For  A Continuously Changing Flow Rate

For a continuously production flow rate, the equation governing the pressure 

drop at the wellbore for an infinitely acting radial flow is expressed as:

P Dn r= kh
141 .2 μB   P i−Pwf t n  

qn
 =

1
2 [ ln tDen

0 . 809072s ]          (2.28)

where, 
t Dn

−t Di−1

[

q
i
−q

i−1
qn ]      (2.28.1)

For simplicity, let ∆Pq=
P i−P  tn

qn

     (2.28.2)

The  right  hand  side  of  equation  2.28  is  the  same  as  the  dimensionless 

pressure for a well producing at a constant flowrate. The dimensionless pressure, 
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b'=m' [ log  k
φμct rw

2 −3 .22750.86859 s]

ΔP wf

Δt
=Pwf

' =m ''∑
j=1

N q j−q j−1

t−t j−1

m ''=
70 .6μB

kh

m'= 2 .303 m ''



time and wellbore storage are expressed as:

 P Dn r= kh
141 .2 μB  ∆Pq

        (2.29)

         (2.30)

(2.31)         

From the numerical example (3.1), both semilog and Cartesian plots of  ∆Pq versus 

time (t) give almost the same result. 

The log-log plot of pressure versus time has a unit slope straight line as the 

only unique characteristic. The log-log plot of pressure derivative versus time has a 

unit slope straight line characteristic as well as a peak and a horizontal straight line 

indicating the infinite acting radial flow period. The principal characteristic of the two 

functions are:

 The pressure curve is characterized by a unit slope line during the early time. 

This  corresponds to  pure  constant  wellbore  storage  flow.  In  the  case  of 

constant wellbore storage, Van Everdingen, Agarwal et al and Wattenbarger 

studied this early period and developed an equation governing the sandface 

flowrate.  From  material  balance,  the  pressure  in  the  wellbore  is  directly 

proportional to the time during which the wellbore storage dominates the test. 

Mathematically, 

P D=
t D

C D
        (2.32)

Combining equations 2.30 and 2.31 results in

tD

C D
=[2 . 95∗10−4 ]  Kh

μ  t
C          (2.33)

Substituting equations 2.29 and 2.33 into 2.32 and solving for C gives:

C= B
24  t

∆Pq
         (2.34)

 The infinite acting radial flow portion of the pressure derivative is a horizontal 

straight line. In terms of pressure, the equation of the straight line is :
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C D= 0 .8935

φhct r w
2 C

t Den
= 0 .0002637k

φμct r w
2  t en



P Dn r=
1
2 [ ln  t D

C D 0. 80907ln C D e2s]         (2.35)

The derivative of equation 2.35 with respect to natural log of  
tD

C D
 is 

tD

C D
xP D '= 0. 5         (2.36)

On the other hand, taking the derivative of equation 2.29 with respect to natural log of 

tD

C D
 and applying the chain rule method of differentiation results in

P D '=
∂ PD

∂  tD /C D 
= kh

141 .2 μB  ∂ ∆Pq

∂ t
∂ t

∂  tD/C D  = kh
141. 2 μB  Cμ

2. 95 x 10−4 kh  ∆P'q

or P D '= 24C
B  ∆P'q         (2.38)

Substituting equation 2.33 into 2.38 results in

tD

C D
xP D '= kh

141. 2 μB  tx∆P' q r         (2.39)

Combining equations 2.36 and 2.39 and solving for permeability, k yields

k=70 .6 μB
h tx∆P'q r          (2.40)

 The wellbore damage is  determined from a relationship between pressure 

and  pressure  derivative  during  the  infinite  acting  radial  flow  period.  This 

relation can be derived by dividing equation 2.35 by 2.36 to obtain

 PD n
r

[tD /C D ] P' D

=[ ln t Dr 0 .809072s ]         (2.41)

Equations 2.29, 2.30, 2.39 and 2.41 are added together to obtain the skin 

factor s, as s= 0.5[  ∆Pq r
t∗∆P'q

−ln  Ktr

φμc t rw
2 7. 43]         (2.42)
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CHAPTER 3

TEST PROCEDURE AND METHODOLOGY

3.1 Multi-Rate Test

3.1.1 Numerical Example of Multirate Test in an Oil Reservoir 

A multirate test in which the oil flow rate is varied from 1320 BPD to 742 BPD during 

an 18.95-hr drawdown test. Tables B1 and B2 present measured pressure and flow 

rate data as functions of time during this test. Other known reservoir and well data 

are: 

The summation term is 

calculated as:

(3.1)

The superposition time is calculated as 

(3.2)

3.1.1(a) Pressure-Function

Fig. 3  shows the Cartesian plot of  ∆P/q, psi/BPD versus Xn which has two straight 

lines. Note that the slope of the second line is greater than that of the first, possibly 

indicating the presence of a fault, a lower permeability or pseudo-steady state. The 

slope of the first straight line is

 m1 = 1.0525 psi/(stb/d cycle), and the intercept bm = 2.0450psi/(stb/d).

The formation permeability is computed from Eq. 2.14 as
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RESERVOIR PARAMETERS
Porosity, Φ 0.09

1.12 RB/STB
Height, h 38 ft
Compressibility, Ct 0.0000022

0.51 ft
Oil Viscosity, μ 4.2 cp

∞

Oil FVF, Bo

psi-1

Wellbore Radius, rw

Eff. Wellbore Radius, re

∑ =∑
j=1

N q j−q j−1

t−t j−1

X n=∑
j=1

N

[  q j−q j−1 

qN

log t−t j−1]



k = 
162 .6µB

m'h  = 
162. 6  4 .2  1. 12 

1 . 0525  38   = 19.12md

3.1.1(b) Pressure Derivatives

Fig. 4 is a Cartesian plot of ∆P', psi/hr versus ∑, BPD/hr. The straight-line of  best fit 

of this graph indicates a slope m'' = 0.410 and the new permeability is calculated as 

follows using eqn. 2.26:

k = 
70 .6µB

m''h = 
70 .6  4 .2  1 .12 

0 .410  38  = 21.32md

According to equation 3.7, 

 = 2.303*0.410 = 0.9442

Therefore, the choice of m’=1.0525psi/STB as obtained from fig 3 is incorrect. The 

value  of  permeability  computed  from this  slope  is  19.12md.  The  intercept,  b'  is 

obtained from figure 3 as 2.0450. and slope, m' = 1.0525

The skin factor, s is calculated as follows:

  s=1 .1513[ 2 .0450
1 .0525

−log 19.12

0 . 09∗4 . 2∗0 . 0000022∗0 . 512 3 .2275]   = -3.20

The  slope  of  the  semi-log  straight  line  of  Pwf versus  time  (Fig.  5)  is 

-771.57psi/cycle. ie -335.03*In(10);

The permeability, k = 
-162 . 6qµB

mh  = 
-162 .6  742  4 .2  1.12 

−771.57  38   = 19.36md

  s=1 .1513[985.72
771.57

−log 19 .36

0 . 09∗4 . 2∗0 .0000022∗0 .5123. 2275]   = -3.97
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m ''=
70 .6μB

kh

m'= 2 . 303 m ''

b'=m' [ log  k
φμc t rw

2 −3 .22750.86859 s]



3.2 MULTI-RATE TEST FOR A CONTINUOUSLY CHANGING FLOWRATE.

Consider a drawdown test in which rate decreased continuously throughout 

the test. Table 3.3  shows measured pressure and flow rate data as functions of time 

during the test. It is observed that there exists only one pressure point for a given 

flowrate. Other known reservoir and well data are tabulated below: 

In  addition, 

Table  B3 contains  summaries  of  normalized  pressure  
P i−Pwf  t 

qn
,  superposition 

time Xn, equivalent time teq and derivatives.

3.2.1 Conventional Method: Cartesian Plot

A Cartesian plot of 
P i−Pwf  t 

qn
 versus Fp is shown in fig. 6. The early time data are 

distorted due to wellbore storage effect. It is clear from the shape of the curve that 

wellbore storage effect ends at approximately 1hr 30mins. For t > 1hr 30mins the 

plotted data lay on a  straight  line  indicating  the infinite  acting  radial  flow.  Linear 

regression yields a slope of straight line, m' = 0.1894 psi/(BPD)/cycle and intercept 

b'=1.5572psi/BPD (fig 6). The permeability, k and skin factor, s are calculated from 

equations 2.23 and 2.24 as follows: 

 k = 
162 .6µB

m'h  = 
162. 6  1. 3  1 
0 .1894  100   = 11.16md

 s=1 .1513[ 1 . 5572
0 . 1894

−log 11 .16

0 .2∗1∗0 .00001∗0.252 3.2275]   = 4.027

3.2.2 Conventional Method: Semilog Plot

From the semilog plot of 
P i−Pwf  t 

qn
 versus teq (Fig 7), a straight line drawn for real 

26

RESERVOIR PARAMETERS
Porosity, Φ 0.2
Oil FVF, Bo 1.3 RB/STB
Height, h 100 ft
Compressibility, Ct 0.00001
Wellbore Radius, rw 0.25 ft
Oil Viscosity, μ 1 cP
Eff. Wellbore Radius, re ∞

psi-1



time overlaps exactly the teq straight  line .The regression line for  teq-straight  line 

yields a slope, m' = 0.0823ln(10) psi/(STB/D)/cycle,

m' = 0.1895psi/(STB/D)/cycle, intercept b' = 1.557.

The permeability and skin factor are calculated as illustrated above:

k = 
162 .6µB

m'h  = 
162. 6  1. 3  1 
0 .1895  100   = 11.15md

 s=1 .1513[ 1 .5572
0 .1895

−log 11 .15

0 .2∗1∗0 .00001∗0 .252 3 .2275]   = 4.023

3.2.3 Tiab's Direct Synthesis

Data for Tiab's Direct Synthesis are also included in Table 3.3, Fig. 9 shows a log-log 

plot of  ∆P/q, psi/STB and t*(∆P/q)', psi/STB versus t, hrs on the same graph. The 

infinite acting line can be clearly depicted, and the following values are read from the 

graph(fig 9) as follows:

(t*(∆P/q)')r = 0.082 psi/BPD

(∆P/q)r = 1.820 psi/BPD

tr = 19hrs

The permeability and skin factor are obtained using equations 2.40 and 2.42 

respectively as

Permeability,k= 70 .6 μB
h  tx∆P' q r =70.6∗1 * 1. 3

100∗0 . 082 =11 .19md

SkinFactor,s= 0 .5[ 1 .820
0 . 082 −ln 11.9∗19

0 . 2∗1∗0 .00001∗0 .252 7 . 43]=4 .19

3.3 Three Rate Test 

3.3.1 Pressure Function for Three-Rate Test.

The  three  rate  test  is  a  particular  case  of  the  multirate  test  and  can  be 

evaluated as follows:

Pi−Pwf  t 
qN

=m3 X 3+b3        (3.3.1)

where X 3=q2 [ log  ∆t1+∆t 2

∆t 2 q1

q2
log  t1+∆t1+∆t 2

∆t1+∆t 2  q3

q2
log ∆t2 ]+b3        (3.3.2)
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Note that the rate corresponding to each plotted pressure point is qN -the last rate that 

can affect that pressure. Earlougher illustrated that a Cartesian plot of 
Pi−Pwf  t 

qN
 

versus X3  is a straight line of slope m3.

m3=
162 .6 µB

Kh       (3.3.3)

and intercept b3 = m3 [ log  k
ΦµC t r w

2 −3. 22750 .8659S]        (3.3.4)

The formation permeability,  k  is  obtained  from equation  (3.3.3)  and  skin,  s  from 

(3.3.4)

3.3.2 Pressure Derivative for Three-Rate Test 

For this case a derivative with respect to equation (3.3.1) yields:

d
dt

[ ∆P ] =m3 'q 2[ q3

q2

1
∆t2

−
q1

q2

t1

[  ∆t1+∆t 2  t1+∆t1+∆t2 ]
−

∆t1

∆t2 ∆t1+∆t2  ]=m3 'X 3 '

A plot of 
d
dt

[ ∆P ] versus X3' on a Cartesian graph is a straight line of zero intercept 

having a slope m3' as shown in equation (3.3.6)

m3 '=
70 .6 µB

kh        (3.3.6)

The formation Permeability, k is obtained using equation (3.3.6)

3.3.3 Numerical Example For Three-Rate Test 

The set of pressure-time data for multirate test (Table 3.1.1 and 3.1.2) is used, only 

this  time the first  three flow rates and the corresponding pressure-time data  are 

considered.

3.3.3.1 Pressure-Function  

Fig. 10 shows the Cartesian plot of  ∆P/q, psi/BPD versus FP3. From the straight line, 

slope m3 =1.113 psi/(stb/d cycle), and the intercept b3 = 2.0470psi/(stb/d).

The formation permeability is computed from Eq. 2.14 as

k = 
162 .6µB

m'h  = 
162. 6  4 .2  1. 12 

1 . 0525  38   = 18.08md
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3.3.3.2 Pressure Derivatives

Fig. 11 is a Cartesian plot of ∆P', psi/hr versus ∑, BPD/hr. The straight-line of  best fit 

of this graph indicates a slope m'' = 0.489 and the new permeability is calculated as 

follows using eqn. 2.26 :

k = 
70 .6µB

m''h = 
70 .6  4 .2  1 .12 

0 .489  38  = 17.87md

3.4 Two Rate Test 

A two rate test is a special case of generalized multirate test which can be 

used to  determine all the parameters that can be obtained from a pressure buildup 

test. Consider a well which was flowing at a constant rate q1 for a period t1 before its 

rate was changed to q2(Fig. 2). In this case, the bottom hole pressure response after 

the rate change is given as:

Pi−Pwf=
141.2µB

kh q1 PD [1, t1+∆t D ]q2−q1 P D 1, ∆tD+q2S      (3.4.1)

where time after rate changes ∆t = t – t1

Immediately after the rate change, the second dimensionless pressure in the right 

hand side of eqn 3.1.1 may be replaced by the logarithmic approximation to obtain

Pi−Pwf=
141.2µB

kh q1 PD [1, t1+∆t D ]q2−q1 [ 1
2 ln ∆t D0 .80907 ]+q2S 

Adding and subtracting 0.5ln(t1 + ∆t)D  to the right hand side gives:

Pwf=
−162.6q1 µB

kh [ log  t1+∆t

∆t q2

q1

log ∆t ]
+Pi−

162 .6q1 µB

kh [ PD [1, t1+∆t D ]−0 . 5 [ ln t1+∆t D0. 80907 ]
1 .1513 ]

−162 .6q1 µB

kh

q2

q1 [ log  k
ΦµC t r w

2 −3 .230.87s]        (3.4.3)

If t1 is so small such that ( t1 + ∆t) is in the early transient flow period, then the 

dimensionless pressure in equation (3.4.3) may be replaced by its log approximation 

and the equation simplifies to:
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m ''=
70 .6μB

kh

(3.4.2)



Pwf=
−162. 6q1 µB

kh [ log  t1+∆t

∆t q2

q1

log ∆t ]+P i−
162. 6q1 µB

kh

q2

q1 [ log  k

ΦµC t r w
2 −3 .230.87s]

       (3.4.4)

Moreover except for those data affected by early time phenomena such as 

wellbore  storage  and  skin  effect,  all  pressure  data  will  lie  on  the  straight  line. 

Formation  permeability,  k  is  obtained  from  eqn  (3.4.5)  while  the  initial  reservoir 

pressure is obtained from eqn (3.4.6) after first determining the total skin factor, s.

If  t1  is large such that ( t1 + ∆t)is no longer in the early transient flow period. 

Then eqn (3.4.3) may be written for small values of ∆t in which ∆t << t1 as follows:

Pwf=−
162 .6q1 µB

kh [ log  t1+∆t

∆t q2

q1

log ∆t ]+Pi−
162 . 6q1 µB

kh [ P D 1,t1D−0 .5 [lnt1D0 .80907 ]
1. 1513 ]

−
162 .6q1 µB

kh

q2

q1 [ log  k
ΦµC t r w

2 −3 .230 . 87s]        (3.4.5)

equation (3.4.4) & (3.4.7) is same as:

Pwf=−
162 . 6q1 µB

kh [ log  t1+∆t

∆t q2

q1

log ∆t ]+P−
162 .6q1 µB

kh

q2

q1 [ log  k

ΦµC t r w
2 −3.230 .87s ]

(3.4.6)

where  P*  is  extrapolated  pressure  which  was  encountered  in  Horner's  pressure 

buildup equation.

3.4.1 Pressure Function For A Two Rate Test 

For a two rate test,  it  is  observed that  the pressure behaviour  caused by 

variable flowrate from equation (3.4.6) is given by:

Pwf=m2[ log  t1+∆t

∆t q2

q1

log ∆t ] = m2 X 2+Pint        (3.4.7)

where time corresponding to the first flowrate t 1=
24NP

q1
       (3.4.8)

A plot  of  Pwf  versus  [ log  t1+∆t

∆t q2

q1

log ∆t ]  will  be  linear  with  slope  m2 and 

pressure intercept Pint which are given as:

m2=
−162. 6q1 µB

Kh
       (3.4.9)
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P int =Pi−m2[ log  k
ΦµC t r w

2 −3 .22750 .87S]      (3.4.10)

Pinson showed that for t1 >>  ∆t, then log( t1 + ∆t) Ξ log ∆t and the plotting function 

may be simplified by rearranging equation (3.4.7) as follows:

Pwf =m2 '' [log ∆t+P int ]       (3.4.11)

A plot of the Pwf versus ∆t is a straight line of slope m2' and intercept given as:

m2 ''=
−162 .6 q2−q1  µB

kh
     (3.4.12)

P int = P i
m2 ''q 2

q2−q1 [ log  k
ΦµC t r w

2 −3 . 22750. 87s]
q2

q1
log ∆t    (3.4.13)

where Pi Ξ false pressure (P*) which is obtained from the intercept Pint using equation 

(3.4.13)

P∗ = P int−
q2

q1−q2 
[ P wf  ∆t= 0 −P1hr ]      (3.4.14)

The false pressure (P*) obtained can be corrected to the current average pressure 

using the MDH dimensionless pressure function as highlighted below:

AveragePressure,  P = P−m2 P DMBH

2 .303   

(3.4.15)

where PDMBH = 2.3logtPDA + 3.5           (3.4.16)

t PDA=
0 . 0002637∗K∗t1

ΦµC t C A
      (3.4.17)

 Formation permeability is obtained from eqn(3.4.12) and skin factor from intercept as 

follows:

s=1 .1513[ q1

q1−q2 
Pwf  ∆t= 0 −P1hr 

m'' ]−log  k

ΦµC t r w
2 3. 2275     (3.4.18)

Flow Efficiency,FE = 1 −
∆P s

P−Pwf  ∆t=0 
     (3.4.19)

31



3.4.2 Pressure Derivative For Two Rate Test 

For this test, the derivative of eqn(3.4.7) with respect to time is 

Pwf '=m2 '
1
∆t [ q2

q1

−
t1

t1+∆t ]=m2 'X'                (3.4.20)

A Cartesian plot of Pwf ' versus X ' will yield a straight line of slope m2'

 m2 '=
70. 6q1 µB

Kh
     (3.4.21)

3.4.3 Tiab's Direct Synthesis For Two Rate Test 

In  1993,  Tiab  introduced  a  new technique  that  used  log-log  plots  of  the 

pressure and pressure derivatives to obtain characteristic points of intersection of 

various straight line portions of these straight lines.

This  technique  termed  TDS  is  also  applicable  to  two,  three  and  multirate  test. 

Assuming the infinite acting line is observed, the formation permeability and skin can 

be calculated from the relations:

k=
162 .6  q2−q1 µB

h t∗∆P'  r
     (3.4.22)

s= 0.5[  ∆P r
 t∗∆P' r

−ln  kt r

ΦµC t r w
2 7 .43]      (3.4.23)

where ΔPr and (t*ΔP')r are values of ΔP and t*ΔP' corresponding to any time 

during the infinite acting radial flow time. The derivative of pressure in equation(3.4.6) 

with respect to time yields:

 t∗∆P' =
70 . 6 q2−q1 µB

kh
     (3.3.24)

Its obvious from equation (3.4.21) that  (t*ΔP')  is a constant value as long as the 

radial flow regime (corresponding to the infinite acting behaviour) is dominant.

3.4.4 Numerical Example for a Two-Rate Test.

A two rate flow test was conducted in a medium permeability sandstone reservoir. In 

preparation for the test, the well was stabilized at a rate of 107 STB/D on a 12/64 

inch choke. The rate was reduced to 46 STB/D by reducing the choke size to 7/64 

inch. The bottom hole pressure were measured for a period starting from 4 hrs before 

the rate changed to 22hrs after the rate change. The measured pressure data is 
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tabulated in fig. 3.2. Estimated rock and fluid properties are as follows:

where

3.4.4.1 Pressure Function for the Numerical Example

Fig. 12 is a Cartesian plot of Pwf versus X where the time corresponding to the first 

flow rate t1 was calculated from equation(3.4.8) as t1 = 5921.5 hrs. 

From the graph , the slope m2= -95.33 & intercept Pint = 3526.44 psi.

The formation permeability k, is obtained using equation (3.4.9) as follows:

k=
−162 . 6q1 µB

m2h
=

−162 . 6∗107∗1 .5∗0 .6
−95. 33∗13

= 12 . 63 md

The value of Pwf (at 1hr) @ X =3.77 is read directly from straight line in fig. 12 as 

P1hr = 3168.5 psi, and Pwf @ ∆t = 0 is 2857 psi.

Thus the skin factor, s is estimated from equation (3.4.15) as

s=1 .1513[107
107−46  

2857−3168. 5
−95 . 33 ]− log 12 .63

0. 12∗0 .6∗12∗10−6∗0 . 2762 3. 2275 = 0 . 8
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RESERVOIR PARAMETERS
Porosity, Φ 0.12 q1 107.0 STB
Oil FVF, Bo 1.5 RB/STB q2 46.0 STB
Height, h 13 ft Np 26400 STB
Compressibility, Ct 0.0000120
Wellbore Radius, rw 0.276 ft
Oil Viscosity, μ 0.6 cp
Eff. Wellbore Radius, re ∞

psi-1



3.4.4.2 Pressure Derivative for the Numerical Example

A Cartesian plot of ∆P ' versus X ' yields slope m2' = 41.85 psi (fig. 13). and formation 

permeability k is obtained from equation (3.4.21) as follows:

k=
70 . 6q1 µB

m2 'h
=

70 .6∗107∗1. 5∗0 . 6
41 .85∗13

= 12. 50 md

3.4.4.3 Tiab's Direct Synthesis.

Figure 14 shows a log-log plot of  ∆P & t*∆P' versus time,t .  Note that in this case 

t1=5923 hrs is  significantly large and consequently  the infinite  acting line  can be 

clearly defined.

From fig. 13 the infinite acting line indicates a value 

Formation permeability, k is obtained from equation (3.4.24) as:

k=
70 . 6 q2−q1 µB

 t∗∆P'  h
=

70 . 6∗107−46 ∗0 . 6∗1 .5
23∗13

= 12 .96 md

Thus the skin corresponding to a value of (∆P)r = 360psi and (t*∆P ')r = 23 at (t)r = 

10hrs, is calculated from equation (23) as follows:

where formation permeability as computed above is k = 12.63md

s= 0. 5[  ∆P r
 t∗∆P' r

−ln  kt r

ΦµC t r w
2 7 . 43]=0 . 5[360

23
−ln 12 .63∗10

0 .12∗0 .6∗12∗10−6∗0.2762 7 .43]=0.9

All the above test can be performed whether the well is producing in the transient or 

semi-steady state. In the later  case, the test  may also provide information for  an 

estimate of the average reservoir pressure as obtain from equation (3.4.14) below:

P∗ = P int−
q2

 q1−q2 
[ P wf  ∆t= 0 −P1hr ] = 3526. 44−

46
107−46 

[ 2856 .0−3168.5 ] =3762 .1 psi

The P* obtained may be corrected to the current average reservoir pressure using 

equations (3.4.15), (3.4.16) and (3.4.17) as shown:

From eqn (3.4.17)
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t*∆P' = 23 psi – hr .



t PDA=
0 .0002637∗12 .63∗5922

0 . 12∗0.6∗12∗10−6
∗40∗43560 

= 13 .102hrs

From equation (3.4.16), assuming the well is at the centre of a circular reservoir, then

 PDMBH = 2.3*log(13.102) + 3.5 = 6.07

substituting equations (3.4.16) and (3.4.17) into (3.4.15) gives:

P = 3762 . 1−95 .33  6 . 07
2. 303  = 3510 .8 psi
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CHAPTER 4

DATA ANALYSIS, RESULTS, AND DISCUSSIONS

4.1 Introduction

The pressure derivative is applicable for all three types of well tests, multirate, 

three rate and two rate tests as illustrated with numerical examples in chapter 3. The 

different  techniques  used  yield  results  that  are  in  good  agreement.  Summary  of 

results is listed in tables 4.1 and 4.2. The comparison between actual and calculated 

data is displayed in figure 8. As shown, the calculated data agree well with the actual 

well  data.  The error  using real  time instead of  equivalent  time is  relatively small 

because  the  flowrate  is  decreasing  gradually  and  has  a  smoother  behaviour. 

Therefore, it would be better to plot the normalized pressure versus time when the 

rate is changing slightly to obtain acceptable results.

   

4.2 Analysis for Multirate Test

The  different  techniques  used  yield  results  that  are  in  good  agreement. 

Summary of results for continuously changing flowrate and constant flowrate is listed 

in Table 4.1 and 4.2 respectively. The permeability and skin factor estimated by the 

various methods as observed in table 4.1 shows strong agreement for the various 

techniques used.  The permeability estimated using pressure function for  constant 

flowrate (Table 4.2) gives an underestimation of the permeability. This is because the 

choice of  m’=1.0525psi/STB as obtained from Figure 3 is incorrect.  The value of 

permeability computed from this slope is 19.12md.  The permeability value obtained 

using a semi-log pressure function is much closer to the permeability value obtained 

from the pressure derivative method. The pressure derivative method gives a more 

accurate result than the pressure function. The primary purpose of the derivative is to 

make sure that the appropriate straight line, for calculating k, is selected properly.

4.3 Analysis for Three Rate Test

For  the  three  rate  test,  the  permeability  values  obtained  using  pressure 

function and pressure derivative techniques are less compared to multirate test. This 

is because the early data are affected by noise.

4.4 Analysis for Two Rate Test

Table 4.3 gives a summary of results obtained by various techniques for a two 

rate  test.  The  value  obtained  by  Tiab’s  Direct  Synthesis  technique,  is  in  good 
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agreement  with  the  one  obtained  from  conventional  analysis.  This  shows  the 

importance of designing a well test such that the first flow-rate is long enough, in this 

case t1 = 5923 hrs, to obtain a well defined infinite-acting line ( Fig. 14).

4.5 Summary

The derivative curve using real time, ∆t, shows a downward trend. Although 

the  derivative  is  plotted  versus  ∆teq,  it  still  bows  downward.  This  is  due  to  the 

boundary effect.  Fig. 9 shows that the last  points of the derivative curve lie on a 

straight line of slope 1. This is an indication that the radius of investigation reached 

all boundaries during the first flowing period, so that the pseudo-steady state flow 

was achieved.

The comparison between actual and calculated data is illustrated on Fig. 8. 

There is an excellent matching for all times. This is due to the fact that the equations 

used for the computation are for infinite acting radial flow.
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CHAPTER 5

SUMMARY, CONCLUSIONS AND RECOMMENDATIONS

5.1 Summary

The objective of this study is to apply pressure derivative concept to multirate 

test. The above objective was achieved by analysing various types of tests which 

include  multirate  test  for  a  continuously  changing  flowrate  and  constant  flowrate 

preceded by a variable flowrate, two rate and three rate tests. All results found by 

using different techniques as listed in Tables 4.1, 4.2 and 4.3. It should be noted that 

all results are in good agreement. A two-rate test yields the same results as those 

obtained from a constant rate drawdown test when the 2nd rate is higher than the first 

rate. The derivative curve using real time, ∆t, shows a downward trend. Although the 

derivative is plotted versus ∆teq, it still bows downward. This is due to the boundary 

effect. Fig. 9 shows that the last points of the derivative curve lie on a straight line of 

slope 1.This is an indication that the radius of investigation reached all boundaries 

during the first flowing period, so that the pseudo-steady state flow was achieved.

5.2    Conclusions

       Based on the results obtained from the study, the following conclusions were 

reached:

1. Multirate  tests  are  a  practical  alternative  to  buildup  testing.  The  benefits  

besides minimizing differed production is that a better reservoir description 

is obtained from the analysis of the obtained pressure data.

2. The  pressure  derivative  concept  is  applicable  to  all  three  types  of  well  

tests, multirate, three rate and two rate tests.

3. Tiab's  direct  synthesis  is  extended  to  multirate  tests  for  oil  reservoirs  

hence type curve matching is no longer required to analyse such a test. 

This technique is illustrated by several numerical examples and the results obtained 

are in good agreement with those estimated by other techniques.

4. Tiab's Direct Synthesis is applicable to all multirate tests.

5. Pinson's and Tiab's  Direct  Synthesis  methods should be used only when  

the time corresponding to the first flowing period t1 is sufficiently large (I.e. 

t>>∆t). This is required in order to make possible the identification of  the 

infinite acting line behaviour. 

38



6. The  conventional  pressure  derivative  technique  does  not  have  such  a  

restriction. 

7. When flowrate has a smooth variation, the results, found by using real time 

are excellent, whereas sudden rate changes provide unacceptable results.

8. Data should be recorded at equal time intervals during the whole test, in 

order to obtain a smooth pressure derivative curve.

9. If  the  flowrate  varies  smoothly,  the  use  of  the  rigorous  method  

(Superposition  time)  is  time  consuming  since  the  plot  of  the  normalized  

pressure versus flowing time yields acceptable results.

5.3     Recommendations

        The following areas have been identified for improvement in the application of 

pressure derivative concept to analysing multirate tests:

1. The  use  of  regression  and  numerical  simulation  methods  is  highly  

suggested for data analysis.

2. Appropriate  surface  production  testing  equipment  should  be  used  in  

multirate test. Choke manifold are extremely important for controlling flow-

rates. Maximum versatility in well-flow control and shut-in is a must.
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NOMENCLATURE

B oil volumetric factor, rb/STB

bng , b' intercept (multi rate tests)

c compressibility, 1/psi

C wellbore storage, bbl/psi

CD dimensionless storage constant

D turbulence factor

h formation thickness, ft

k formation permeability, md

N,n number of flow periods (rates)

m’ slope (multi rate tests)

mng slope (multi rate tests)

m” slope from the pressure derivative plot

m(P) pseudo-pressure function

P pressure, psi

P’ pressure derivative, psi/hr

Pwf well flowing well pressure, psi

PD dimensionless pressure

Pi Initial pressure, psi

q oil flow rate, BPD 

qref any fixed reference surface rate

rw Wellbore radius, ft

r radius, ft (distance between observation and active well)

rD dimensionless radius

rs skin radius, ft

s mechanical skin factor

Sa apparent skin factor

t test time, hr

tD dimensionless time calculated using the radius

teq equivalent flow time, hr

tDeq equivalent dimensionless flow time

Tr transmissibility = kh/μ, md-ft/cp; reservoir temperature, ° R

Xn superposition time, defined by eq. 3.2 
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GREEK SYMBOLS

∆ change, drop

∆P pressure difference, psi

∆PD dimensionless pressure change or response amplitude

∆P’ change of rate of pressure with time (pressure derivative), psi

∆Pq defined by Eq. 2.28.2, psi/STB or psi/SCF

∆P’q derivative of ∆Pq with respect to time

∆t flow time, hr

∆tDeq equivalent dimensionless flow time

Σ parameter defined by Eq. 3.1

Φ porosity

µ viscosity, cp

SUBSCRIPTS

avg average

D Dimensionless quantity

f formation, or intrinsic fracture property

i Initial conditions, image/imaginary

L linear

o oil

R,r radial flow; rock; real

sc standard conditions

t total

w wellbore; water

wf Flowing conditions
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Fig. 1 Schematic representation of a variable production-rate 
(after Earlougher)



Fig. 2  Schematic representation of a two-rate Test.

Fig 3. Pressure-Function for the Multi-Rate Test
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Fig. 4 Pressure-Derivative for the Multi-Rate Test

Fig. 5 Semi-Log plot of Pwf versus t for the Multi-Rate Test
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Fig. 6 Cartesian Plot of Normalized Pressure Versus Superposition Time, Xn

Fig. 7 Semilog Plot of Normalized Pressure Versus Equivalent Time, teq
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Fig. 8 Semilog Plot of Normalized Pressure Versus Time, t and Equivalent  

Time, teq
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Fig. 9 Loglog Plot of Normalized Pressure and Pressure Derivative Versus 

Producing Time, t.

Fig. 10Pressure-Function for the Three-Rate Test
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Fig. 11Pressure-Derivative for the Three-Rate Test

Fig. 12Pressure-Function for the Two-Rate Test
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Fig. 13Pressure-Derivative for the Two-Rate Test

Fig. 14Direct Synthesis for the Two-Rate Test
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Table 3.1.1  - Variable Flow-rate Drawdown Data.
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BOTTOM HOLE FLOWING PRESSURE DATA
n Time, t hrs pwf, psi N  q, BPD ∆P, psi ∆P/q, psi/BPD Xn
1 0.0000 3895.12 0 0.00
2 0.1078 3345.78 1 1320 549.34 0.42
3 1.0784 1359.82 1 1320 2535.30 1.92 0.0328
4 2.0000 788.98 1 1320 3106.14 2.35 0.3010
5 2.8566 645.96 2 1248 3249.16 2.60 0.4860
6 3.2100 585.80 2 1248 3309.32 2.65 0.5310
7 3.7091 508.50 2 1248 3386.62 2.71 0.5887
8 4.3000 431.98 2 1248 3463.14 2.77 0.6491
9 4.9064 461.96 3 1180 3433.16 2.91 0.7570

10 6.1990 403.52 3 1180 3491.60 2.96 0.8323
11 6.7000 375.28 3 1180 3519.84 2.98 0.8612
12 7.3064 399.06 4 1140 3496.06 3.07 0.9334
13 8.2002 381.06 4 1140 3514.06 3.08 0.9666
14 8.5410 410.24 5 1100 3484.88 3.17 1.0330
15 9.7232 414.04 5 1100 3481.08 3.16 1.0578
16 10.0000 408.68 5 1100 3486.44 3.17 1.0660
17 10.4293 560.88 6 965 3334.24 3.46 1.2815
18 10.7634 613.08 6 965 3282.04 3.40 1.2584
19 11.2100 650.86 6 965 3244.26 3.36 1.2461
20 11.7091 670.64 6 965 3224.48 3.34 1.2425
21 12.1000 677.62 6 965 3217.50 3.33 1.2434
22 12.2918 709.94 7 921 3185.18 3.46 1.3383
23 12.6405 741.82 7 921 3153.30 3.42 1.3200
24 13.0611 762.24 7 921 3132.88 3.40 1.3131
25 13.9900 777.02 7 921 3118.10 3.39 1.3132
26 14.1258 817.34 8 843 3077.78 3.65 1.5158
27 15.8890 953.78 8 843 2941.34 3.49 1.4303
28 16.4900 961.68 8 843 2933.44 3.48 1.4282
29 17.1704 1045.44 9 742 2849.68 3.84 1.6465
30 17.9900 1077.10 9 742 2818.02 3.80 1.6044
31 18.2609 1125.00 9 742 2770.12 3.73 1.5967
32 18.9511 1181.76 9 742 2713.36 3.66 1.5834



Table 3.1.2 -  ∆P'wf, psi/hr and ∑ Data

Table 3.2 - Two-Rate Test Data
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∑ ABS (∑) ∆P', psi/hr ABS(∆P'), psi/hr

12244.9 12244.9 4791.05 4791
1224.0 1224.0 1314.29 1314
660.0 660.0 384.91 385
378.0 378.0 169.28 169
351.7 351.7 163.87 164
313.8 313.8 143.26 143
160.0 160.0 53.25 53
78.5 78.5 -15.22 15
0.0 0.0 0.00 0

-11.6 11.6 -67.18 67
74.4 74.4 15.08 15
0.0 0.0 0.00 0

-33.6 33.6 -63.36 63
-2.2 2.2 -27.42 27
0.0 0.0 0.00 0

-17.6 17.6 -38.38 38
0.0 0.0 0.00 0
0.0 0.0 0.00 0
0.0 0.0 0.00 0

n t,hr Pwf, psi ∆P, psi ∆t, hr ∆P', psi/hr t*∆P', psi X X' abs X'
1 0.000 2857 0 0
2 1.000 3143 286 1
3 2.000 3180 323 2 25.500 51.00 3.6010 -0.2849 0.2849
4 3.000 3194 337 3 11.000 33.00 3.5006 -0.1899 0.1899
5 4.000 3202 345 4 6.6667 26.67 3.4295 -0.1424 0.1424
6 6.000 3210 353 6 3.7500 22.50 3.3293 -0.0948 0.0948
7 8.000 3217 360 8 2.5000 20.00 3.2582 -0.0711 0.0711
8 10.00 3220 363 10 2.0000 20.00 3.2031 -0.0568 0.0568
9 12.00 3225 368 12 2.1667 26.00 3.1581 -0.0473 0.0473
10 15.00 3230 373 15 1.5000 22.50 3.1030 -0.0378 0.0378
11 18.00 3234 377 18 1.4048 25.29 3.0581 -0.0315 0.0315
12 22.00 3240 383 22 0.0000 3.0087 0.0000 0.0000



Table 3.3 - Data for Three and Multi-Rate Test.
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n t, hrs ∆P, psi Xn teq, hr
1 0.000 5000 0 0.0 0.0000
2 0.114 4927 145 73.0 0.5034 -0.943 0.114 3.64712 0.4158
3 0.136 4917 143 83.0 0.5804 -0.855 0.140 3.35147 0.4558
4 0.164 4905 142 95.0 0.6690 -0.772 0.169 2.96151 0.4857
5 0.197 4893 141 107.0 0.7589 -0.691 0.204 2.54586 0.5015
6 0.236 4881 140 119.0 0.8500 -0.611 0.245 2.30488 0.5440
7 0.283 4868 138 132.0 0.9565 -0.525 0.298 1.99199 0.5637
8 0.340 4856 137 144.0 1.0511 -0.446 0.358 1.54612 0.5257
9 0.408 4844 136 156.0 1.1471 -0.367 0.429 1.26892 0.5177

10 0.490 4833 135 167.0 1.2370 -0.288 0.516 1.03756 0.5084
11 0.587 4823 133 177.0 1.3308 -0.203 0.627 0.80094 0.4702
12 0.705 4815 132 185.0 1.4015 -0.125 0.750 0.50869 0.3586
13 0.846 4809 131 191.0 1.4580 -0.046 0.898 0.37921 0.3208
14 1.020 4804 129 196.0 1.5194 0.040 1.097 0.27073 0.2761
15 1.220 4801 128 199.0 1.5547 0.116 1.307 0.14930 0.1822
16 1.460 4799 127 201.0 1.5827 0.193 1.560 0.09582 0.1399
17 1.750 4798 126 202.0 1.6032 0.271 1.867 0.08119 0.1421
18 2.110 4797 124 203.0 1.6371 0.358 2.281 0.06536 0.1379
19 2.530 4797 123 203.0 1.6504 0.435 2.721 0.02957 0.0748
20 3.030 4797 122 203.0 1.6639 0.512 3.250 0.02502 0.0758
21 3.640 4797 121 203.0 1.6777 0.591 3.897 0.02462 0.0896
22 4.370 4798 119 202.0 1.6975 0.676 4.746 0.02229 0.0974
23 5.240 4798 118 202.0 1.7119 0.753 5.659 0.01167 0.0611
24 6.290 4799 117 201.0 1.7179 0.831 6.771 0.00879 0.0553
25 7.500 4799 116 201.0 1.7328 0.907 8.064 0.01547 0.1160
26 9.050 4799 114 201.0 1.7632 0.994 9.866 0.01234 0.1116
27 10.900 4800 113 200.0 1.7699 1.072 11.81 0.00347 0.0379
28 13.000 4801 112 199.0 1.7768 1.148 14.05 0.00736 0.0957
29 15.600 4801 110 199.0 1.8091 1.233 17.11 0.00790 0.1232
30 18.800 4802 109 198.0 1.8165 1.311 20.47 0.00219 0.0412
31 22.500 4803 108 197.0 1.8241 1.388 24.42 0.00283 0.0637
32 27.000 4803 107 197.0 1.8411 1.472 29.64 0.00422 0.1138
33 32.400 4804 105 196.0 1.8667 1.575 37.62 0.00317 0.1026
34 38.900 4805 104 195.0 1.8750 1.669 46.63 0.00119 0.0465
35 46.700 4806 103 194.0 1.8835 1.765 58.16 0.00101 0.0473
36 56.100 4807 102 193.0 1.8922 1.864 73.04 0.00204 0.1146
37 67.300 4807 100 193.0 1.9300 1.984 96.39 0.00216 0.1453
38 80.700 4808 99 192.0 1.9394 2.088 122.56 0.00065 0.0526
39 96.900 4809 98 191.0 1.9490 2.196 156.95

Pwf, 
psia

q, 
(STB/
D)

∆P/q, psi/
STB

(∆P/q)', psi/
STB

t*(∆P/q)', 
psi/STB



Analysis Techniques Parameters

Permeability, K (md) Skin Factor, S

Superposition Time

Cartesian Plot

11.16 4.03

Equivalent Time

Semi-Log Plot

11.15 4.02

Tiab's Direct Synthesis 11.19 4.19

Table 4.1 - Comparison of Results Estimated by Different Techniques 

         for Continuously Changing Flowrates.

Analysis Techniques Parameters

Permeability, K (md) Skin Factor, S

Constant Rate 

Cartesian Plot

Pressure Function

19.12 -3.20

Constant Rate 

Semi-Log Plot

Pressure Function

19.36 -3.97

Constant Rate 

Cartesian Plot

Pressure Derivative

21.32 -3.23

Table 4.2 - Comparison of Results Estimated by Different Techniques   

        for Constant Flowrates.
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Analysis Techniques Parameters

Permeability, K (md) Skin Factor, S

Cartesian Plot

Pressure Function

12.63 0.8

Cartesian Plot

Pressure Derivative

12.50 -

Log-Log Plot

Tiab's Direct Synthesis

12.96 0.9

Table 4.3 - Comparison of Results Estimated by Different Techniques 

         for Two-Rates Test.
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	2.1 Application of Pressure Derivative Concept to Multi-Rate Test in Oil Reservoir
	A multirate test in which the oil flow rate is varied from 1320 BPD to 742 BPD during an 18.95-hr drawdown test. Tables B1 and B2 present measured pressure and flow rate data as functions of time during this test. Other known reservoir and well data are:
	The summation term is calculated as:
	The superposition time is calculated as
	3.1.1(b) Pressure Derivatives
	Fig. 4 is a Cartesian plot of ∆P', psi/hr versus ∑, BPD/hr. The straight-line of  best fit of this graph indicates a slope m'' = 0.410 and the new permeability is calculated as follows using eqn. 2.26:

	= -3.20
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	= 4.023
	3.3.3.2 Pressure Derivatives
	Fig. 11 is a Cartesian plot of ∆P', psi/hr versus ∑, BPD/hr. The straight-line of  best fit of this graph indicates a slope m'' = 0.489 and the new permeability is calculated as follows using eqn. 2.26 :
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