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Abstract

A Krasnoselskii-type algorithm for approximating a common element of the set of
solutions of a variational inequality problem for a monotone, k-Lipschitz map and
solutions of a convex feasibility problem involving a countable family of relatively
nonexpansive maps is studied in a uniformly smooth and 2-uniformly convex real
Banach space. A strong convergence theorem is proved. Some applications of the
theorem are presented.
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CHAPTER 1

General Introduction and Literature Review

In this chapter, we give a general introduction on variational inequality problem,
fixed point problem and finally we give a brief review of existing results on variational
inequality and fixed point problem.

1.1 Background of study

The contributions of this thesis fall within the general area of nonlinear functional
analysis and applications, in particular, nonlinear operator theory. We are interested
in finding or approximating solution(s) of a variational inequality problem for a
monotone k-Lipschitz map and a convex feasibility problem for a countable family
of relatively nonexpansive maps, in Banach spaces.

1.1.1 Variational Inequality Problems

Variational inequality problems were formulated in the late 1960s by Lions and Stam-
pacchia, and since then, they have been studied extensively. Numerous researchers

have proposed and analyzed various iterative schemes for approximating solutions of
variational inequality problems. The literature on this is extensive (see, for example,
[Chidume, 2009], [Nilsrakoo and Saejung, 2011}, [Buong, 2010],[Hieu et al., 2006],

[liduka and Takahashi, 2008],[Censor et al., 2012}, [Censor et al., 2011], [Dong et al., 2016],
[Gibali et al., 2015], [Chidume et al., 2017], [Censor et al., 2010], and the references
contained in them).

Let C' be a nonempty, closed and convex subset of a real Banach space F with dual
space E* and A : C — E* be a map. Then, A is said to be:

e [-Lipschitz if there exists a constant k£ > 0, such that
Az — Ay[| < kflz —yl, Yo,y € C. (1.1.1)

Remark 1.1.1 [fk € (0,1), A is called a contraction. If k =1, A is called
nonerpansive.



e monotone if the following inequality holds:

<x —y, Ar — Ay> >0, Vz,y € C. (1.1.2)

e J-inverse strongly monotone if there exists a § > 0, such that

(x —y, Az — Ay) > 0||Az — Ay|]?, Va,y € C. (1.1.3)

e mazximal monotone if A is monotone and the graph of A is not properly con-
tained in the graph of any other monotone map.

It is immediate that if A is d-inverse strongly monotone, then A is monotone and
Lipschitz continuous.

The problem of finding a point u € C, such that
(v—u,Au) >0, Vv e C, (1.1.4)

is called a wariational inequality problem. We denote the set of solutions to the
variational inequality problem (1.1.4) by VI(C, A).

Remark 1.1.2 [t is easy to see that if u is a solution of the variational inequality
problem (1.1.4) then,
(x —u, Az) > 0, Vo € C.

1.1.2 Fixed Point Problems

The theory of fixed point proves to be a useful tool in modern mathematics. This
comes from the fact that most important nonlinear problems in applications can be
transformed to a fixed point problem.

Theorems concerning the existence and properties of fixed points are known as fixed
point theorems. Several theorems have been proved on the existence and unique-
ness of fixed point(s) of self-maps. These theorems include the Banach contraction
mapping principle, Brouwer fixed point theorem, Schauder fixed point theorems
and a host of other authors (see for example [Asati et al., 2013], [Khamsi, 2002],
[Lee, 2013], [Smith, 2015])

Example 1.1.3 Let E be a real normed space and A : E — E, be an accretive
operator; most real life problems can be modelled into an equation of the form

du
— + Au = 0. 1.1.5
At equilibrium, % = 0. Thus, (1.1.5) reduces to
Au = 0. (1.1.6)

[Browder, 1967], introduced an operator T : E — E, by T =1 — A and called the
map T, pseudo-contractive . It is easy to see that zeros of A corresponds to fized
points of T (i.e., Au =0 if and only if Tu = u).

Also, several existence theorems have been proved for the equation (1.1.6), where A is
of the monotone-type (or accretive-type) (see for example, [Brezis, 1974], [Browder, 1967],
[Deimling, 1974], [Pascali and Sburian, 1978], and the references contained in them).
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1.1.3 Variational Inequality and Fixed Point Problems

In numerous models for solving real-life problems, such as in signal processing, net-
working, resource allocation, image recovery, and so on, the constraints can be ex-
pressed as variational inequality problems and (or) as fixed point problems. Conse-
quently, the problem of finding common elements of the set of solutions of variational
inequality problems and the set of fixed points of operators has become a flourishing
area of contemporary research for numerous mathematicians working in nonlinear
operator theory (see, for example, [Mainge, 2010a, Mainge, 2008, Ceng et al., 2010]
and the references contained in them).

1.2 Statement of the Problem

Let A: EF — E* be a monotone and k-Lipschitz map and S : E — E be a nonexpan-
sive map. In studying variational inequality problems and fixed point problems on
real Banach spaces more general than Hilbert spaces, several algorithms have been
constructed for approximating solutions of variational inequality problems and fixed
point problems (see, e.g., the following monographs: [Alber, 1996], [Berinde, 2007],
[Browder, 1967], [Chidume, 2009], [Goebel and Reich, 1994] and the references con-
tained in them). Consequently, since most real life problems exist in spaces more
general than Hilbert spaces, this induced mathematicians to ask if such results can
be obtained for a monotone, k-Lipschitz map and a nonexpansive map in Banach
spaces.

However, the pursuit of analogous results for variational inequality problems and
fixed point problems in more general Banach space with nonexpansive maps seem
not to be feasible. The main difficulty (or challenge) is that most properties of the
Lyapunov functional and generalized projection are proved using relatively nonex-
pansive maps.

1.3 Motivation of Research and Objectives

Motivated by the results of [Kraikaew and Saejung, 2014], and [Nakajo, 2015], it is
our purpose in this thesis to introduce a Krasnoselskii-type algorithm in a uniformly
smooth and 2-uniformly convex real Banach space and prove strong convergence of
the sequence generated by our algorithm to a point ¢ € F(S)NVI(C,A). The
objectives are:

e To use the normalized duality map and Lyapunov functional for estimations;

e To extend the class of maps from one nonexpansive to a countable family of
relatively nonexpansive maps; and

e To propose an algorithms with less computational cost when compared with
existing algorithms in the Banach space.



1.4 Literature Review

Numerous researchers in nonlinear operator theory have studied various iterative
methods for approximating solutions of variational inequality problems, approximat-
ing fixed points of nonexpansive maps and their generalizations (see, e.g., the follow-
ing monographs: [Alber, 1996], [Berinde, 2007], [Browder, 1967], [Chidume, 2009],
[Goebel and Reich, 1994] and the references contained in them). In most of the early
results on iterative methods for approximating these solutions, the map A was often
assumed to be inverse-strongly monotone (see, e.g., [Buong, 2010], [Censor et al., 2012],
[Chidume et al., 2016], and the references contained in them). To relax the inverse-
strong monotonicity condition on A, [Korpelevic, 1967] introduced, in a finite di-
mensional Euclidean space R", the following extragradient method

r=x €} (141)
Tnt1 :Pc(l’n—)\A[Pc(:Un—)\Axn)]),VnGN, o

where A was assumed to be monotone and Lipschitz. The extragradient method
has since then been studied and improved on by many authors in various ways.
However, we observe that in the extragradient method, two projections onto a closed
and convex subset C' of H need to be computed in each step of the iteration process.
As mentioned by [Censor et al., 2011], this may affect the efficiency of the method
if the set C is not simple enough. Therefore, to improve on the extragradient
method, [Censor et al., 2011] modified the the extragradient method and proposed
the following iterative algorithm:

xo € H;
Yn = PC(xn - TAxn);
T,={weH: (r,—TAT, — Yn,w — yn) < 0};

Tni1 = Pr, (x, — TAy,).

(1.4.2)

The method (1.4.2) replaces the second projection onto the closed and convex subset
C'in (1.4.1) with a projection on to the half-space T,,. Algorithm (1.4.2) is the so-
called subgradient extragradient method. We note that, the set T}, is a half-space, and
hence algorithm (1.4.2) is easier to execute than algorithm (1.4.1). Under some mild
assumptions, [Censor et al., 2011] proved that algorithm (1.4.2) converges weakly to
a solution of variational inequality (1.1.4) in a real Hilbert space.

In order to obtain the strong convergence, [Kraikaew and Saejung, 2014] combined
the subgradient extragradient method (1.4.2) with the method introduced by [Halpern, 1967]
and proposed the following iterative algorithm:

xo € H;
Yn = Po(x, — TAx,);
T,={we H: (x, —TAT, — Yp,w — y,) < 0};

Tpt1 = anTo + (1 — ) Pr, (x,, — TAY,),

(1.4.3)

where {a,} is a sequence in [0,1] satisfying lim, o, = 0 and >~ @, = oo.
They proved that the sequence generated by algorithm (1.4.3) converges strongly to
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a solution of the variational inequality problem (1.1.4) in a real Hilbert space. We
remark, however, that convergence theorems have also been proved in real Banach
spaces more general than Hilbert space. For instance, [liduka and Takahashi, 2008],
using the following scheme,

ned; (1.4.4)
Tpp1 = UeJ N (Jx, — \Azy,),

obtained weak convergence of the sequence {x,} generated by equation (1.4.4) to
a solution of the variational inequality problem (1.1.4) in a 2-uniformly convez,
uniformly smooth real Banach space whose duality map J is weakly sequentially
continuous, under the conditions that,

(Al) A is a-inverse-strongly-monotone;

(A2) VI(C,A) # (; and

(A3) ||Ay|| < ||Au — Ayl|, Vy € C and u € VI(C, A).

An example of such a real Banach space is [,, 1 < p < 2. The space L,, 1 <p <2

is excluded since the duality map on it is not weakly sequentially continuous.

Motivated by the result of [liduka and Takahashi, 2008], in 2015, [Nakajo, 2015] pro-
posed and studied the following C(Q method in a 2-uniformly convex and uniformly
smooth real Banach space.

(11 =2 € E;
Y = e Iz, — N A(,)];
2 = Tyn;

Cn=1{2€C:¢(z,2:) < 9(2,2n) = (Yns Tn) — 2An(Yn — 2, Azp, — Ayn) };
Qn={2€C:{(x,— 2z Jx— Jx,) >0}

 Tnt1 = e, ng.z, n>0.

(1.4.5)
He significantly improved the result of [liduka and Takahashi, 2008] in the following
sense:

e The operator A is assumed to be monotone and Lipschitz.

e The sequence {z,} generated by his scheme converges strongly to an element
of VI(C, A).

e The requirement that J be weakly sequentially continuous is dispensed with;
consequently, the result of Nakajo is applicable in L, spaces, 1 < p < 2.

e The condition (A3) is also dispensed with.

e The sequences {z,} and {z,} generated by his algorithm, not only converge
to a point in VI(C, A) but also to a fixed point of a relatively nonepransive
self-map of C.

However, we note that the algorithm (1.4.5) of Nakajo, at each step of the iteration
process, requires the computation of two convex subsets, C), and @),,, their intersec-
tion C),, N @, and the projection of the initial vector onto this intersection. This is
certainly not convenient in several possible applications.



CHAPTER 2

Preliminaries

In this chapter, we will give definition of some terms and results of interest used in
the thesis.

2.1 Definition of terms

Throughout this thesis, we will always let F be a real Banach space with dual space
E* and (-, -) denoting the duality pairing of F' and E*. Whenever a sequence {z,} in
E, converges strongly (weakly), respectively, we denote the convergence by =, — x
(z, — z).

Definition 2.1.1 A normed space E is called smooth if for every x € E, ||z|| = 1,
there ezists a unique x* € E* such that ||z*|| =1 and (z,z*) = ||z||.

Definition 2.1.2 Let ¢ > 1 and r > 0, be two fived real numbers. Then FE is
uniformly smooth if and only if there exists a continuous, strictly increasing and
convex function

g:RT =R, ¢(0)=0

such that
Az 4+ (1= Nyll” = Allzf|* + (1 = Mllyl|* = We(Mg(llz = yl])
forallz,y € B,,0 <X <1, where Wy(X) = A(1 — X) + A(1 — A)“.

Definition 2.1.3 A normed space E is called uniformly convez if for any € € (0, 2]
there exists a 6 = 6(€) > 0, such that for any x,y € E, with ||| =1, ||y|| =1 and
o~ yll > € then |52 <1~ 6.

Remark 2.1.4 We note immediately that the following definition is also used:

A normed linear space E is uniformly convex if for any € € (0,2] there exists a
6 = d(e) > 0 such that if z,y € E with ||z|| <1, |ly]| <1 and ||z — y|| > €, then
158 <1-0.

Definition 2.1.5 A normed space E is called strictly convex if for all x,y € FE,
z#y, |zl = llyll =1, we have [[Az + (1 = A)y[| <1, VA € (0,1).
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Definition 2.1.6 Let F be a normed space with dimE > 2. The modulus of convezx-
ity of E is the function dg : (0,2] — [0, 1] defined by

T +vy
2

o 1= inf {1 = | 2| el =yl = 1 = o =yl }.
Remark 2.1.7
1. In the particular case of an inner product space H, we have
[ e
2. Every uniformly convex space is reflexive .
3. E is uniformly convex if and only if dg(€) > 0 for all € € (0,2)

Definition 2.1.8 Let p > 1 be a real number. Then, a normed space F is said to
be p-uniformly convex if there is a constant ¢ > 0 such that

dp(e) > ce?

Example 2.1.9 If E = Ly( or l,), 1 <p < oo, then
(a) 6p(€) > s€® if 1 < p < 2;and
(b) o0p(e) > €l if 2 < oo.

Definition 2.1.10 A map A of E into E* is said to be hemicontinuous if for all
z,y € C, the map f :[0,1] — E* defined by f(t) = A(tz + (1 — t)y) is continuous
with respect to the weak™ topology of E*

Definition 2.1.11 The problem of finding a point u € C := m C;, where C; is a
i=1
convex set for each i, is called a convex feasibility problem.

Definition 2.1.12 A continuous strictly increasing function g : Rt — R* such
that g(0) = 0 and limy_, g(t) = 00 is called a gauge function.

Definition 2.1.13 Given a gauge function g, the map J, : E — 2F" defined by
Jox = {u" € " (x,u”) = ||lzf[[|u*]|; [lu*]| = g([|=]])}

18 called the duality map with the gauge function g where E is any normed space.

Remark 2.1.14

— In the particular case f(t) =t, the duality map J = J, is called the normalized
duality map.

— If E is a reflexive, strictly convex and smooth real Banach space, then J is
single-valued and bijective.



— In a Hilbert space H, the duality map J and it is inverse and J~' are the
identity maps on H.

— If E 1s uniformly smooth and uniformly convez, then the dual space E* is also
uniformly smooth and uniformly convex and the normalized duality map J and
its inverse, J~, are both uniformly continuous on bounded sets.

Definition 2.1.15 Let E be a smooth real Banach space and ¢ : ExXE — [0,00) be de fined by
o(u,v) = |[ul|* = 2(u, Jv) + ||v||* V u,v € E, (2.1.1)
where J is the normalized duality map from E to E*.

Remark 2.1.16

e [t is easy to see from the definition of ¢ that in a real Hilbert space H, equation
(2.1.1) reduces to ¢(x,y) = ||z — y||*, Va,y € H.

e Consider the map V : ExE* — R defined by V (u, u*) = ||ul[*—2(u, u*)+||u*||?.
It is easy to see that V(u,u*) = ¢(u, J 'u*) V u € E, u* € E*.
Furthermore, given x,y,z € E, and 7 € (0, 1), we have the following properties
(see, [Nilsrakoo and Saejung, 2011]):

P1 (Jlz]| = [lyl)?* < o(z,y) < (l=] + [lyl)?,
P2 ¢(z,y) = d(x,2) + ¢(2,y) +2(z — 2, Jy — Jz),
P8 ¢(tr + (1 — 1)y, 2) < 7é(x, 2) + (1 = 7)d(y, 2)

Definition 2.1.17 Let C be a nonempty, closed and convex subset of a real Hilbert
space H. The map Po : H — C defined by @ := Po(x) € C such that ||z — Z|| =
ing |z — yl|| is called the metric projection of x onto C.

ye

Definition 2.1.18 Let E be a smooth, strictly convex and reflexive real Banach

space and let C' be a nonempty, closed and convex subset of E . The mapIllg : E — C

defined by T := llc(x) € C such that ¢(Z,x) = ing oy, x) is called the generalized
ye

projection of x onto C.

Remark 2.1.19 Clearly, in a real Hilbert space, the generalized projection Ils co-
incides with the metric projection Po from E onto C.

Definition 2.1.20 Let S : E — E be a map. The set {x € E : Sz = x} is called
the fized point set of S. We denote the set by F(S).

Definition 2.1.21 A map S : E — E s called quasi-nonexpansive if
- F(S) #0;
- ||Sz —p|| < ||z — p|| for allz € E, p € F(S).

Definition 2.1.22 Let S : C — E be a map. Then, S is called be relatively nonex-
pansive if the following conditions hold:



(i) F(S) ={zeC:Sx=ua}#0;
(17) ¢(u, Sv) < ¢(u,v), Y u e F(S) andv € C;

(1ii) I — S is demi-closed at zero, i.e., whenever a sequence {v,} in C converges
weakly to u and {v, — Sv,} converges strongly 0, then u € F(S5).

Remark 2.1.23 In a real Hilbert space, every nonerpansive map with nonempty
fixed point set is relatively nonexpansive.

Definition 2.1.24 Let C be a nonempty subset of E. A map S : C — E is said to
be pseudo-contractive if

(Sz— Sy, J(x —y)) < |z —yl* = Mz -y — (Sz — Sy|*
holds for x,y € C' and for some A\ > 0.

Remark 2.1.25 It is easy to see that such maps are Lipschitz with Lipschitzian

constant k = %

2.2 Important Results

Lemma 2.2.1 [Alber, 1996]
Let C' be a nonempty, closed and convexr subset of a smooth, strictly convex and
reflexive real Banach space E. Then,

1. ifx € E andy € C, then & = lex if and only if (¥ —y, Jx — J&) > 0, for all
yedl,

2 ¢y, %)+ ¢(#,2) < $ly.x), forall x€ E, yeC.

Lemma 2.2.2 [Xu, 1991]
Let E be a 2-uniformly convex and smooth real Banach space. Then, there exists a
positive constant a such that

allz —y||* < o(z,y), Va,y € E. (2.2.1)
Remark 2.2.3 Without loss of generality, we may assume o € (0,1).

Lemma 2.2.4 [Xu, 1991]

Let E be a 2-uniformly convex real Banach space. Then, there exists a constant
co > 0 such that for every x,y € E, f, € Jo(x), f, € J2(y), the following inequality
holds:

(@ =y fo = fy) 2 collz —yl”.

Lemma 2.2.5 [Kamimura and Takahashi, 2002]

Let E be a real smooth and uniformly convex Banach space, and let {u,} and {v,}
be two sequences of E. If either {u,} or {v,} is bounded, then ¢(un,,v,) — 0 =
|tun, — vn|] — 0.



Lemma 2.2.6 [Nilsrakoo and Saejung, 2011]

Let FE be a uniformly smooth Banach space and r > 0. Then there exists a contin-
uous, strictly increasing, and convez function g : [0,2r] — [0,1) such that g(0) =0
and

¢ (u, J7HB Tz + (1= B)Jyl) < Bo(u,x) + (1 = B)od(u,y) — B(1 = B)g([|J= — Tyl|)
forall B €[0,1], u € E and x,y € B,

Lemma 2.2.7 [Rockafellar, 1970]
Let C' be a nonempty closed and convex subset of a reflexive space E and A, a

monotone, hemicontinuous map of C into E*. Let T C E x E* be an operator
defined by:

Tu:{Au+No(u), if we C, (2.2.2)

0, if ug C,
where N¢(u) is defined as follows:
Ne(u)={w* € E*: (u—z,w*) >0V z € C}.
Then, T is mazimal monotone and T~10 = VI(C, A).

Lemma 2.2.8 [Xu, 2002/

Let {a,} be a sequence of nonnegative numbers satisfying the conditions
An41 S (1 - an)an + O‘nﬁn; n Z 07

where {a,} and {B,} are sequences of real numbers such that

(1) {an} C[0,1] and Zan = o0; (i) limsupf, <0. Then, lim a, = 0.
n=1

n—00 n—0o0

Lemma 2.2.9 [Mainge, 2010b]

Let {ayn} be a sequence of real numbers such that there exists a subsequence {a,;} of
{an} such that am,,; < ap,,, forallj € N. Then, there exists a nondecreasing sequence
{nr} of N such that limy_,. nx, = 00 and the following properties are satisfied by all
(sufficiently large) number k € N :

Uy < Qpyyy and  ap < Ay,
In fact, ny is the largest number n in the set {1,...,k} such that a, < a,+1 holds.

Lemma 2.2.10 [Alber and Ryazantseva, 2006]
Let E be a reflexive strictly convexr and smooth Banach space with E* as its dual.
Then,

V(u,u*) + 2(J " —u,v*) < V(u,u* + v¥) (2.2.3)

forallu e F and u*,v* € E*.
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Lemma 2.2.11 [Kohsaka and Takahashi, 2008]

Let C' be a closed convex subset of a uniformly smooth and uniformly convex Ba-
nach space E and let (S;):2, be a family of relatively nonexpansive maps such that
Ny F(S;) # 0. Let ()32, € (0,1) and (p;)72; C (0,1) be sequences such that
Yooy mi = 1. Consider the map T : C'— E defined by

Te=J"! (Z ni(piJx + (1 — ui)JSix) for each x € C. (2.2.4)

i=1
Then, T is relatively nonexpansive and F(T) = (2, F(S;).

The following result has recently been proved. But, for completeness, we repro-
duce the proof here.

Lemma 2.2.12 [Chidume and Otubo, 2017]

Let E be a 2-uniformly convex and smooth real Banach space and C' be a nonempty,
closed and convex subset of E. Let x1, xo € E be arbitrary and llc : E — C be the
generalized projection. Then, the following inequality holds:

1
||Hc$1 — HC{L‘QH S C—”JZL‘l — Jl'g”, (225)
2

where co 1s the constant appearing in Lemma 2.2./ and J is the normalized duality
map on E.

Proof By Lemma 2.2.1 (1), for any z;,29 € E we have
(llgxe — Ueomwy, Jxy — Jexy) <0 and ez — Hexs, Jro — Jloxs) < 0.
Adding these two inequalities, we obtain

<HC{L‘1 — Hcl‘g, (Jl‘g — JIl) — (Jncfbg — JHO$1)> S 0
= <Hcl’1 — chz, JLL’Q — J.T1> — <HC:L’1 — Hcl’g, Jﬂcl’g — JH0131> <0
= <Hcl'1 — Hcl'Q, Jleox, — JHC{L'2> < <Hc.’E1 — HciL'Q, Jr, — J.TQ)

By Lemma 2.2.4, we obtain

el ey — HC:B2||2 < |Mezy — e - |y — Jxo||,
so that (2.2.6)

1
[Hear —ezs|| < C—||JI1 — Jao|,
2
completing the proof. n

Remark 2.2.13 Lemma 2.2.12 implies that the generalized projection o is uni-
formly continuous whenever J 1is.

Lemma 2.2.14 (see, [Ceng et al., 2010])
Let C be a nonempty, closed and conver subset of a real Hilbert space H. Then,

1. ifx € H andy € C, then T = Pox if and only if (z —y,x — ) > 0, for all
yed,
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2. |lpcx — Foyll < llz —yll, for all x,y € H,

3. ||z — Pex|| + ||y — Peyl| < ||z —yl|?, for allz € H and y € C.

Lemma 2.2.15 (see, [Kraikaew and Saejung, 2014])
Let S : H — H be a map. Then, the mapping I — S is demiclosed at zero if and
only if x € F(S) whenever x,, — x and z,, — Tx, — 0.

Remark 2.2.16 If S: H — H is nonexpansive, then I — S is demiclosed at zero.

Lemma 2.2.17 [Takahashi, 2009] Let H be a real Hilbert space. Let x,y € H, we
have the following statements:

L |G,y < lllflyll;

2. |z +yl|* < ||=]]* + 2(y, = + y) (the subdifferential inequality).

Lemma 2.2.18 [Chidume, 2009] Let H be a real Hilbert space. Let x,y € H and
A€ (0,1) then,

lzA+ (1= Nyll* = Mll® + (1 = llyl* = M1 = N}z =yl

12



CHAPTER 3

Results of Kraikaew and Saejung

3.1 Introduction

In this chapter we give a detailed proof of the results of [Kraikaew and Saejung, 2014]
which they proved in a real Hilbert space.

3.2 The Subgradient Extragradient Algorithm

Inspired by the result of [Halpern, 1967], [Kraikaew and Saejung, 2014}, introduce
the subgradient extragradient algorithm which finds a solution of the variational
inequality (1.1.4) and also proved a strong convergence theorem in a real Hilbert
space. They divided the proof in to several Lemmas.

Lemma 3.2.1 Let f : H — H be a monotone and L-Lipschitz mapping on C and
T be a positive number supposing that VI(C, f) is nonempty. Let z€ H. Define

Ux) = Pc(x—rf(x));
T ={we H:(x—7f(x) - U(x),w—U(x)) <0};

V(z) := Pr= (x - Tf(U(:L‘))).
Then, for allu € VI(C, f), we have
IV (2) = ul® < |l —ul]* = (1= 7L)[Jx = U(2)||* = (1 = 7L)[[V(2) = U(x)[]*. (3.2.1)

In particular, if TL <1, we have ||V (x) —ul| < ||z — u]|.
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Proof Applying Lemma 2.2.14 (3), we have

V() —ul® < |(z = 7f(U(2))) = ull* = [l = 7 f({U(2)) = V()|
= llo—ul® + 27(u = V(2), f({U(2))) — llz = V(2)]"
= [z —ul® + 27(u = U(2), f(U(x)) — f(u)) + 27(u — U(x), f(u))

+27(U(x) = V(2), f(U(@))) = [lz = V(2)]*

<z —ul® +27(U(z) = V(2), f(U(2))) = [lz = V(@) |
= [z —ul® + 27(U(2) = V(2), f(U(2))) = [l = U(2)[
=27z — U(z),U(z) = V(2)) — [|U(z) = V(2)|

=z —ul® = o = U@ - |U(z) - V()|

|
+2(r = 7f(U(z)) = U(x),V(z) = U()).

Now, we estimate

(x =7f(U(z)) = Ulx),V(z) = U(z)) = (z = 7f(x) = U(z), V(z) = Ux))
+(7f(2) = 7f(U(2)),V(z) = U(z))
< (7f(x) = 7f(U(2)), V(z) = Ulx))
<7Ljjz = U(@)|[[|V(z) = U2)]

So, we have

IV (z) = ul* <l = ull* = o = U@)|]* = IU(z) = V()|
+ 27 Lz = U@) ||V (x) = U(z)]|
=z —ul’ - A -7L)|z - U@)|* - 1 = 7L)|U(x) - V(2)|

—7L(|e - U@)| - |V(z) - U(x)]])*
<lz —ul® = (1 = 7L)|]z — U@)|]> = (1 = 7L)|U () — V()|

The next result is the demiclosedness-like property (Lemma 2.2.15) of the map-
ping Po(I — 7f). Note that the authors [Kraikaew and Sacjung, 2014] did not use
the maximal monotonicity of f + Ng, where N¢ is the normal cone of C as it
was the case in other papers (see, e.g., [Censor et al., 2010, Censor et al., 2011,
Censor et al., 2012]).

Lemma 3.2.2 Let f: H — H be a monotone and L-Lipschitz mapping on C. Let
U:= Po(I —7f), where 7 > 0. If {x,} is a sequence in C satisfying v, — T and
z, —U(x,) = 0, thenz € VI(C, f).

Proof Since f is monotone and hemicontinuous, it suffices to show that
(f(x),z—7) >0, for all z € C.
Let x € C and 7 > 0. Observe that from Lemma 2.2.14 (1),

(xp — 7f(xn) = U(xp),U(z,) — ) >0, for alln e N.
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Next, we consider

(7f (@), 20— x) = (Tf(@n), 20 — Ulrn)) + (7f (20), U(zn) — 1)

= <Tf($n)> Ulan)) = (en = 7f(2n) = Ul2n), U(zn) — x)
+ (en = Ul ) Ulwn) — )
(7f (), 2n = Ulwn)) + (&0 — Ulwn), Ul2n) — )
THf(:vn)HH:vn = Ul@n)ll + [lzn = Uzn) U (20) — |

Since {f(z,)}, {U(z,)} are bounded, and z, —U(z,,) — 0, limsup,,_, (7 f(xn), T, —
x) < 0. Using the monotonicity of f, we have

(f(x),x —x) = llimsup<7'f(:1r;) —7f(zn),  — x) + llimsup<7'f(:1:'n),:Cn — )

T n—oo T n—oo

1
< —limsup(r f(x,), x, —x) < 0.

T n—oo
This completes the proof. n

Next, the authors [Kraikaew and Saejung, 2014] studied the following algorithm
for approximating the solution of a variational inequality problem. Let C' be a
nonempty, closed and convex subset of a real Hilbert space H and let f : H — H
be a monotone map. Let {x,} and {y,} be sequences defined by

xo € H,

Yn = PC (mn - Tf(xn))>

T, = {w c H: <xn — Tf(J?n) — Yn, W — yn>0}7
Tpi1 = o + (1 — o) P, (20 — 7f (yn))

where {a,} is a sequence in (0, 1) satisfying lim, ,o @, = 0 and > - a, = oo.
Observe that that 7}, in (3.2.2) is just 7% in Lemma 3.2.1.

In the sequel, we assume that VI(C, f) is nonempty and we denote w,{z,} the set
of all cluster points of the sequence {z,}.

Lemma 3.2.3 Let f : H — H be a monotone and L-Lipschitz mapping on C and
T be a positive real number such that TL < 1. Then, the sequence {x,} generated by
(3.2.2) satisfies the following inequality:

[2n1 = 2]l < amllzo = 2l + (1 = ) [|an — 2],
for all z € VI(C, f). Furthermore, it follows inductively that {x,} is bounded.

Proof Let z € VI(C, f). Set w, = Pr, (I — 7fPc(I — 7f))x,. Hence, 41 =
anxo+ (1 — ay)wy,. It follows from Lemma 3.2.1 that ||w, — z|| < ||z, — z|| and hence

211 = 2] < anllzo = 2[| + (1 = an)[wn — z]]

< apllzo — 2| + (1 — an)||zn — 2|-

Thus, ||z,41 — 2|| < max{||xo — 2|, ||z — 2||}. Hence, by induction we have
|lxn — z]| < ||Jzg —z|| for all n € N. Hence, the sequence {x,} is bounded. u
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Theorem 3.2.4 Let f : H — H be a monotone and L-Lipschitz mapping on C and
T be a positive real number such that TL < 1. Let {x,} C H be a sequence generated
by (322) Then, Ty — PV](C,f)xO-

Proof Werecall that x,, 1 = a,zo+(1—0ay)wy. Set z = Py pTo. Let us start from
the following inequalities, which are consequences of (3.2.2) and the subdifferential
inequality (Lemma 2.2.17)

2 2 2
Tni1 — 2|7 < (1 — a)?||wn — 2|7 + 20(T0 — 2, Tpy1 — 2
H +1 H ( ) H H < 0 +1 > (323)

< (1 = ap)||lwp — 2||* + 200 {mg — 2, Tps1 — 2).

To complete the proof, the authors [Kraikaew and Saejung, 2014] considered the fol-
lowing two cases.

Case 1. Assume there exists ng € N such that ||z,11 — 2| < ||z, — 2||, for all
n > ng. Then lim,, . ||z, — z|| exists. It follows from (3.2.3), using the fact that
a, — 0 and the boundedness of {z,} that ||w, — z||* — ||z, — z||* — 0. By Lemma
3.2.1, we conclude that z, — Po (xn — Tf(a:n)) — 0. Using Lemma 3.2.3, we have
we{zn} C VI(C, f). Using a suitable subsequence {z,, }, we assume that

limsup(zg — 2, Tpp1 — 2) = lim (xg — 2,2, — 2)
n—00 1—00

and
z,, — 2" for some 2’ € VI(C,f).

Consequently,

limsup(zo — 2, Tn1 — 2) = (xo — Pyic,p®o, 2 — Pyie,pro) < 0.
n—oo

By Lemma 2.2.9, we have lim,, ,, ||, — z||* = 0. That is, x, — 2.
Case 2. Otherwise, there exists a subsequence {zy,, } of {x,} such that
|Zm, — 2|| < ||Zm,., — 2| for all j € N.

From Lemma 2.2.10, there exists a nondecreasing {n;} of N such that lim, . ny =
oo and the following inequalities hold for all k£ € N :

|20, — 2|l < Tnyyy, — 2l and g, — 2|| < ||z, — 2]]- (3.2.4)
Observe that

||mnk - Z” S ||$nk+1 - Z” S OénkaO - Z” + (1 - ank)HMHk - ZH

< apflzo — 2l + (1 — )|z, — 2.
It follows from the fact that lim,,_, ., a,, = 0 that
|wny, = 2| = lzn, — 2| = 0.

By discarding the repeated terms of {n;}, but still denoted by {n}, one can view
{z,, } as a subsequence of {z,,}. Hence, by Lemma 3.2.1 and Lemma 3.2.3, we have

Ty — Po(Tn, — 7f(2n,)) = 0 and  w,{z,,} C VI(C, [).
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Observe that z,, — z,,+1 — 0. In fact, it follows from Lemma 3.2.1 with the same
notion U that ||w,, —U(x,, )| =0, ||U(z,,) — @] — 0 and
||xnk+1 - x”k” - HOénkZE() + (1 - ank)wnk - x”k”
< ankaO - xnk“ + (1 - ank)Hwnk - xnkH
< ap[lzg = x| + (1 = an,) ([[wn, = U@a )| + U (2n,) = 20, |])
— 0.

As proved in the first case, we can conclude that

lim sup(xo — 2, p,+1 — 2) = limsup(xy — 2, z,,, — 2) < 0. (3.2.5)
k—o00 k—00

It follows from (3.2.3) and (3.2.4) that
1 — 217 < (1= a2, — 201 + 200, (20 — 2, Tny1 — 2)
< (1 o ank)|’xnk+1 o 2”2 + 2ank <x0 — & T+l T Z)
Using (3.2.4) and the fact that a,, > 0, we have ||z — 2||* < [|zp,41 — 2]|* <

2(xg — 2z, &n,+1 — 2). Hence by (3.2.5), we have

limsup ||z), — 2||* < 2limsup(zo — 2, Tp, 11 — 2).
k—o00 k—oc0

Therefore, x;, — z. This completes the proof. n

3.3 The Modified Subgradient Extragradient Al-
gorithm

Inspired by the second result of [Censor et al., 2011], the authors [Kraikaew and Saejung, 2014],
introduce a modified subgradient extragradient algorithm for finding a solution of the
variational inequality (1.1.4) which is also a fixed point of a given quasi-nonexpansive

mapping. The algorithm is as follows:

Let f,S : H — H be maps and C' be a nonempty, closed and convex subset of a
real Hilbert space H. Let {z,},{y,} and {z,} be sequences defined by

p

T € H,
Yn = PC(xn - Tf(xn))’
T, :={weH: (v, —T1f(rn) — Yn,w — yn) < 0}, (3.3.1)

Zp = Qo + (1 - Oén)PTn (xn - Tf(yn))v
( Tntl = BnTrn + (1 - 5”)5’2”7

where {,} C (0,1) for some a,b € (0,1) and {a,} is a sequence in (0, 1) satisfying
lim, oo @, =0 and >~ 7 |, = o0.

Theorem 3.3.1 Let S: H — H be a quasi-nonexpansive mapping such that [ — S
18 demiclosed at zero and f : H — H be a monotone and L-Lipschitz mapping on
C. Let T be a positive real number such that 7L < 1. Suppose that VI(C, f) N F(S)
is nonempty. Let {x,} C H be a sequence generated by (3.3.1). Then, x, —

Pyrc.pnrs)o-
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In a similar way, they split the proof into several lemmas.
Lemma 3.3.2 The sequence {x,} is bounded.

Proof Let u e VI(C, f)N F(S). Then, we have

[ @041 = ul] < Bullzn — ull + (1= Ba)[1S(zn) — ull

< Bullan — ull + (1 = Bn)l[2n — ul]

= Bullzn —ull + (1 = Ba) lanzo + (1 — a)wn — ull

< Bn”xn - UH + (1 - Bn) (O%HJ:O - u“ + (1 - an)”wn - u”)
< Bn”xn - UH + (1 - Bn) (O%HJ:O - u“ + (1 - an)”xn - UH)
< maz{||zo — ull, [|n —ul]}.

By induction, the sequence {x,} is bounded. n

Lemma 3.3.3 The following inequality holds for allu € VI(C, f)NF(S) andn € N,

[2p41 = ull® < (1= an(l = Ba)) 20 — ull? + 20 (1 = Bn){x0 — u, 2 — 1)
— Bn(1 = Bo)llzn — S(zn)||2

Proof Let u € VI(C, )N F(S). Set w, = Pr, (I — 7f(Pc(I — 7f)))x,. It follows
from Lemma 2.2.18, Lemma 3.2.1 with 7L < 1 and Lemma 2.2.17 that

| Zns1 — u||2 = ||Bu(@n —u) + (1 = Sn) (S<Zn) - U)H2
= Ballzn — ull® + (1 = B)lIS(2n) — ull* = Ba(l = Bu)llzn — S(za) I
< Bullzn — u||2 + (1= Bn)ll2n — U||2 = Bn(1 = Bu)llzn — S(Zn)||2
= Ballzn — u||2 + (1 = Bp)llanzo + (1 — an)wy — uH2 = Ba(1 = Bp)|@n — S(Zn)||2
< Ballzn — UH2 — Bn(1 = Bu)l|lzn — S(Zn)H2
+ (1= Ba) (1 = an)?||wn — ul]* + 20 (zo — u, 2, — u))
< Ballwn — ull* = Bu(1 = Bo)llzn — S(z0)II?
+(1— ﬂn)((l — an)||wn — ul]* + 20 (2o — U, 2, — u))
= (1= an(l = Bn))lzn — w||* + 20, (1 — B — u, 2, — 1)
= Bu(1 = Ba)llwn — S(za)[I”. (3.3.3)

(3.3.2)

Lemma 3.3.4 Letu € VI(C, f)NF(S). If there exists a subsequence {x,, } of {z,}
such that im infy o (||€n, 11—l = ||zn, —ul]) > 0, then, w,{x,, } C VI(C, f)NF(S).

Proof Observe that whenever lim infy_,oo (|| 2,41 — || — ||z, — ul|) > 0, we get
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0 < timinf (a1 — ul) ~ 1, — ul])

< hlfninf (Bnkank - u” + (1 - 5nk)HS(04nk370 + (1 - ank)wnk) - u“ - H‘rnk - UH

< Tim inf (1 — i) (0 70 =l + (1 = ), — ] = s, — )
<liminf(1 = o) ([lwn, =l = [z, — ull)
<( a) lim inf (|fwn, = ull = [lon, — ul])
<(l—a) hmsup (e, = ull = llzn, —ull)
<0.
Hence, ||wy,, — u|| — ||z, — u|| — 0. It follows from Lemma 3.2.1 and Lemma 3.2.3
that
Tp, — Wy, — 0 and wy{z, } C VI(C, f). (3.3.4)

Next, we show that w,{z,, } C F(S). Using inequality (3.3.3) and the fact that
oy, — 0, we have
0 < Hmin (a1 — ull® = [0, — ul?)
< liminf (=, (1 = Bo)||@n, — ull® + 200, (1 = B, ) {0 — u, 20, — W)

k—o0

= B (1 = B llan, — S(zn,)IP)
= —limsup B, (1 = B, )| @n, — S(zn,) |
< —a(1 - b) i sup n, — S(z)I1
Hence, x,, — S(z,,) — 0. It follows from (3.3.4) that
Zn

y — Tnp = 0, (2o — 20,) + (1 — v, ) (W, — 20, ) — 0. (3.3.5)

Therefore
120, = Sa )l < M1z, — Tng | + |20, — S(20,) || = 0.

By (3.3.5) and demiclosedness of the mapping I — S, we get

wolzn } = wolwn ) C F(S).

Then,
w{zn, } CVI(C, f) N F(S).
]
Proof of Theorem 3.3.1. Let z := Py p)nr(s)To- Since 3, < 1, for all n € N, it
follows from inequality (3.3.3) that
a1 — 2|I” < (1= an(l = Bn)) lzn — ul]® + 200 (1 = B,) (w0 — u, 2, — u).  (3.3.6)

Case 1. There exists ng € N such that ||z,+1 — 2|| < ||z, — z]| for all n > ny. Then,
lim,, o0 |2, — 2| exists. In particular, iminf, (/|1 — 2|| — [|Jzn — 2]]) = 0. It
follows from Lemma 3.3.4 that w,{z,} C VI(C, f) N F(S) and w,, — z,, — 0. Since
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Zp — Ty = au(zo — ) + (1 — o) (wy, — x,) — 0, we have w,{z,} = w,{z,}. Since
{z,} is bounded, there exists a subsequence {z,, } of {z,} such that z,, — 7 and

lim (zg — 2,2, — 2) = limsup(zy — 2,2, — 2) = limsup(zy — 2, 2, — 2).
k—o0 n—o0 n—o00

Because w,{x,} C VI(C, f), we have

lim (g — 2,2, — 2) = (x0 — 2,T — 2) < 0.
k—o0

Hence, limsup,,_, . {(ro — 2,2, — z) < 0. By applying Lemma 2.2.8 to inequality
(3.3.6), we have ||z, — z|| — 0, that is, x,, — 2.

Case 2. There exists a subsequence {z,, } of {z,} such that
[m, — 21l < lmg +1— 2] V€N,

From Lemma 2.2.9, there exists a nondecreasing sequence {n;} of N such that
limg .o, np = oo and the following inequalities hold for all k € N :

@, = 2l < lanss — 2l and flog = 2l| < lanes — 2. (33.7)

By discarding the repeated terms {ny}, but still denoted {n}, we can view {z,, } as
a subsequence of {x,,}. In this case, we have lim infy_, o (||2n, +1 — 2| = |zn, —2||) > 0.
Hence, w,{z,, } C VI(C, f) N F(S) and, by using a similar argument as in the first
case, Wy zn, } = Ww{zy, }. It follows from the boundedness of {z,, } that there exists
a subsequence {zn, } of {z,,} such that z,, — 7 and

lim (xg — 2, x,, — 2) = limsup(xy — 2, z,, — 2) = limsup(xy — 2,7 — 2).
l—00 ! k—o00 k—o00

Because w,{z,, } C VI(C, f), we have

lim sup(xg — 2z, 2, — 2) = im (xg — 2,2, —2) = (xg — 2,7 — 2) < 0.
k—o0 =00 !

It follows from (3.3.6) and (3.3.7) that

Hxnk+1 - ZHQ S (1 - O‘nk(l - Bnk>) ||xnk - u”2 + 2ank(1 - /Bnk <$0 — Uy 2y, — U>
< (1 - aﬂk(l - Bnk>) ||xnk - u”2 + 2ank(1 - /Bnk+l<$0 — U, Zny, — U)

Since ay,, (1 — fB,,) >0, for all k € N,

lok = 201* < |21 — 2017 < 220 — 2, 201 — 2).

Consequently,
lim sup ||x,, — z||* < lim sup 2(zo — 2, Tp1 — 2) < 0.
k—o00 k—o00
Therefore x;, — z. n
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CHAPTER 4

Our Contributions

In this chapter we present an extension of the results of [Kraikaew and Saejung, 2014],
to a uniformly smooth and 2-uniformly convex real Banach space. Furthermore, we
extend the class of map from one nonexpansive map to a countable family of rela-
tively nonexpansive maps.

4.1 Approximating a solution of a variational in-
equality problem

We prove the following theorem.

Theorem 4.1.1 Let C be a nonempty, closed and conver subset of a uniformly
smooth and 2-uniformly convex real Banach space . Let A : E — E* be a monotone
map on C and k-Lipschitz on E. Assume VI(C,A) # (). Define the sequence {x,}

by,

(33'0 € C;
yp = HoJ Y (Jxz, — NAx,);
T,={z€ E:{(z—yn Jr, — Nz, — Jy,) < 0}; (4.1.1)

tp =g, J 1 (Jx, — Nuy,);
(i1 = J HanJzo + (1 — ay)Jt,),

for alln >0, where A € (0,b], b € (0,1) with b < ¢, a being the constant in Lemma

2.2.2 and {«a,} is a sequence in (0,1) satisfying the following conditions:

n—oo

(1) im o, =0;  (i7) Z o, = 00. Then, the sequence {z,} converges strongly the
n=1
point g = Iy, a)xo.

Proof We divide the proof into two steps.

Step 1. We show that {z,} is bounded. Let u € VI(C,A). Then, applying
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Lemma 2.2.1 (2), we have

O(u,t,) < dlu, J [ Jzn — AAY,]) — ¢(tn, J Iz, — AAy))
= [Jul]® = 2{u, Jz, — AAy,) — [|ta||* + 2(tn, J2, — AAy,)
= d(u, z,) — O(tn, vp) + 2(u — tn, AMAy,)
= O(u, ) — O(tn, Tn) + 22U — Yn, Ayn) + 2M(Yn — tn, Ayn).

Using Remark 1 and property P2, we have

d(u,tn) < o(u, ) — Atn, Tn) + 2MYn — tn, Ayp)
= O(U, Tp) = O(Yn, Tn) — O(tn, Yn) + 2 (tn — Yn, JTn — Ay, — Jyn) -
(4.1.3)
Now, we estimate (t, — yn, Jx, — Ay, — Jy,), using the fact that ¢, € T, the
Lipschitz continuity of A and Lemma 2.2.2. We obtain

(4.1.2)

<tn — Yn, JTp, — Ny, — Jyn> = <tn — Y, JT, — Nz, — Jyn> + /\<tn — Yn, Ay — Ay”>
< Alltn = ynlll| Az — Ay, ||

< 2 (=l + = a?)
< o (St ) + 0l ) (4.1.4
kA
Thus, ¢(u,t,) < o(u, 2n) — (Yn, Tn) — ¢(tn; Yn) + o (¢(tnv Yn) + A (Yn, xn)
= o) = (1= 2 (6o 0) + olt0 ) (4.15)
< é(u, zy,). (4.1.6)

Now,
¢(uv xn+1) < ozngb(u, xO) + (1 - an)¢(ua tn)
< an¢(u, o) + (1 — o) d(u, 2,) (4.1.7)
< maz{p(u,xo), d(u, x,)}.
By induction, we obtain that ¢(u,x,.1) < ¢(u,xo). Hence, the sequence {¢(u, z,)}

is bounded. By property P1, {z,} is bounded. Furthermore, ¢(u,t,) < ¢(u,x,),
V' n >0 implies that {¢,} is also bounded. Using Lemma 2.2.10. We have

o(u, vpp1) = V(u, Jrp41)

< V(u, (1 = ap)Jty, + anJu) + 20, (Tp1 — u, Jxog — Ju)

< (1—an)V(u, Jt,) + 20 (xp1 — u, Jrg — Ju) (4.1.8)
= (1 —an)o(u,t,) + 20, (Tp1 — u, Jxg — Ju)

< (1= an)op(u, ) + 2000 (Tp1 — u, Jxg — Ju). (4.1.9)

Step 2. We show that the sequence {z,} converges strongly to the point ¢ =
Iy e, ayzo. To show this, we shall consider two cases. Let u € VI(C, A)
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Case 1. Assume there exists ng € N, such that
¢(U, xn-{—l) S ¢(U, ZL‘n), V n Z ngo.

Then, the sequence {¢(u, z,)} is convergent.

Claim 1:
(7) lim ||z, — ynl| = lim ||t, — yu| = 0.

From inequality (4.1.8) and (4.1.9) we deduce that

lim (¢(u,t,) — ¢(u, z,)) = 0.

n—oo

Hence, from inequality (4.1.5), we obtain

lim (Y, x,) = lim ¢(t,, y,) = 0.
n—oo

n—oo

By Lemma 2.2.5 lim ||z, — y,|| = 0= lim ||t, — ya]|-
n—o0 n—oo

Next we show that Q,(x,) C VI(C,A), where Q,(x,) denotes the set of weak
subsequential limits of {x,}. Since {x,} is bounded, Q,(z,) # 0. Let u € Q,(x,).
Then there exists a subsequence {z,, } C {z,} such that z,, — u. We show that
ue VI(C,A). Let

T Av + Ne(v), if ved,
v =
0, if v C,
be as defined in Lemma 2.2.7. Then, T is maximal monotone and 0 € Tw if and

only if v € VI(C,A). It is known that if 7" is maximal monotone, then given
(x,2*) € Ex E*such that if (z —y,2* —y*) >0, V (y,y*) € G(T), one has z* € Tx.

Claim 2: (u,0) € G(T).
Let (v,u*) € G(T'). To establish the claim, it suffices to show that (v —u,u*) > 0.

Now, (v,u*) € G(T) = u* € Tv=Av+ Nc(v) = u* — Av € Ng(v).
Therefore, (v —y,u* — Av) > 0, Vy € C. Since vy, = llgJ 1 (Jz, — NAx,) and
v € C, we have by Lemma 2.2.1 (1) that (y, — v, Jx, — Az, — Jy,) > 0. Thus,

Jy, — Jx,
<U—yna%+z‘1$n>20, n=>0.

Using the fact that y, € C' and u* — Av € N¢(v), we have

(V= Yn,,, u")y > (V= Yn,, Av)

JYyp, — Jx,
Z<U_ynk7AU>_<U_ynkv%+f4xnk>

JUYn, — JTp
= <U - ynkaAU - Aynk> + <U - ynkaAynk - A$nk> - <U - ynka %>

JYn, — ank>

> <v_ynk7‘4ynk_Axnk>_<v_ynk7 h
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Using the Lipschitz continuity of A, Claim 1 and uniform continuity of J on bounded
sets, we have
(v —u,u*) >0.

Therefore, Q,(z,) C VI(C, A).
Finally, we show that {z,} converges strongly to the point ¢ = Iy, ayzo. Since
Qu(z,) € VI(C, A), from inequality (4.1.9), and using Lemma 2.2.8 and Lemma

2.2.5, it suffices to show that limsup,,_, . (zn+1 — ¢, Jxg — Jg) < 0. Let z € Qy ().
Then, there exists a suitable subsequence {z,, } such that

limsup(zn41 = ¢, Joo = Jq) = lim (2, — ¢, Jo = J@) = (2 = ¢, Jwo — Jq).

n—o0

By Lemma 2.2.1 (1), we have

limsup(z,11 — ¢, Jog — Jq) = (z — ¢, Jog — Jq) < 0.

n—o0

Hence, z,, — q.

Case 2. If Case 1 does not hold, then, there exists a subsequence {,,;} C {zn}
such that ¢(u, Tpm;+1) > é(u, zp,), for all j € N, uw € VI(C, A). From Lemma 2.2.9,
there exists a nondecreasing sequence {n;} C N, such that limy_,., ny = oo and the
following inequalities hold:

d(u, T, ) < (U, 41) and ¢(u, zx) < ¢(u, Ty, 41), for each k € N.
Observe that

¢(u7 xnk) < ¢(u7 'rnk+1) < ank¢<u7$0) + (1 - a”k)¢(u7 tnk)
S Oénk¢<U,fE0) + (1 - ank)¢(u7 xnk)

Since a,, — 0, it follows that

lim (¢(u,ty,) — d(u, z,,)) = 0.

k—o0

Using inequality (4.1.5), we obtain in a similar way as in Claim 1 that
klgg) ||tnk - ynk” = kh_{{.lo ||ynk - x”k” =0.
Also, using a similar argument as in Claim 2, we obtain that Q,,(z,,) C VI(C, A).

Next, we show that {x} converges strongly to the point ¢ = Ilyy, a)To. From
inequality (4.1.9), setting u = ¢ we have

¢(Q7 xnk—i-l) S (1 - Oénk>¢(q, x?’%) + QOénk <Ink+1 —q, JIO - JQ>
< (1 - &nk)¢(Q7 xnk+1) + Qank <xnk+1 -4, Jxo — Jq>

Since a,, > 0, we have ¢(q, xn, 1) < 2(xp, 41 — ¢, Jxo — Jq).

ThUS, ¢(q7 Tk

) < 2<Ink+1_Q7 JIO_JQ> Hence, lim SUPg 00 gb(q, ZEk) < 2lim SUPg 00 <xnk+1_
q,Jxo—Jq) <0.8S

0, By Lemma 2.2.5, we have x;, — ¢, as k — oo. n
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4.2 Approximating a common element of solu-
tions of a variational inequality problem and
a fixed point of a relatively nonexpansive map

We present a modified subgradient extragradient algorithm for finding a solution
of the variational inequality problem (1.1.4) which is also a fixed point of a given
relatively nonexpansive map.

Theorem 4.2.1 Let E be a uniformly smooth and 2-uniformly convex real Banach
space and C' be a monempty, closed and conver subset of E. Let A : E — E* be
a monotone map on C and k-Lipschitz on E and let S : E — E b a relatively
nonexpansive map. We define the sequence {x,} by

(2 € E;

Y = e Y (Jz, — NAzy,);
T,={z€E:{z—yn Jr, — Nz, — Jy,) < 0};
ty =g, J 1 (Jx, — Nuy,);
2n = J HapJzg + (1 — an)Jty);

(Tp1 = J (AT, + (1 = N)JS2,),

(4.2.1)

where A € (0,1) such that A < ¢, o been the constant in Lemma 2.2.2 and {a,} C

0,1] such that lim o, = 0 and > )7, a, = 00. Suppose F(S)NVI(C,A) # 0,
n—oo

then the sequence {x,} generated by (4.2.1) converges strongly to the point q =

Hrsyvie,a)To-

Proof We divide the proof into two steps.
Step 1. We show that {z,} is bounded. Let u € F(S)NVI(C,A). Then,

< AP(u, 23) 4 (1 = A)d(u, 2n)

< Ao(u, ) + (1 — )\)(anqﬁ(u,xo) + (1 — ap)o(u, tn))

< Ap(u, z,) + (1 = Nand(u, o) + (1 — A)(1 — ap)p(u, z,)  (4.2.2)
=(1-(1- /\)ozn)gzﬁ(u,xn) + (1 — Napd(u, zo)

< max{¢(u, ), $(u, xo)}

By induction, we have ¢(u,x,11) < ¢(u,x9). Hence, the sequence {¢(u,x,)} is
bounded. By property P1, {x,} is bounded. Furthermore, by Lemma 2.2.12, we
have that {y,} is also bounded.

Step 2. We show that {z,} converges strongly to some point ¢ = g (s)nv1(c,4)%o-
To show this, we first establish the following:

(¢) lim ||z, —yn| = Um ||t, —yn|| = Um ||z, — Sz,|| = 0;and
n—oo n—oo n—oo
(it) Q(x,) C F(S)NVI(C,A).
Let u € F(S)NVI(C,A). We shall consider two cases.
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Case 1. Suppose there exists an ny € N, such that
¢(U, xn—i—l) S ¢(U, xn), vVn Z no.

Then, the sequence {¢(u, z,)} is convergent.

Now, we estimate ¢(u, x,.1) using inequality (4.1.5).

Cb(uv xn—i—l) < )\gb(u, xn) + (1 - A)gb(uv Szn)
< /\Qb(u’ xn) + (1 - >‘)¢(UJ7 Zn)
< Ap(u, ) + (1 = A) (ozngb(u, zo) + (1 — ay)o(u, tn))
< A0 70) + (1= N 20) + (1= N1 = ) (9, 72) = (1= )3, )

= o)+ (1= A 20) + 003 = Do) = (1= 0 (1= 25 ) o)

+an(l— ) (1 - %) S(Yn ).

(4.2.3)
Thus,

O-Qb(ym xn) < ¢<uv xn)_¢(uv mn+1)+(1_)‘)an¢<uv $0)+O‘n(/\_1)¢(u7 xN>+&n0¢<yn7 xn)7

where 0 = (1 — A)(1 — 2%). Using the fact that o, — 0, the boundedness of {z,}
and {y,}, we deduce that ¢(yn,x,) — 0, as n — oco. Hence, by Lemma 2.2.5, we
have lim,, o [|2n — ynl| = 0.

Next, using inequality (4.1.5), we have

¢(ua zn—i—l) < >‘¢(U7 xn) + (1 - )\)Oénﬁb(%fo) + (1 - )‘)(1 - an)¢(u7tN)
= Ap(u, ) + (1 — Nand(u, zo) + (1 — No(u, t,) — (1 — Nao(u, ty)

S )\¢(u> xn) + (1 - )\)gb(u, xn) + (1 - )\)Oénqb(U, :UO) - (1 - )‘)an¢(u7 tn)
(4.2.4)
Hence, lim, o (¢(u, ) — ¢(u,t,)) = 0. Also, from inequality (4.1.5), we have

0< (1 - %>¢(tmyn) < gf)(u, xn) - ¢(Uatn) - (1 - %)Qﬁ(ynaxn)

Thus, ¢(tn,yn) — 0, as n — oco. By Lemma 2.2.5, ||t, — yn|| = 0, as n — oco. It
follows that lim ||z, — t,|| = 0.
n—oo

Next, observe that ¢(z,, 2,) < and(zn, x0) + (1 — ay)p(2n, t,). Using the fact that
a, — 0, as n — oo, boundedness of {z,},{t,} and |z, — t,|| — 0, we have
&(Tn, 2n) — 0, as n — oo. Thus, ||z, — z,|| — 0 as n — oco. Using Lemma 2.2.6, we
have
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(s Tny1) < AP(u, ) + (1 = N)@(u, Szp) — )‘(1 = ANg([|Jxn — JSzal|)
< AO(t, ) + (1= N) (@, 70) + (1 — ), £0)) — ACL— Ng(| I — S]]
S AP, ) + (1 = Nang(u, 7o) + (1 = A1 = an)(u, 2n) = AL = Ng([|Jn — JSznl])
= ¢(u, z,) + (1 = N (d(u, 20) — d(u, 2,)) — AL = N)g(||Jz, — JSz|)

(4.2.5)
Thus, 0 <A1 —=Ng([|[Jx, — JSz,|]) < d(u,x,) — (U, Tpy1)

+ an(1 = N)(¢(u, z0) — du, z,)) (4.2.6)

Since a,, — 0, {x,,} is bounded and lim,,_,, ¢(u, z,,) exists, we have that ¢g(||Jx, —
JSz,||) = 0, as n — oo. This implies that ||Jz,, — JSz,| — 0. By uniform continu-
ity of J=! on bounded sets, we have |z, — Sz,|| — 0. Hence, ||z, — Sz,| — 0 since
20 = Sznll < |20 — @all + l2n — Szal|-

Now, we show that Q,,(z,) C F(S)NVI(C, A). Since {z,} is bounded, Q,,(z,) # 0.
Let z € Qy(2,). Then, there exists a subsequence {z,, } C {x,} such that z,, — z.
This implies that z, — z, as k — oo. Since limy_o ||2n, — Szn,|| = 0, it follows

that z € F(S). By similar argument as in the prove of Claim 2 in Theorem 4.1.1
above, z € VI(C, A). Therefore, Q,,(z,) C F(S)NVI(C,A).

Next, we show that {z,} converges strongly to the point ¢ = Il S)nVI(C,A)To- Since
{z,} is bounded, then, there exists a subsequence {z,, } of {z,}, such that z,, — z
and

lim (z,, —q, Jxg — Jq) = limsup(z, — ¢, Jxo — Jq) = limsup(z, — q, Jzo — Jq).

k—oco n—00 n—00

Since Q,(z,) C F(S)NVI(C, A), we have lim(z,, —q, Jxo—Jq) = (z—q, Jro—Jq) <
0. Hence, we deduce that

lim sup(z, — q, Jxog — Jq) <O0. (4.2.7)

n—oo

But, from Lemma 2.2.10, we have

O(q, Tng1) = ¢(q, T (AN + (1 = X)JSz,)
(1= No(q, Szn)

< A(q, zn) + )

<Ap(q,zn) + (1= N)o(q, T (e Jzg + (1 — an)Jtn)>

= Xo(q, ) + (1 = NV (q, 0 Jzg + (1 — a) J 1)

< Ap(q, ) + (1= X) (V(q, anJo + (1 — o) Jt, — o (Jzg — Jq))

+ 20, (2, — q, Jxg — Jq>)

Ab(q, 7n) + (1 — A) (v(q, anJq+ (1= ) Jty) + 200 (20 — q, 0 — Jq>>

AO(q, 2n) + (1= N (1 — a)V (g, Jtn) + 2(1 — Nan(z, — q, Jxog — Jq)
)‘925(%55”) + (1 - )‘)(1 - an)¢(‘]a xn) + 2(1 - )‘)O‘n<zn —q,Jxg — JQ>

= (1= (1= Nan) (g, z0) +2(1 = Na(z, — q, Jzo — Jq). (4.2.8)

IA A
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Using (4.2.7) and Lemma 2.2.8, we have ¢(q, x,) — 0. Hence, by Lemma 2.2.5, we
have x,, — q.

Case 2. If Case 1 does not hold, then, there exists a subsequence {,,,} C {zn}
such that ¢(u, T, 1) > é(u, Tp,), for all j € N. From Lemma 2.2.9, there exists
a nondecreasing sequence {n} C N, such that lim;_,., ny = oo and the following
inequalities hold

d(u, ) < P(u, xp,41) and o(u, xx) < @(u, 2y, +1), for each k € N.
Now,

¢(u> ajnk) S ¢(u> xnk"l‘l) = 0 é ¢(u7 xnk-‘rl) - ¢(u> xnk)
= 0 < Timinf (¢(u, Tne1) — (1, 7, ))

< liminf (A@(u, 2, + (1= A) (@, 6(u, 20)

k—o0

(1= an)(u b)) = 9w, 70,))
= liminf(1 — )\)(qb(u, tn,) — O(u, znk))

k—o00

Since ¢(u, t,,) < ¢(u, z,,), Yk >0,

0< lilgginf (gb(u, tn,) — O(u, xnk)) < lim sup (gb(u, tn,) — gb(u,xnk)) <0.

k—o0

Hence, limj_, (gb(u, tn,) — o(u, xnk)) = 0. Using similar argument as in Case 1
above, we obtain that

o |[tn, — Unill = 0, [|Yn, — Zn, || = 0, as k — o0;
d ||:Bnk - znkH — 07 ||Sznk - anH — 0, as k — oQ; and
e Oy(z,,) CF(S)NVI(C,A).

Next, we show that {z}} converges strongly to ¢ = Ilps)nvi(c, a)To. Since {z,, } is
bounded, there exists a subsequence {xnkj} of {x,, } such that Tny,, — 2,88 ] = 00
and

im (z,, —q,Jxo— Jq) =limsup(x,, —q,Jro— Jq) = limsup(z,, — q, Jzo — Jq).
—00 J

k—oo k—o0

J

Since Qy,(z,,) C F(S)NVI(C,A)), we have limsup,_, . (zn, — ¢, Jzog — Jq) < 0.
From inequality (4.2.8), we have

(b(% xnk+1> S (1 - (1 - )\>ank)¢<Q7 xnk) + 2<1 - )\>ank <an -4, JQ?O - Jq>
< (1 —(1— )\)oznk)(b(q, Tppt1) + 2(1 = N, (20, — ¢, Jx0 — Jq).

Since (1 — X)ay,, > 0 for all k£ > 0, we have

o(q; 71) < A(q, Tny11) < 2(2n,—¢, Jro—Jq) = limsup ¢(q, ) < limsup 2(2,, —q, Jro—Jq).

k—o0 k—o0

Thus, limsup ¢(q, xx) < 0. Therefore, z;, — ¢, as k — oo. n

k—o0
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4.3 Approximating a common element of varia-
tional inequality and convex feasibility prob-
lem.

We prove the following theorem.

Theorem 4.3.1 Let C be a nonempty, closed and conver subset of a uniformly
smooth and 2-uniformly convex real Banach space E. Let A : E — E* be a monotone
map on C and k-Lipschitz on E and {S;}2, be a countable family of relatively
nonexpansive maps such that (\;—, F\(S;) # 0, where S; : E — E, ¥ i. Let {n;}2, C
(0,1) and {p;}2; C (0,1) be sequences such that Y ;~ n; = 1. Define the sequence
{zn} by
(.230 e FE;
yn = Mo Y Jz, — NAzy,);
T,={z€E:{z—yn Jr, — Nz, — Jy,) < 0};
tp =g, J 1 (Jx, — Ny,);
2 = J HanJzg + (1 — ay,)Jty);
(i1 = J (AT, + (1 = N)JS2,),

(4.3.1)

where Sz = J‘1<ZZI ni(piJxr + (1 — /Li)JSix> for eachxz € E, A € (0,%) and

{a,} C [0,1] such that lim, o oy, = 0 and >0 | a,, = 00. Suppose (ﬂ;’il F(SZ)> N
V(C,A) # 0, then, the sequence {x,} generated by (4.3.1) converges strongly to the
point q = Ilp(s)nvi(c,a)To-

Proof By Lemma 2.2.11, S is relatively nonexpansive and F(S) = (;2, F(S;). The
conclusion follows from Theorem 4.2.1. n

4.4 Applications
We give some applications of our main theorem.

Theorem 4.4.1 Let C be a nonempty, closed and convex subset of E = L, <0r I, or W;”(Q)) ,

l<p<2. Let A: E — E* be a monotone map on C, k-Lipschitz on E and {S;}32,
be a countable family of relatively nonexpansive maps such that (=, F(S;) # 0,
where S; : E— E, ¥ 1. Let {n;}32, C (0,1) and {p;}32, C (0,1) be sequences such
that Y., m; = 1. Define inductively the sequence {x,} by

(IED e E;

Y = Mo Y (Jz, — NAzy,);
T,={z€E:{z—yn Jr, — Nz, — Jy,) < 0};
n = HTnjil(an - /\Ayn);

2y = J HapJzg + (1 — an)Jt,);

(Tp1 = J (AT, + (1 = N)JS2,),

(4.4.1)
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where Sz = J_l(z;)il ni(piJz + (1 — ,ui)JSix)) for eachx € E, X € (0,%) and

{a,} € [0,1] such that lim, o ap, = 0 and > 07y, = 00. Suppose (ﬂ;’il F(SJ) N
V(C, A) # 0, then, the sequences {x,} generated by (4.4.1) converges strongly to the
point q = Ilps)nvi(c,a)To-

Proof L, <0r l, or W;”(Q)), 1 < p < 2, are uniformly smooth and 2-uniformly
convex. Hence, the conclusion follows from Theorem 4.3.1. n

Corollary 4.4.2 Let C' be a nonempty, closed and convex subset of a real Hilbert
space H. Let A: H — H be a monotone map on C and k-Lipschitz on E and {S;}32,
be a countable family of relatively nonexpansive maps such that (o, F(S;) # 0,
where S; : H — H, ¥ i. Let {n;}32, C (0,1) and {u;}3°, C (0,1) be sequences such
that Y., m; = 1. Define inductively the sequence {x,} by

/

Ty € E;

Yn = Pod(x, — NAz,);

T,={2€ E:(z—yn,x, — Nz, —yn) <0}
tn = Pr,(z, — NMuy,);

Zn = apxo + (1 — ap)ty);

(Znt1 = Az, + (1 — X) Sz,

(4.4.2)

where Sz = <Z§Z1m(uix+ (1 - ul-)Six)) for eachx € E, X € (0,%) and

{a,} € [0,1] such that lim, o0 o, = 0 and > 07y, = 00. Suppose (ﬂ;’il F(SJ) N
V(C, A) # 0, then, the sequences {x,} generated by (4.4.2) converges strongly to the
point q = Ilp(s)nvi(c,a)To-

Remark 4.4.3 Our Theorems are improvements of the results of [Kraikaew and Saejung, 2014]
and [Nakajo, 2015/, in the following sense:

1. The algorithm (1.4.5) studied in [Nakajo, 2015] requires, at each step of the
iteration process, the computation of two subsets C,, and Q,, of C, “their inter-
section C, NQ,, and the projection of the initial vector onto this intersection”.
In our algorithm (4.3.1), these subsets have been dispensed with. Furthermore,
[Nakajo, 2015] proved a strong convergence theorem for a monotone and k-
Lipschitz map and one relatively nonexpansive map, S : E — E. In our
theorem, strong convergence is proved for a monotone and k-Lipschitz map
and a countable family of relatively nonexpansive maps, S; : £ — F.

2. In the result of [Kraikaew and Saejung, 2014], the iteration parameter 3, used
in their algorithm (1.4.3), which is to be computed at each step of the iteration
has been replaced by a fized constant X in our algorithm (4.3.1). This X is to
be computed once and used at each step of the iteration process. Consequently,
our algorithm reduces computational cost and possible computational complez-
ity and errors. Furthermore, the theorem of [Kraikaew and Saejung, 2014] is
proved in a real Hilbert space, while our theorem is proved in the much more
general uniformly smooth and 2-uniformly convex real Banach spaces.
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3. Finally, we remark that in some algorithms, the use of general sequences
as iteration parameters instead of fixed constants may provide more general
iteration algorithms. For example, the well-known Mann iteration process:
ro € K, zp11=(1—¢cya,+cTx,, n >0, where (i) lim, oo c, =0 and
(it) D>, cn = 0o provides a more general iteration scheme than the Kras-
noselskii scheme: o € K, w11 = (1=N)x,+ATx,, n >0, where € (0,1).
While in this case, it is known that whenever the Krasnoselskii converges, it
1s preferred to the Mann scheme because it involves less computation than the
Mann scheme and converges as a geometric progression, slightly faster than
the convergence obtainable from any Mann sequence. However, there are prob-
lems where the Krasnoselskii scheme is not applicable but the Mann scheme
1. Furthermore, whenever a general sequence (3, is introduced as an iteration
parameter in any algorithm, it does not, in general, translate to more general
algorithm than an algorithm with a fixed constant 3. If the general sequence [,
introduced is bounded away from 0 and 1, it is easy to show that whenever the
algorithm with (3, converges, the same algorithm with 3, replaced by 5 € (0,1)
converges. Thus, the use of B, in such algorithm only increases computational
cost and possible computational complexity and errors, and is therefore totally
undesirable. The use of a constant iteration parameter f € (0,1) is certainly
preferred in such a case.

4.5 Numerical Illustration

In this section, we give a numerical example to compare the computational cost of
our algorithm (4.2.1) with the algorithm (1.4.5) studied in Nakajo [Nakajo, 2015].

Example. Let £ =R, C = [o, 8], o, 5 € R. Clearly, for z € R,

a, if r<a,
Pox =<z, if ze€C,
B, if x> p.

Now, in algorithms (1.4.5) and (4.2.1), set Ax = %, Sz =sinx, C' = [~1,1]. Then,
it is easy to see that A is monotone and %—Lipschitz and S is relatively nonexpansive.
It is also easy to see that F'(S) N VI(C,A) = {0}. Furthermore, we take x; = 5,
A = i in (145) and 29 = 5, A = 3, @ = 37 in (4.2.1), n = 0,1,2,---, as
our parameters. Using a tolerance of 1078, the numerical results are sketched in
Figure 4.1 below, where the y-axis represents the value of |x,, — 0| while the z-axis

represents the number of iteration (n).
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= Algorithm 3.1
= = Algorithm 1.8

3 Algorithm 3.1 running time = 0.354 seconds

Algorithm 1.8 running time = 68,639 seconds
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100

=
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Figure 4.1

Remark 4.5.1 Figure 4.1 compares the computational cost of our algorithm (4.2.1)
with the algorithm (1.4.5) studied in Nakajo [Nakajo, 2015]. All computations and
graphs were implemented in python 3.6 using some abstractions developed at AUST
and other open source python library such as numpy and matplotlib on Zinox with

intel core i7 4Gb RAM.

Conlusion: It was observed that the number of iterations using algorithm (4.2.1)
is greater than the number of iterations using algorithm (1.4.5). However, it took
0.354 seconds to obtain convergence for (4.2.1) while it took 68.639 seconds to obtain
convergence for (1.4.5) using the same tolerance error. Consequently, looking at the
time difference, we deduce that algorithm (1.4.5) requires much more computation
time than algorithm (4.2.1).
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CHAPTER 5

Appendix

5.1 Analytical representations of duality maps in
L,, l,, and W} spaces, 1 <p < oo
The analytical representations of duality maps are known in L,, [,, and WP 1 <

p < oo. Precisely, in the spaces l,, L,(G) and WP (G), p € (1,00), p' +¢ ' =1,
respectively,

Jz = Hzle;py €l y=1{lnP22, |2 22,...}, z=1{z,2,. ..},
J 1y = ||z||12q_qy €ly, y={|z|"%21, |2 %2, ...}, 2= {z,2,..},
Jz = |2llz,"|=(s)P"22(s) € Ly(G), s € G,
J 1l = ]|z\|i;q|z(s)|q_22(s) € L,(G), seG, and
Jz = ||z||‘2,V_£ Z (=) DY(|DY2(s)[P72D2(s)) € W2,.(G),m > 0,5 € G
la|<m

(see for example [Alber and Ryazantseva, 2006]; p. 36).
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