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INTRODUCTION

The space of weak derivatives called the Sobolev Spaces which was discovered in the 1930's
by the Russian Mathematician Sergei Sobolev have great importance in the theory of Partial
differential equations and calculus of Variations.

Image denoising refers to the process of restoring a damaged image with missing information.
Mathematical models often in the form of partial differential equations are often formulated to
solve this problem. The boundary conditions on this models in the form of Diritchlet and Neumann
conditions helps in solving the models formulated.

For example, consider the image denoising model which requires to solve the minimization problem
given by

uénxi?ﬂ){; /Q (u(z) — f(2))2dz + /Q J(Vu(x))dx}, (0.0.1)

where 2 is a bounded open domain of R".
Here f: 2 — R is a gray value image such that f(z) is the light intensity of the noisy image at
point x.
u : 0 — R is the denoised image which is required to minimize the problem (0.0.1).
J : R" — R defined by
J(|Vu|) = |[VulP, p> 1.

is required to be a convex, lower semi-continuous function in order to smoothen the observation
u. X(Q) is a space of funtions on 2 and is taken to be the space W™P(Q), 1 < p < oo.
Solving problem(0.0.1) is equivalent to solving the diffusion equation given by

u—div(B(Vu))=f in Q
{ B(Vu).w=0 on 0N (0.0.2)

Here 8 : R® — R" is the subdifferential of J and v is the normal to the boundary of €2, 9f.
Problem (0.0.3) describe the filtering process of the original corrupted image f.

In this work, we focus on seeking the existence of weak solutions to elliptic PDEs which are of the
form of problem (0.0.3).

In chapter one of this work, we focussed on the study of the LP Spaces.Also, we emphasized on
relevant theroems in Linear functional analysis related to the LP Spaces.

In chapter two of this work, we study the theory of weak derivatives and distributions which lead
us to the study on Sobolev spaces. Also, relevant theorems and concepts in Sobolev spaces was
discussed in the chapter.

In chapter three, we show the existence of a weak solution to some linear and nonlinear elliptic
PDEs. Some of the elliptic partial differential equations to be considered are of Dirichlet and
Neumann boundary conditions given below.

Example 0.0.1

(0.0.3)

—Au4+u=f in
u=0 on 99



This is a Dirichlet problem with homogeneous boundary condition.

Example 0.0.2

{8l (0.04)
This a Neumann problem with homogeneous boundary condition.
Example 0.0.3
—Au+u=f in Q, feL*Q)
{ % =g on 0, ge¢c L?09). (0.0.5)
This a Neumann problem with non homogeneous boundary condition.
Example 0.0.4
_ : 2
{ AZ;JS on Z;‘Lof),gqufZGOLo(an)“l. (0.0.6)

This is a mixed problem with Dirichlet and Neumann homogeneous boundary conditions.
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CHAPTER 1

L* - SPACES

Introduction

The LP- spaces plays an important role in mathematics, especially in functional analysis. It is a
space of functions that was discovered by Frigyes Riesz (1910). These spaces plays a vital role
in measure and probability spaces. They also have great importance in the theoretical discussion
of problems in physics, statistics, finance, engineering and other disciplines.

In statistics, problems on regression can be viewed as those of computing orthogonal projections
on subspaces of L? spaces.

In physics,the space L? which is a Hilbert space is central to many applications especially in quan-
tum mechanics in view of the fact that it helps in the interpretation of the wave functions which
are been interpreted as a probability distribution functions.

The LP- spaces are also vital in the theory of partial differential equations(PDEs) whose solutions
are in the Sobolev spaces, W™P. These spaces consists of functions, u, in LP whose derivatives of
order less than or equal to m are also in LP.

The objective of this chapter is to acquint us with the study on LP- spaces and discuss some
important properties of the LP- spaces needed in this work. Also relevant Theorems on LP- spaces
in linear functional analysis needed in this work will be discussed.

In the following, €2 is an open subset of R™ with the lebesgue measure dzx.

1.1 Definition and basic properties
Definition 1.1.1 /6] Let p e R, 1 < p < oco. We define the LP-space by

LP(Q) = {f : Q@ — R measurable such that/ |fIPdx < oo}
Q

provided with the following norm

1
Wflle = </Q|f]pdx>p, for all f € Ly(),and 1 <p < oco.

For p = oo, we define L>(§2) by

L (Q) ={f : Q@ — R measurable such that there exists a constant C > 0, satisfying |f(x)| < C
a.e in Q}

provided with the norm



| fllzee = esssu8|f(x)\ =inf{C >0:|f(z)| < C a.ein Q}.
Te

Remark 1.1.2 Let 1 < p < oco. The conjugate exponent q of p is defined by
L= 1
Lemma 1.1.3 [6] Let A € (0,1). Then,
2 < (1 =X\ + Mz, for z>0.
Proof . Set f(z) = (1 — A\) + Az — 2*. Then, we have that
fiz) ==L
We obtain that =1 is a critical point(in fact, a minimum pont). Hence,
f(1)=0< f(a).

Then,

0<(1—X\)+ v —2*
Hence, we have that

2 < (1= X))+ Az

Lemma 1.1.4 [6] Let a,b >0 and X\ € (0,1), then the following inequality holds
a*bt = < Xa+ (1 — \)b.

a

Proof . For a =0 or b = 0, the inequality holds. Now, a,b > 0 and from Lemma 1.1.3, set = = {.
Then, we obtain that

() < (1= ) + AL
Thus, we obtain that
a*b' ™ < Xa+ (1 — M\)b.

Lemma 1.1.5 [6/ (Cauchy Young’s Inequality)
Let a,b > 0. Then, for % + % =1, we have that
aP b
Proof . The result is trivial if either a =0 or b = 0.
Let a,b > 0. Then,
ab = exp(logab)
= exp(loga + logb)
1 1
= exp(—loga? + —logh?).
p q
By convexity of the exponential funtion, we get that
1 1
ab < —exp(loga?) + —exp(logh?)
p q
1 1
ab < —aP 4+ —b9.
p q



Theorem 1.1.6 [6/ (Holder’s inequality)
Suppose that 1 < p < oo and 1 < g < oo with %4—% =1. If f € LP(Q) and g € LY(QQ), then
fg € LY(2). Moreover,

gl < 1 fllzellglla-

Proof . From Lemma (1.1.4), we have that

Set a = H%",Zp, b= HLQHPD A= %, f#0,g#£0, for all z € Q. Then,

UL dol o1 P 1 gl
T Tollca = » T, © aTol,

Integrating both sides, we get that

_ d Pq d
HfHLpHgHL |, 1ttt < prH f s “qr\gum/ l9ftde

_ I sl
AFIE s,
_1,1
p q
1

Hence, fg € L'(Q2). Furthermore,

- dr < 1.
ufumugum / /gl

Consequently, we have that

Ifgllzy <[ fllzellglla-

Remark 1.1.7 [1/(Generalized Hélder’s inequality)
Assume f1, fo, ..., fr are functions such that f; € LP¢, for 1 < i < k with I% = p% + p% +..+ i =1.
Then, the product f = fi.fs...fr, belongs to LP and

Il < Lfallos | fal Loz ] fiell 2w -

Let (n — 1) non-negative functions g1, g2, ..., gn € L'(2) be given. Then g, = € L"1(Q) for each
1. By the generalized Holder’s inequality, we obtain that,

1 1

/99192 T < H gl 7T

Theorem 1.1.8 [6/ (Minkowski’s inequality)
Let 1 <p< oo and f,g € LP(Q). Then,

1f +glle < fllze + [lgllze-

Proof . If f + g =0 a.e on 2, the inequality holds. Assume f + g # 0 a.e on ). Then,

f+glP=1f+gllf + 9P <(fl+1gl) |f +glP7



integrating, we have that

/ 4 gPde < / (U] + 19DIf + g da.
Q Q

By Holder’s inequality, we obtain that

/Q 4 gPde < (1l + lglle) If + gll e

P

If+glhs < (Iflle + lgllee) | f + all L
p(1—1)
If+glle * <Ifllze + llgllze-

Consequently, we have that

1f +glle < fllze + [lgllze-

Lemma 1.1.9 [6] (LP interpolation inequality)
Let 1 <r <s<t<oo and suppose that u € L"(Q) N L(Q). Then, for 1 =2+ 122 we have that,

Jullps < Julldo]Jull}

Proposition 1.1.10 /3] If u(Q2) < oo, then for 1 <p < q < oo, LI(Q2) — LP().

1.2 Main properties of L'~ spaces

Definition 1.2.1 [6] Let (f,)n>0 be a sequence in LP(SY). Then, (fn)n>0 converges to f € LP(QY) if

| fo— fllLep — 0 as n — cc.

Theorem 1.2.2 [1] (Monotone convergence Theorem (MCT))
Let (fn)n>0 be a sequence of functions in L*(Q) that satisfies

<< <fu<far1<..aeonfl.
Moreover, if
| fnllrr < C < oo, for alln € N.
Then,

li_)m fo(x) = f(x) exists with f € LY(Q) and ||f,, — fl|2 — 0 as n — oo.
Theorem 1.2.3 [1]/ (Dominated convergence Theorem(DCT))
Let(frn)n>0 be a sequence of functions in LP(?) such that f,(z) — f(x) a.e on Q asn — oco. If
there exist a function g € LP(Q) such that |fn(z)] < |g(z)| a.e on Q for alln € N. Then f, — f
in LP(Q), that is, || fn — f|| — 0 as n — cc.

Theorem 1.2.4 [1] (Fatou-Lemma)

Let (fn)n>0 be a sequence of functions in L*(Q) satisfying:
(i) for alln, f, >0, a.e.

(i) full 1 < oo

(131) linrgioréf fn(x) = f(z) a.e. on Q. Then, f € LY(Q) and



/f:/liminffn <hm1nf/ fulx
Q Q n—o0 n—oo
Theorem 1.2.5 [6] LP(Q2) is a Banach space for any p € [1, 0].

Proof . Let € > 0 be given.
Case I: for p = 0o, we show that L>°(2) is a Banach space.
Let (upn)n>0 be a Cauchy sequence in L>°(€2). Then, there exists N; € N such that,

Hun - UmHL°° = 5upx€Q|un(x) - um($)‘ <e for all n,m > N;
Hence, for each = € €,
[un () — um(x)| < € for all n,m > Nj.

Hence, (un(z))n>0 is a Cauchy sequence in R a.e in Q and converges to u a.e in Q.
Fix n and letting m — oo, we get that,

lun(z) — u(z)| < e for all n > N,
which implies that,
lun — ul|pee = supreqlun(z) —u(z)| < e for all n > Nj.

Hence, u, — w in L*°(£2). Thus, L>*(2) is Banach.
Case II: for 1 < p < co. Let (upn)n>0 be a Cauchy sequence in LP(€2). Then, there exists N € N
such that,

|tur, — um||r <€, for all n,m > N.
Then, by construction we get a subsequence (uy, )r>o such that,
[thny, — Unyy, || p < 55 for k> 0.

Deﬁnev gn = ZZ:]_ |unk (I‘) - Unk+1 (l‘)|
Now, g, is non-negative monotone increasing sequence in LP(Q2). Thus, gh € L*() for all n > 0.
Also, we have that

lgpllce = llgnllZy

n p
< (Z Hunk — Ungiq H)

k=1

n 1 p

k=1

[e'e) 1 p

k=1
=1.

Hence, |lgh|l;1 < 1. Then, by MCT 1.2.2, there exists g? € L*(Q) such that gh(x) — g¢P(z) a.e
in . Hence, g € LP(Q).
Now, for r > m, we have that

[Un,, = Un,| < |un,, — unmﬂ’ + ’unerl - unmu’ + o+ tn,_y — Un,

r—1 m—1
= Z ’unk - Unk+1| - Z |umc - unk+1|
k=1 k=1

=0gr—1— 9gm—-1 —> 0 as r,m — oo.

Hence, (up, )r>0 is Cauchy in R a.e in Q. Thus,



Un, (z) — u(x) a.e in Q.
Furthermore,
Un,, — Un, | < Gr—1 — gm—1 < gr—1 < g

Fix m and letting r — oo, we get that

|t,, — ul < g.
Consequently, we get that

Up,, — ulP < gP.
This implies that,

[, — ulP € LY(Q).

Hence, uy,,, —u € LP(Q). Thus, u € LP(Q).
Since, |uy,, — ulP — 0 a.e in Q and |uy,, —ulP < g? € L'(Q). Then, DCT 1.2.3 , we get that,

[ty — uH%p = [[(tn;, — w)P||;r —> 0 as k — oo.

That is, u,, — w in LP(Q).
Since (un, )k>0 is a subsequence of the Cauchy sequence (uy),>0 and converges to u € LP().
Hence, u, — u in LP(Q2). ]

Theorem 1.2.6 [3/ (Converse of DCT)
Let (fn)n>0 be a sequence of functions in LP(QQ) such that f, — f in LP(Q) for 1 < p < co. Then,

there exists a subsequence (fn, )k>0 Of (fn)n>0 and g € LP(QY) such that |fy,, (z)| < |g(x)| a.e. on
Q and fn, (x) — f(z) a.e. on Q.

Theorem 1.2.7 [6] For 1 < p < oo, suppose that (fn)n>0 C LP(Q) and f,(x) — f(z) a.e on Q.
If | fullee — | fllze as n — oo, then || fn — fllLr — 0 as n — oo, that is, f, — f in LP(Q).

Proof . We know that for a,b > 0 and 1 < p < oo , that

(43%)" < 3 (@ + ).
Hence,
(a+ b)P < 2P~ 1(aP + bP).
Thus, we get that
la —blP < |a +bP < 227 (JalP + |b|P).
Let a = f,, b= f. Then,
|fo = P < 227 (1 ful? + 1£17),
and

0 < 2P (|ful? + | F1P) — 1 fu — SIP.



Since fn(x) — f(z) a.e. on Q. Then,
2 [P = [ lim P+ - 1= 1)
= [ timint @07+ 17) = U = 1P).

By Fatou’s Lemma 1.2.4, we get that

n—oo

liminf/ |fu — f|P < liminf 271 (/ ful? + \f|p> - 2P/ Fid

Since || fnllLr — ||fllz» as n — oco. Then, we have that

timinf | £ — Il < 227" (Hminf |l + 1715 ) = 2711

Hence, we have that

< liminf </Q 2p—1(|fn’p + ) = | fn — f|p>

liminf || f, — f|[z» = 0.

Furthermore, we get that

2 [\ <timant ([ 273080+ 107 - 15— 1)
<timsup ([ 2782+ 11P) - 1 - 1),

n—oo

limsup/ |fnff|p§2p_1 (limsup/ |fn|p+/ |fp) 2p/ | fIP.
n— o0 [¢) n—00 Q Q Q

Since || fn|[L» — || f]|z». Then, we have that

limsup |f, — £, < 201 (nmsup VallZ + Hfufzp) .
n—oo

n—oo
Consequently, limsup || f, — f|lzr = 0.
n—oo
Hence, we get
limsup || fn = fllzr = liminf || f, — f[[z» = 0,
n—o0 n—00
which implies that,
lim an - fHLp =0.
n—oo

Theorem 1.2.8 [2/ Let 1 < p < co. Then, the dual of LP(2) denoted (LP(2))* = L1(Q2), where
1,1

Lyl

P q

Proof . Let g € L9(Q2) and for every f € LP(Q2). Consider the map
T,: LP(Q) — R

defined as
Ty(f) = / fgdx for all f € LP(Q).
Q

Clearly, Ty is linear. Furthermore,
(DI < [ 1781 < I lliolalie

8



which shows that T} is well-defined and bounded. Hence, T, € (LP(2))" and
1Tyl Py < llgllLa-
Now, let h € LI(2) be arbitrary. Define

sgn(h)|h|1~
[

~ plpla—1) hle
/|g|p§ | ’p(q_l) :/ ’h’q =1
0 Q ||h|2 o 717

Hence, g € LP(Q2). Furthermore,

g:

Then, we have that

[ hsgn(h)|Rje! Ik
7,(5) = [ P = [ = .
2 |~ @ |7l 7q
Hence, we have that
Ti(g) = lIhllza-

Consequently, we have that
I Toll(zry > ||BlLa-

Since h € L1(Q2) is arbitrary. Then, in particular for h = g € L(Q2), we have that
1Tl ey > llgllza-

Consequently, we have that
I Tyll(zey- = llgllLas

which shows that (LP(Q2))* is isometrically isomorphic to L%(£2). This complete the proof.

Proposition 1.2.9 [6] Let (un)n>0 be a sequence in LP(Q2) such that u, — u in LP(Q).

Up — u in LP(92).

Proof . Given that u,, — w in LP(Q2). Then ||u, — u||zr —> 0 as n — oc.

Let v € L9(2). Then,
/unv—/uv /(un—u)v.
Q Q Q

By Holder’s inequality, we obtain that

/unv—/uv
Q Q

< up, — ul|ze||v]|a — 0 as n — o

Hence,
/uw—)/uvasn—)oo
Q Q

which implies that, u, — u in LP(2).

Then

Theorem 1.2.10 /6] Suppose 1 < p < oo and u, — w in LP(). Then, (un)n>0 is bounded in

LP(Q2) and



|ullLr (o) < Hminf |lug| 2.
n—oo

Theorem 1.2.11 [6] Supppose 1 < p < oo and the sequence (up)n>0 is bounded in LP(SY). Then,

there is a subsequence still denoted by (un)n>0 and a function u € LP(Q) such that
up, — u in LP(§2).

Definition 1.2.12 /2] A Banach space E is called uniformly convex if for any e € (0,2] there
erists a 6 = 6(e) € (0,1) such that for all x,y € E with ||z|| <1, |ly|| <1 and ||z — y|| > ¢, then
I3(z + ) <1-6.

Theorem 1.2.13 /2] (Milman Pettis)
Every uniformly convex real Banach space E is reflexive.

Theorem 1.2.14 /2] (Clarkson’s inequality)
Let f,g € LP(Q2). Then,
1
OI525 + 15205 < Gl + 3l9llE,) 77, 1<p<2
(@) 521, + ||f 525 < GIAIEe + 5l9lle) , for 2 <p < oo
Theorem 1.2.15 [1] Let 1 < p < oo. Then, LP(Q) is uniformly convexr. Hence, it is reflezive.
Proof . Let ¢ € (0,2], f,g € LP(Q) with [|f]jzr < 1, |lg|lzr < 1 and ||f — g|/zr > €. Then, for
2 < p < 00, by Clarkson’s inequality, we get that
155211, <1 - (5)7
1420 < 1= (1= (5)7)

3=

'ﬁ\’—‘

We choose § = (1 — (5)P)». Hence, for € € (0,2], with ||f — g > €, then

1549 0 <1 - 6.

Consequently, LP(2) is uniformly convex for 2 < p < oc.

Furthermore, for 1 < p < 2.

Let € € (0,2], f,g € LP(Q) with ||f|lzr < 1, |lg|lzr < 1 and ||f — g||z» > €. Then, by Clarkson’s
inequality

|49, <1 —(

€
2
152 e < 1— (1—(

Q=

).
5)7)°.
1
We choose § = (1 — (§)?) 7. Hence, for € € (0,2], with ||f — g|| > ¢, then
|52 < 1 -6,

Consequently, LP(Q) is uniformly convex for 1 < p < 2. Thus, by Milman Pettis 1.2.13, LP(Q) is
reflexive for 1 < p < oo. [ ]

1.3 Convolution

Theorem 1.3.1 [1] (Tonelli)
Let F: Q1 x Q9 — R be a measurable function such that

(4)
/ |F(z,y)|due < oo for a.e x € ).
Qo

/ d,ul/ |F(z,y)|dpe < 0.
1971 Qo

10



Then, F € L'(£; x Q).

Theorem 1.3.2 [1] (Fubini)
Assume that F € L'(Q1 x Q). Then, for a.e x € O, F(x,y) € Ly(Q) and f§22 F(x,y)dus €
LL(Q). Similarly, for a.e. y € Qa, F(z,y) € LL(Q) and

/ F(x,y)du € L;(Qg).
951

Moreover, we have that

/dm/ F(w,y)duzz/ dm/ F(x,y)dm:/ / F(z,y)dpidps.
Ql QQ QQ Ql Q1 Q2

Definition 1.3.3 [1] Let f € LY(R") and g € LP(R"), with 1 < p < co. we define the convolution
of f and g denoted as f x g as follows

(f*xg)(z) = - [z —y)g(y)dy.

Theorem 1.3.4 [1] Let f € LY(R") and g € LP(R™). Then, f x g € LP(R"™). Moreover,
1+ glle < [l fllzrllgllze-

Proof . Case I: for p = oo.
(Fe9)@) = [ $= iy
R’n
< supyeeolo()] | 1=l
1f* gllzee < ([ fllL1llgllze
Case II: for p = 1.
(f*g)(z) = . f(@—y)g(y)dy.

Then,

(f * 9)(@)] < / (@ = )llg(w)ldy

R"

Set h(z,y) = f(x —y)g(y) for a.e y € R™.
Thus,

/ (@ y)ldz = lgW)| | 1fz—y)lde < oo.

L.

Also,

Lo [ wtalae= [ latwldy [ 15 = lde =gl Flo < .

Hence, by Fubini’s Theorem 1.3.2, h € L*(R™ x R™). We apply Tonelli’s Theorem 1.3.1 to obtain
that,

L a@lds < [ gy [ 15— p)de
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That is,
1f gl < I fllzllgllpr-
Case III: 1 < p < .
(f*g)(@) = . f(@—y)g(y)dy.

But,

11
f@ =) = |f @ =97 @ —y)l1, whereerg L.
F@—llgw)] = |f @ — 9|7 |f(z — )| 7]g(y)]
/!f(:v—y)Hg(y)ldy=/ F@ — )7 |f(z — v)]7|g(y)|dy.
R R"

Thus, by Holder’s inequality we get that,

(ol < ([ 1y |dy) ([ 1= lsto pdy>
15t ([ e = wlstpa)”

(= a@P <11 ([ 1 - wllstray

L ea@rds < ([ [ 1= wllswras).

By Tonelli’s Theorem 1.3.1 we obtain that,

1f*gll7s < ||f||L1||f||L1||9||
Then,

1 1

1F * glle < IAIZ AT gl e
1 *gllze <[ fllzrllgllze-
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CHAPTER 2

SOBOLEV SPACES AND EMBEDDING THEOREMS

Introduction

The Sobolev space, W™P is a vector space consisting of functions, v in LP with derivatives of order
less than or equal to m in LP. These spaces is equiped with a norm that is a combination of the
norm of the function, v in LP and that of the derivatives up to order m.

The space which was discovered in the 1930’s by the Russian mathematician Sergei Sobolev was
introduced mainly for the need of the theory of partial differential equations(PDEs). These spaces
are special class of distribution which makes them closely related with the theory of distributions.
Also, they spaces is well connected with the spaces of continuous and uniformly continuous func-
tions.

The Sobolev spaces have great importance in the theory of partial differential equations and its
applications in mathematical physics. Solutions to partial differential equations are well situated
in the Sobolev spaces. Furthermore, the Sobolev spaces are vital tools in the theory of approxi-
mations, spectral theory and differential geometry.

This chapter is aimed at exposing us to the Sobolev spaces in details. Also, the theory of distri-
butions will be discussed in this chapter. The sobolev inequalities mainly the Morrey’s inequality
and the Gagliardo-Nirenberg inequality which are vital in the theory of the Sobolev spaces will be
discussed . Furthermore, the theory of embeddings in Sobolev spaces are of great importance. We
shall discuss the general sobolev embeddings and compact embeddings of Sobolev spaces such as
the Rellich-Kondrachov compact embedding theorem will be discussed.

In the following €2 is an open subset of R™ and 0f) is the boundary of €.

2.1 Theory of distributions

Definition 2.1.1 /3] We define a multi-index, o = (a1, g, ..., ) as an n-turple of non-negative
integer numbers. Its length is defined as follows

la] = a1 +ag + ... + an.

Each multi index o determines a partial differential operator of order |a| namely

8a1+a2+...+an )
0x{10x52...0z5™

D% = (

Given two multi-indices, « = (a1, qg,...,an) and f = (b1, 52,..., Bn), for B < a (means [; <
i, Vi=1,2,....,n). Then,
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o\ al _ ay! ay!
B ) Ble=P T Billar—p)! Ballan—pBn)!

Definition 2.1.2 [3] We define the support of a continuous function, ¢, denoted by, supp(¢) as
the closure of the set {x € Q: ¢(z) # 0}.

In general, we define the support of a function, f, as the complement of union of all open sets, 0,
i ) such that f =0 a.e. in 0.

Definition 2.1.3 [3]/ We define D(Q2) as the space of C*° functions with compact support in € .
It is usually called test functions.

Definition 2.1.4 /3] Let Q C R™ and K be a compact subset of Q. We define
Dk () = {¢ € D(Q) : supp(¢) € K}.

Definition 2.1.5 [3] We define LT (Q), 1 < p < 0o as the set of all measurable functions u in §
such that

/ lu(z)Pdz < oo,
K

for any K compact set contained in 2.

Definition 2.1.6 [3/ Let T : D(Q2) — R be linear. Then, T is a distribution on Q if for every
compact set K C ), there exists C > 0 and n € N such that

|T(¢)| < C||¢||C"7 fO?” all Qb € DK(Q)7
where ||p|lcn =  sup | D%p(x)|.

z€k,|a|l<n
Definition 2.1.7 [3] We define D'(Q2) the space of distributions on Q.

Example 2.1.8 [3] Let f € L} (). Then, Ty : D(Q) — R defined as follows

loc

T(9) = /Qf(x)qﬁ(:n)dx, for all ¢ € D()

18 a distribution on ().

Proof . Indeed, let A € R and ¢,¢ € D(R), then

Ty + ) = /Q F(@)(M(x) + (x))da
— ATy(6) + Ty ()

So T} is linear.
Furthermore, let K C Q be compact such that supp(¢) C K. Then,

Ty(9)] < ( / |f<z>\dz) Il for allé € Dx(S).

Example 2.1.9 [3/(Dirac distribution) Let § : D(R) — R defined by (6,v) = ¢(0) for all
¢ € D(R). Then, ¢ is a distribution called the Dirac distribution.
Clearly, 0 is linear. Let ¢ € D(R), and K C R such that supp(¢) C K. Then,
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[, 9) | = [¢(0)] < [|g(x)llco, for ¢ € Dp(R).

Example 2.1.10 /3] Let T : D(R) — R defined by (T, ¢) = >+, anh(L) and we assume that
> >t lan| <oo. Then, T € D'(Q).
Indeed, T is well-defined and linear. Let K be a compact subset of R such that supp(¢)) C K, then

1T 0] = [ ant()

n>1

< sup [p()] > ol

neNNK

Set €' = Znel\}mK |an .
Hence, T € D (R).

Definition 2.1.11 /3] Let (T},),>1 be a sequence of distributions in D'(Q) and T € D' (Q). We
say that T, — T in D' (Q) if and only if for all ¢ € D(Q),

(T, ) — (T, ) as n — 0.

Example 2.1.12 [3] Let T), = cosnz € D'(R). Let ¢ € D(R) and a > 0 such that supp(¢) C
[—a,a]. Then,

Il
Q
S
=
3
8
~
IS
8
~
QU
8

Now,

! / " sin(n2)é (z)da

—a

1 a
<a/
n —a

[1sin(nx)¢(x)]cia — 0 asn — o0

n

¢/(x)‘dx—>0asn—>oo

Also,

It follows that;

(T, ) — 0=1{(0,¢) as n — oo.

Hence, T, — 0 in D'(R) as n — occ.

2.2 Derivatives in distribution sense
Definition 2.2.1 [3] Let T € D'(Q) and o € N*. We define DT by;
(DT, ¢) = (=)l (T, D*¢) for all p € D(R).
Theorem 2.2.2 [3] Let T € D'(Q). Then, for all multi index, o we have that D*T € D' ().
Theorem 2.2.3 [7] Let (T},)n>0 € D' (Q) such that T,, — T in D'(Q). Then, for all a € N”,

DT, —s D°T in D' (Q) as n — .
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Proof . Since T,, — T in D'(Q). Then, for all ¢ € D(Q),
<Tn7¢]> — <T,¢> as n — o0

Let o € N™. Then,
<DaTn7¢> = (_1)|a| <Tn7Daw>

But ¢ € D(€2) implies that D*) € D(Q).
Hence, we have that
(=)l (T, DY) — (=1)l2l(T, DY) .

Consequently,
(DT, 9)) — (=1)*/(T, D) = (DT, ¢)) .

Hence, we obtain that,
DT, — DT in D () as n — oc.

Definition 2.2.4 [7] Let f € L} (Q) and o = (a1, a2, ..., ay) a multi-index. Then, the distribution

loc
Ty admits a distributional derivative defined as

DTy(¢) = (—1)1*Tpay(¢) = (—1)l /Q f(z)D*¢(x)dz, for all ¢ € D(Q).

If there exists g € L} (Q) such that

loc
T, = D°Ty,
That is,

/ g(2)p(x)dz = (1) / f(2)D(x)da
Q Q

Then, g is called the o' derivative of f written as g = D“f.

Example 2.2.5 [3] Consider the function

0, ifxz<0
flx) = . (2.2.1)
x, ifr>0
It derivative is the Heaviside function defined by,
) <
H(z) = A (2.2.2)
1, x>0

Lemma 2.2.6 [7] Let f € L}, () and suppose g,§ € L}, .(Q) are the weak ot derivative of f
such that

@ z = (—1)l v = (=Dl [ godz for a
/QfD(qb)d (-1) /ngzad (-1) /medf Il $ € D(Q)

Then, we have that
g=g a.ein .

Proof . We begin the proof by stating the following
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Lemma 2.2.7 [3] Let v € L} () with Q non-empty open set in R™. If,

loc

/Qv(x)(ﬁ(x)dx =0, for all p € D(Q).

Then, v =0 a.e in €.
Since g,g € L} (). Then g — g € L} ().

loc loc

Let ¢ € D(2). Consequently, we have that

/Q(g—fl)qb:()-

Hence, g = g a.e in . [ |

Definition 2.2.8 [6] We define C™(Q2) the space of functions m times continuously differentiable
on €.

Theorem 2.2.9 [7] Let Q@ C R™ be open connected set and assume u € D (Q), such that
g—; =0, fori=1,2,...,n . Then, u is a constant function.

Definition 2.2.10 [6] Let w be a function with x € R™ such that

we D(Q),w(x) >0,w(z)=01if |z| >1 and / w(z)dr = 1.

n

for p >0, the function w,(zx) = p*”w(%) ,reR”

with w, € D(R™), wy(x) > 0,w,(z) =0 if |z| > p and / wy(x)dr =1 is called a mollifier.
R’ﬂ

Definition 2.2.11 [1] Let u € L}, .(R™). Then, the mollification (or reqularization) of u denoted
as u, is the convolution of u with the standard mollifier, that is,

up() = (wp % u)(z) = / wplz — y)u(y)dy.

n

Theorem 2.2.12 [3] Let u € C*(R™). Then, for all multi index o, with length |a| < k we have
that ux w, € C*(R") and D(u * w,) = D% * w,.

Definition 2.2.13 (Absolute continuity)
Let w: [a,b] — R. Then, u is said to be absolutely continuous if for any e > 0, there exists § > 0
such that for any finite set of disjoint intervals in |a,b]. If

(21,2)), oo, (T, ) C [a, b] with Z/?:l |z; — x| < 6, then
> iy [u(wi) — ;)] <e.

Remark 2.2.14 The existence of deriavtive of a function is related to the absolute continuity of
the function.

Let w : [a,b] — R. Then, u is absolutely continuous if and only if there exists a function
v € L(a,b) such that

u(z) = u(a) + /I v(t)dt, z € [a,b].
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Corollary 2.2.15 [7] Let u € L}, (a,b) have a distributional derivative v € L'(a,b). Then, there
exists an absolutely continuous function @ such that

u(z) = u(z) for a.e x € (a,b).

) =
u( ) lim u(z+h)— u(x)

Corollary 2.2.16 [3/(Leibnitz formula) Let u,v € C*°(Q) and o, € N" a multi-indez sets.
Then,

BuD By
D( Zﬁaiﬁ)DuD

B<a
Definition 2.2.17 [3] Let o € C*®°(Q) and T € D'(Q). Then,
(aT', ) = (T, a1p), for allp € D()
Theorem 2.2.18 [3] Let T € D' (Q). Then, oT € D' () for all o« € C®(Q).

Proof Let ¢ € D(Q2) and o € C*°(Q2). Then, ay) € D(Q) (since supp(at)) C supp(a) N supp())).
Let K be compact set such that supp(y)) C K. Since T € D/(Q), then by applying Leibnitz
formula there exists C' > 0 and n € N such that

(T, ap) | < Cl[¢hlen

2.3 Sobolev spaces

2.3.1 Basic definitions

Definition 2.3.1 [1] The Sobolev space, W™P(Q) is the space of all functions u belonging to
LP(Q) such that for every multi-index o, with ()] < m, the derivative D*u exists and belong to
LP(QY). That is; WP (Q) = {u € LP(Q) : D € L,(Q), |a] < m}.

The standard norm in W™P(Q) is given by

P

= | [ 3 10"u@Pds | L 1<p<oc.

|| <m

[tllmre =D esssuprea|Du(x)|, for p = oo.

laj<m

Theorem 2.3.2 [6] W™P(Q), is a Banach space, for p € [1,00].

Proof . Let (uy)n>0 be a Cauchy sequence in W™P(Q2). Then, for n, k € N,

1

|l un, — wk|lmp = / Z | D%y, — D%ug[Pdx | — 0 as n,k — co.

|| <m

Hence, for each o with |a| < m. Then,

1
(/ | D%y, — Dauk\p) " S 0as n,k — oo.
Q

Hence, (D%uy)n>0 is a Cauchy sequence in LP(Q2) for each «, such that |a < m.
Since LP(2) is Banach, there exist u,v € LP(2) such that
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Up —> w in LP(Q), D%, — v in LP(Q).

But LP(Q) C L}, .(Q). Hence, u,, — u in L}, () and D%u, — v in L}, ().

loc loc

Consequently, v = D% € LP(Q2). Hence, u € W™P(Q).
For p = co. Let € > 0 be given.
Let (un)n>0 be a Cauchy sequence in W >°(Q). Then, there exists N, € N such that,

|tr, — Uk||m,00 = Zlalﬁm supgeq| DYy, — DYug| < €, for all n,k > N,.

Hence, for each o with |a] < m, (D%uy)n>0 is Cauchy in L*°(€2). Consequently, there exist
v = D% € L*°() such that D%u,, — D%u as n — oc.
Hence, fix n and letting £ — oo, we get that

[tn = tllm,co = 22|aj<m SUPzea|D%un — D%u| <, for all n > N,
Thus, u € W™>(Q).
Hence, W™P(Q) is a Banach space for 1 < p < 0.
|
Proposition 2.3.3 [1] The norm 3, <, [D%ul|Lr is equivalent to the standard norm in W™P(§2).

Proof . Let u € W™P(), 1 < p < co. Then, we show that the norm

lallfyms = D 1D ullLs

laj<m

is equivalent to the standard norm given by

B =

lullwene = | > ID%ulf,

laf<m

Now, we have that

=

lullwms = D 1D ull%,

la]<m
< > D%l
o] <m
= [|ullfyms
It remain to show that there exists a constant k£ > 0 such that

[ullfyme < Ellullwme (2.3.1)

Suppose for contradiction that (2.3.1) does not hold. Then, for all n € N, there exists a sequence
(Un)n>1 in W™P(Q) such that
[unl[yym.p > nl|unlwm.e.

Hence, we have that
uallwms 1
[unllfyms 7

Set v, = ”unﬁ% Then, |[vn|[jyme =1 and [vp|lwme <L — 0 as n — oo.

Thus, for all multi index, o with length || < m, we have that
| D%yl — 0 as n — oo.

Consequently, we have that
lonllfyme —> 0 as n — oco.

But, ||vn||fym» = 1. Hence, we have that 1 = 0 (condradiction). Thus, (2.3.1) holds. This complete
the proof. ]
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Definition 2.3.4 [1] We consider a special case of the Sobolev space for p = 2 denoted by
H™(Q) = W™2(Q). It is a Hilbert space endowed with the following inner product,

U, V) gm = D%u.D%vdx.
woym = Y [

laf<m

Similarly, we define Hy"(Q) = WJ"(Q).

Definition 2.3.5 [6/ We define the space VVZZLCP(Q) as the space of functions which are locally in
WP (). That is,

WiP(Q) ={ue L} (Q): D e LY (), for all o such that |of < m}.

loc loc

Proposition 2.3.6 [7] Let (a,b) be an open interval and u € WP (a,b). Then, there exists an
absolutely continuous function f : (a,b) — R having derivative fl € LP(a,b) which coincides with
u € WHP(a,b).

Proof . Let u € W'P(a,b), then u € LP(a,b) C L} (a,b). Then, by Corollary 2.2.15, there is an

loc
absolutely continuous function f =u a.e on Q and f =wu € LP(a,b).

|
Proposition 2.3.7 [1] Let u € Wy"*(Q), for p € [1,00] and let

i(z) = {u(m) ifr e

. (2.3.2)
0 if v € R™\Q

Then, u € W™P(R™).

Proof . Let u € W"(Q). Then, there exists a sequence (u,)n>0 C D(2), such that u, — w in
WmP(Q) as n — oo.
Now,

() = {un(x) ifz e (23.3)

o if 2 € R"\Q

Then, u, € D(R™), for all n > 0.
Furthermore,

[tn, — @llym.p®n) = [|un — ullwmp@) — 0 as n — 0.
Hence, w € W™P(R"™).

2.3.2 The space W;""(Q)

Definition 2.3.8 [1] The subspace Wy""(Q) is defined as the closure of D(SY) with respect to the
norm in W"P(Q).

Theorem 2.3.9 [6] Let w € W™P(Q) and v € Wy"(2), where % + % = 1. Then,
/ (D) vdz = (—1)l° / uD%dx where |a| < m.
Q Q

Proof . Since D(Q?) is dense in Wy""(Q). Then, for v € W;"?(Q) there exists a sequence
(Un)n>0 € D(2) such that
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|vn = vllwmp) —> 0 asn — oo.

Now, by definition of the derivative of D“u, we have that,
/ (D) vy, = (—1)l / uD%y,, for |a] < m.
Q Q

We need to show that,

/ (D%u) vy, —>/ (D%u) v, as n — oo.
Q Q

Also,
|O‘/uD°‘v — ( O‘|/uD0‘U as n — oo.
Now,
/(Do‘u) Un—/ (D%)v| = /Do‘u(vn—
Q Q Q
S/ | DYul|v,, — |
Q
< [D%ullL,llvn = vll,
< | D%*u|lwm.pllvn — v|]|wme — 0, as n — oco.
Hence,
/ (D%u) vy, —)/ (D%u) v, as n — oo
Q Q
Furthermore,

uD® (v, — v)

’(-1)'&' </Qup%n—/gup%>‘ =
< [ 1ull D, = o)

< lullz, 1D (v = )z,

< [lullwm pl[ D (v = 0)[wma — 0, as n — oo.

Which implies that,
|a/uDO‘v — ( O‘|/uDav as n — oo.
Hence,
/ (D) vdz: = (—1)! / uD%vdx where |a| < m.
Q Q
|

Definition 2.3.10 [1] We define the space Wol’p(Q) for p € [1,00) as the closure of D() in
WLP(Q). It is associated with the norm in WLHP(€).

For p = 2, the space Wol’2((2) = H}(Q) is a Hilbert space associated with the inner product in
HY(Q) =W(Q).
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Theorem 2.3.11 [1] Let Q2 be bounded, open subset of R™. Then,
W P() = {u € WP(Q) : u |go= 0}.

Proposition 2.3.12 [1] Let G € CY(R) be such that G(0) = 0 and |G'(s)] < M for all s € R
and for some constant M. Let v € WIP(Q) with 1 < p < oco. Then, Gou € W'P(Q) and
%(Gou) = G/(u(a:))g—; foralli=1,2,...n.

Lemma 2.3.13 [1] Let u € WHP(Q) with 1 < p < oo and assume that supp(u) is a compact subset
of Q. Then, u € WyP(Q).

Theorem 2.3.14 [1] Let Q C R™ be open and bounded. Let u € WyP() for 1 < p < co. Then,
there exists a constant ¢ such that

oo
o Oz
Proof . Let u € Wol’p(Q). Then, there exists a sequence (up)n>0 in D(Q) such that u, — w in

WHP(€). Consequently, u, — u in LP(2) and %% — g—; in LP(Q) for all i =1,2,...,n.
Let ¢ € D(Q2). Then,

<c||¥|lpa for all ¢ € D(Q), i=1,2,...,n.

/ o auan
U =— .
Hence, we have that
/ unai < / au”lﬁ :
Then, by Holder’s inequality we get that
o Oy,
< .
/gzuna.%l ~ || Ox; p kuLq
Taking limits as n — oo, we have that
o ou
Lol < gz wots
ou _
Set lréllagxn D || 1p = € < 0o. Consequently,
o .
u <c||Y|lpa for all ¥ € D(Q), i=1,2,...n.
o Oz

Definition 2.3.15 [1] The dual space of Wol’p(Q) for 1 < p < oo is denoted by W—14(Q). We
define the dual of H} () by H=1(Q).
If Q is bounded, then

Wy P(Q) C Ly(Q) € WH4(Q), for 1 <p < oo.

In general, the dual space of WP (Q), for 1 <p < oo is denoted by W~"-1(Q).

1,1 _
where;—i—a—l

Theorem 2.3.16 [7] (Poincdre’s inequality)
Suppose @ C R™ is bounded. Then, there exists a constant C > 0 (depending on ) such that,

Jullze < ClullL,, for all u € WyP(Q).
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Proof . Let u € D(Q), thus support of u is compact. Then, for each i = 1,2,...,n and = =
(1,2, ..., Ty) with supp(u) C [x;, a], we have that

u(z) = / l Vu(z)ds;, foralli=1,2,...,n.

o < ([ 19utolas)

Consequently, by Holder’s inequality, there exists some constant C' > 0 such that

Hence, we obtain that

/ |u(z)Pdx < C’p/ |Vu(x)|Pdz, for all u € D().
Q Q

Hence,
|ullp < CP||Vu| e, for all u € D(2).

Let u € Wol’p(Q). Since D(Q) = Wol’p(Q) in WHP(Q) norm. Then, there exists a sequence
(un)n>0 C D(€2) such that
|un — ullwir@@) — 0 as n — oo.

which implies that,
/ |upn, — ulPdz +/ |V (up —u)Pde — 0 as n — oo.
Q Q

Hence,
/ |un|Pdz —>/ |ulPdx and / |Vun|pd:c<—>/ |VulPdz as n — oo.
Q Q Q Q
Thus, for (up)n>0 € D(2), we have that
[un[zr < Cl[Vunl|ze
Then, taking limits as n — oo, we get that

|ullLe < C||Vul|rr, for all u e Wol’p(Q).

2.3.3 Extension operator

Theorem 2.3.17 [7]

Let Q cC Q C R™ be open set such that the closure of Q is compact subset of Q and assume that the
boundary of 2, O is C'.Then, there exists a bounded linear operator E : WP(Q) — W1IP(R")
and a constant C such that,

(7). Eu(x) = u(x) for a.e x € Q

(i1). Eu(z) =0, for x ¢ Q

(112). [[Eullwregn) < Cllullwioq)

2.3.4 Trace Theorem

The trace theorem plays an important role in the existence and uniqueness of solution to boundary
value problem to Partial Differential equations. It helps in extending the restriction of a function
to its boundary.

Theorem 2.3.18 [7] Let Q@ C R™,n > 2 be a bounded open set with C' boundary and let 1 < p <
oo. Then, there exists a bounded linear operator

T:WhP(Q) — L,(09)
and a constant C' > 0 depending on p and on the set ) such that,

1Tullz,00) = llullz,@0) < Cllullwieq)-
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2.4 Embedding Theorems

Definition 2.4.1 [1] Let X; and X2 be Banach spaces. We say that X is continuously embedded
into Xy (denoted as X1 — Xa) if for any u € X1, we have u € Xy and there exists a constant
C > 0 such that,

[ullx, < Cllullx,-

We define the embedding operator(Linear bounded operator) as J : X1 — Xo which takes u € X3
into the same u considered as an element of Xo.

The embedding operator J is compact if any bounded set in X1 is a compact set in Xs.

If X1 C X5 and the embedding operator J : X1 — X is compact, then we say that Xy is compactly
embedded in Xo (denoted as X1 CC X3).

Furthermore, X1 CC Xa means that for any bounded sequence (un)n>0 C Xi, there exists a
subsequence (un, )k>0 which converges in Xs.

Theorem 2.4.2 [1] The following embeddings hold:
(@). WMLP(Q) — W™2P(Q), if my > ma.
(b). Wm™P(Q) < L,(Q), if m > 0.

Proof . Consider the injection map

T:WmP(Q) — Wm2P(Q)
defined as Tu = u for all u € W™P(Q)).

Now, T is linear. We show that the graph of T, G(T), is closed.

Let (upn)n>0 C W™P(Q) such that u, — w in W™P(Q) and Tu, — v in W™2P(Q). Then, we
show that Tu = v.

Then, Tu, = u, — v in WP (Q), which implies that,

Tu=u=v
Hence, T is closed. Then, by closed graph theorem we have that 7" is continuous. Thus,
WmMLP(Q) < W™m2:P(Q)
Similarly, (b) holds. ]

Definition 2.4.3 (Holder’s space) Let Q@ C R™ be open and bounded. Then, the function space
defined as

CFI(Q) = {u e CF Q) - |lullgrn < oo} .

1s called the Hélder’s space with exponent v, where 0 < v < 1.
We define the Hélder norm as follows

lullers = 32 1D%ulleo + 3 [D%uls.

jal<h jal=k
uhere u(z) — u(y)]
u(z) —uly
[uly == sup —
cyelaty 1T Y]

Theorem 2.4.4 [7] (Morrey’s inequality)
Assume n < p < oo and set p=1—2>0 and let u € CHR™) N WLP(R™). Then, u is Hélder
continuous. Moreover, there exists a constant C, depending only on p and n such that

[ullcor@ny < Cllullwr@n).-

Proof . We state the following Lemmas to help us in the prove of Morrey’s inequality.
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Lemma 2.4.5 [6] For B(x,r) C R", y € B(z,7) and u € C*(R"™). Then,

£ -y =c [ L2,

Lemma 2.4.6 [6] Forn < p < oo, let B(x,r) CR™ and let y € B(x,r). Then,
ju(z) = u(y)] < Cla —y|'"# | Dull go(zn) for all u € C'(R").

We now proceed with the prove of Morrey’s inequality. Let u € C*(R™), then

u(@)] < lu(z) = u(y)] + [u(y)]
< Cilz = yl’[|Dul| o @ny + [u(y)]-

Taking the average of the Right hand side over the ball centered at x with radius 1, we get that,

wunsf fu()ldy + C | Dl gy
B(z,1)

< Callull oy + Crllullwrpmn)-
Hence,

|u(z) — u(y)|
[z =yl
< Cllullwrp@ny, for all u € CHRM).

[ullcop(rn) = supsern|u()] + supsry

For some constant C.
Since D(R") is dense in W1P(R™). Then, there exists a sequence (uy,),>1 C D(R") such that

Up — u in WIP(R™).
Hence, for n, k € N
[un — ukllco.p@ny < Cllun — ukllwrpwny-

This implies that (u,) is Cauchy in C%?(R") which is Banach. Hence, there exists 4 € C%?(R")
such that

U, — @ in COP(R™).
Thus, by uniqueness, @ = u a.e in R™. Consequently, we have that

HUHCO,p(Rn) S CHUHWl,p(Rn) fOI' all u e Cl(RTL) ﬂ Wl’p(Rn)

Corollary 2.4.7 [7] (Embedding)
Let Q C R” be a bounded open set with C' boundary. Assume n < p < oo and set p =1 — % > 0.

Then, every function u € WIP(Q) coincides a.e with a function @ € C%(QQ). Moreover, there
exists a constant C' such that

%]l copmry < Cllullpwremny-

Proof . Let Q = {z € R" : d(z,9Q) < 1}. Then Q cc Q C R". Hence, by the extension Theorem
2.3.17 for each u € W1P(Q), there exists an extension map

E:WhP(Q) — WLP(R")
such that Fu = v a.e in €.

Since C*(R") is dense in W1P(R"). Then, there exists a sequence (g,)n>0 € C*(R") such that
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gn — Bu in WHP(R™).
By the Morrey’s inequality 2.4.4. Then, we get that

llgn — gmHCO-ﬁ(R") < Cllgn — gmHleP(R")

Hence, (g,)n>0 is Cauchy in C%?(R™) and so converges to g € C%*(R") for a.e z € R™.

Then, by uniqueness g(x) = Eu(x) for a.e x € R™. So that, g(x) = u(z) a.e z € Q.

By the Morrey’s inequality 2.4.4 and the extension Theorem 2.3.17. Thus, there exist C'1,Cy > 0
such that

lgllcor) = lgllcor@ny < Crllullwrrmny < Callullwirq)-

Definition 2.4.8 [7] Let 1 < p < n, we define the Sobolev conjugate of p by

* . _Mp 1 _
P —np>p,wherep

SAC
Sl=

Theorem 2.4.9 [7] (Gagliardo-Nirenberg inequality)
Assume 1 < p < n. Then, there exists a constant C, depending only on p and n such that

ul| Lo+ (mey < CNl 7 ull ey, for all u € CZ(R™)

Proof . Let p=1. Then, p* = 5.

Let u € C}(R™), then u has a compact support. Then, for eachi € 1,2,...,n and x = (z1, 22, ..., 7,,).We

have that,
i
= / Dy, u(z)ds;
—00
Then,
@;
lu(z)] < / |Dg,u(x)|dsi, 1 <i<mn.
—0o0
Hence,

n 1

H(/ Doutalldss) (24.1)

We integrate (2.4.1) with respect to z1. Then,

/_o; u(z) [T dzy < </_Z |Dmu(as)d51> - /_Z f[ </_Z IDin(fv)ldSi> - dzy

=2

Then, by the generalized Holder’s inequality, we get that

9] " o0 ﬁ n o0 00 ﬁ
/ () [T day < < / leu(x)dsl) 11 < / / |Dwiu(x)]dsidx1>
—00 —00 i=2 —o0 J =0

Following the same argument for xo, x3, ..., z, and after n integrations we get that

1
n—1
/ / n— 1da;1 dz, < | | </ / | Dy, u(x)|dzy .. dxn>

Then,




Hence,

(/n !u(az)!nfldaz>” < / | v u(z)|dx (2.4.2)

el 2 gy < 119 3o

Consequently,

Case 2: for 1 < p <n.

We set u = |g|?, where 8 = 2 pl)

Then, equation (2.4.2) becomes

(/ |g<x>|f"1d:c)"s [ Bla@P1 7 gl
n R’I’L

By Holder’s inequality, we get that

l9(a)| 1 da anlSB gl % | v gl” : (2.4.3)
n Rn R

But, (6 — )= (8 — )2 = 22 = p".

Also, nﬁn =p* and 2= 1 % 1% Hence, equation (2.4.3) becomes,

(] |g<x>\p*dx)%l <s([ |g|p*)‘11 (/Rn\vgw);

Consequently, we have that

91l o= mny < Cll V7 gl Lo (r)-

Corollary 2.4.10 [7] (Embedding)
Let Q CR™ be a bounded open domain with C* boundary and assume 1 < p < n. Then, for every
q € [1,p*], there exists a constant C such that

ull o) < Cllullwrsq, for all u € WHP(Q).
Proof . Let Q = {z € R" : d(z,9Q) < 1}. Then Q cc Q C R". Hence, by the extension Theorem
2.3.17 for each u € W1P(€), there exists an extension map
E: WhP(Q) — WHP(R")

such that Fu = u a.e in Q.
Then, applying the Gagliardo-Nirenberg inequality 2.4.9 and the extension Theorem 2.3.17. Thus,
there exists C1,C2,C3 and Cy such that for each u € W1P(Q).

[ullzage) < Cillullpe @) < Call v ullr@ny < Csl|Eullwrr@ny < Callullwieo)-

Theorem 2.4.11 [1] Let Q C R be bounded. Then, WP (Q) — L>®(2), for all 1 < p < oc.
Proof . Let @ =R and v € D(R). Then, for 1 <p<oo Set Gv) = [v|P~tv and w = G(v).
Thus, w € D(R) and w' = G’ (v).v" = p|v|P~'v". Consequently, for = € R, we have that

Gv(z)) =w(z) = / w'(t)dt.

—0o0
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Consequently, we have that
x
\v(x)l”é/ plo@) P~ o (1)]dt.

Thus, we get
foll < ploll [ 10t
Then, by Holder’s inequality we get that
lollzee < ellv’ 2.

Consequently, we have that

ol < ellv’wrr)-
Now, let u € WHP(R). Since D(R) is dense in WP(R). Then, there exists a sequence (uy),>0 in
D(R) such that u, — u in W1P(R). Consequently, we have that

[unlzee < cllunllwrr@)-
Taking limits as n — oo, we have that
ull Lo < cllullwrp@) for all ue WLP(R).

Furthermore, let u € W1P(Q2), for 1 < p < oo. Then, by applying the extension Theorem 2.3.17
and using the fact that D(R) is dense in W1P(R) we have that for some constants ¢; and cg,

ull o) < a1l Bullwirmy < c2llullwivq)-

Remark 2.4.12 Let Q2 C R" be bounded. Then, for n > 2 we have the continuous embedding
WhP(Q) < L>®(Q) for alln < p < oco.

Theorem 2.4.13 [6/(Arzela-Ascoli’s Theorem) Let Q be compact and suppose that (un)n>0 C
CO(Q), |Junllco £ M < oo and the family {u, : n > 0} is equicontinuous. Then, there exists a sub-
sequence (Un, k>0 such that u,, —s u uniformly on Q.

Theorem 2.4.14 [7] Let Q C R" be a bounded open set with C* boundary. Then, for n < p < 0o
and q € [p,00], WHP(Q) is compactly embedded in LI(2).

Proof . Since for every u € W1P(Q), for n < p < oo is Hélder continuous. Let (uy),>1 € W1P(Q)
be a bounded sequence. Then, each w,, is Hélder continuous and uniformly bounded. Consequently,
each u,, is equicontinuous and uniformly bounded. Thus, by Ascela- Ascoli’s compactness theorem
2.4.13, there exists a subsequence (uy, )r>1 which converges uniformly to a continuous function u
on . Since (2 is bounded, then by (DCT) 1.2.3 it implies that |[un, — ul/ze@) — 0 as k — oo,
for all ¢ € [p,00]. This implies that W'P(Q) < L4(Q) compactly, whenever n < p < oo and
q € [p,oq].

|

Theorem 2.4.15 [7/(Rellich’s Theorem)

Let Q C R™ be a bounded open domain with C' boundary and assume 1 < p < n. Then, for every
q € [1,p*] (where p* = n”—_’;) > p is called the Sobolev conjugate of p), then WHP(Q) CC Ly(S2) for
q€[Lp7].

Proof . Let (uyn)n>0 be a bounded sequence in WLP(Q) and Q be a bounded, open domain such
that Q@ cC Q € R” and supp(u,) C Q. Then, by the extension Theorem (uy)n>0 is defined on R”
and vanishes outside it compact support.

Since ¢ < p* and Q is bounded, then by Gagliardo-Nirenberg inequality (2.4.9) we have that,
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||unHL‘1(R”) = HunHLq(Q) < ClHunHLp*(Q) < CQHUn”Wl,p(Q)

For some constants C and C. Hence, (u,) is uniformly bounded in L4(R"™).
Let wy be a standard mollifier. Consider the mollified function,

Uy, = Wey * Uy
with supp(ug) C Q for all n > 1.

We show that [[un — un 4 — 0 as v — 0.
Now,

) = [ (o= )y

Iy
= —w(=)un(z — y)dy
/|y<7 v v

Let 5 = %, then y = ¢ and dy = ~ydy. Hence,

() = /| w(F)un(z — 15)di

But,
1 d 1
wile =) = = [ G nle =)t = = [ gunte =t
Then,
03 0) = une) = [ w(@) (an(ar = 15) = )
lg<1
1
= [ @) < [ - vtﬂ)@dt> 4j

|gﬂ<1 0

Consequently,

| @)~ watade <5 [ [ O (o — ) |deds

Let z = x — yty. Then,

[ () = wnl@ldz < [ |7 un2)ldz
9) 9)
Hence,
[un = unllp1@) < YCl|unlly1s(q) for some constant C.

Using the LP interpolation Lemma 1.1.9 for 0 < a < 1, we get that

Ml = wnll oy < k= wnll G2 gyl = w7 ) < Cov®

For some constant Cy. For fixed § > 0 choose v > 0 small enough such that

N O

14, =l oy < % =l gy 0 = nll 55, < Con® <

Hence, ||u, — un||Lq(Q) — 0 as vy —0.
But, u), = wy * up,. Then, for some constants C; and Cs and for fixed v > 0, we have that

HUZHLOO(Q) < vanLoo(Q)HunHLl(Q) <Oy < oo (2.4.4)
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Also,
170 ey < 9 0 ey linl 1 gy < Cor ™ < . (2.4.5)

Hence, from (2.4.4) and (2.4.5) we have that (u;) is uniformly bounded and equicontinuous. Then,
by Arzela-Ascoli’s compactness Theorem there exists a subsequence (us, )r>o which converges
uniformly to u” on €.

Thus, we have that

tm s |, — o 1o < Tmsup (e, — g+ ftm, =10+ 7 =7, 10+ [, =, 10
J,k—00 J,k—00

<9

Then, for § = %, %, %..., we construct a subsequence (up, )k>0 such that
timsup | ooy < 5
imsup |[tn, — tn, || o) < =7
j,k—+00 g L) = ok

Thus,

limsup [[un, — tn; || po() = 0
J,k—ro0

Hence, (un, )n>0 is a Cauchy sequence. Thus, it converges to u € L9(€2). The proof is complete.
|

Corollary 2.4.16 [7] Let Q2 be an open subset of R™ of class C1 with compact boundary, 0Q. If
n > 2, then

HY(Q) = Ly (), for z% =1-1
where p* is the Sobolev conjugate of p.

Proof . We apply the Rellich Theorem for p = 2. Then, we have that H'(Q) = W2(Q) < LP"(Q).
|

Theorem 2.4.17 [7] Let Q C R" be a bounded open set with C' boundary, then the following
embeddings holds for the Sobolev Space, W™P(Q),

1. If m — 2 <0, then W™P(Q) < L¢(Q), where % =

m
el

D=

2. If m — % =0, then W™P(Q) — L,(2), for every 1 < g < oo.
3. If k>0 and v > 0. Then, W™P() — Ckﬁ(Q)'

Proof (1) Let m — 3 < 0. Then, we show that W™P(Q2) — L7(£2) with é = % — ™. Let
u € W™P(Q). Then, we show that u € L9(€2) and there exists a constant ¢ > 0 such that

[ullza < ellufwm.e.

Since u € W™P(Q), then D € W1P(Q) for all o € N* with |a] < m — 1. Then, by (Gadliardo-
Nirenberg) inequality (2.4.9) we have that

1 1 1
| D%ul| ;o < cllullwm», where p = P

Consequently, v € W™ LP'(Q). Set p; = p* and repeating the same argument, we have that
u € W21 and

1
< c|lullyym-1,, where — =

1
[[ull - —
p1 p

.
w2

S|
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Following the same pattern and setting ps = pi, p3 = p3,...,p; = p;_; we get that

. 1 1 ]
WMP(Q) < WTLPH(Q) < WITRP2(Q) < ey WMTIPI(Q), where — = = — L.
by p n

Doing this after m steps and set p,, = ¢, we get that
1 1
W™P(Q) — L1(Q), where —=— — m
q P n
(2). In the case when mp = n. Then, from (1), repeating the argument (m — 1) steps, we get that

1 m-1

W™P(Q) — Wh(Q) — WH4(Q), where
Pm-1 P n

and for any € > 0.

Consequently, we have that

Wn=€(Q) < LY(Q), where q= n(n —¢)

n—(n-—e’
Since, € > 0 is arbitrary, we have that
WmP(Q) — L1(Q), for 1<q< 0.

(3). Furthermore, let k¥ > 0 and v > 0 and let w € W™P(Q). From (1), we choose j to be the
smallest integer such that p; > n. Then, we have that u € W™ 7Pi (Q) and

1 j 1 1 1 j-1

p n p; n p n

Hence, for every multi-index a with || < m — j — 1. Then, by Morrey’s inequality (2.4.4) we get
that
@ 1,p; 0 . n no .
D% e WHPiI(Q) = C*(Q), with y=1— —=1——+43.
pj p

Consequently, for all multi-index a with |a] <m —j — 1 we have u € C"™7=17(Q).
Set k =m — j — 1. Hence, we have that

WMP(Q) — C*(Q).

Example 2.4.18 [7] Let Q be open unit ball in R® and assume u € W*2(Q). Then, by applying
the Gadliardo Nirenberg inequality (2.4.9) and Morrey’s inequality (2.4.4) twice, we get that

WA2(Q) — W35 (Q) = W210(Q) — ¢h2(Q).

Nojot
N

where the net smoothness of u € W42(Q) given by m — % =4—

Theorem 2.4.19 [7] (Poincdire Wittinger inequality)
Let Q C R™ be a bounded, connected open set with C* boundary. Then, for 1 < p < oo, there exists
a constant C' depending only on p and 2, such that

u—][udx
Q

< Cllsullp, for all u € WHP(Q) (2.4.6)
Lp

1
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Proof . Suppose (2.4.6) is false. Then, for n > 1 there exists (uy)n>1 C WP(Q) such that

Jm — 7@ wndl| Loy > 1) 7 tll Lo

Then,

| 7 unl|Lr 1
un — fqundz||ze ~ n

un—fQ Undz
”un*fgz undz||pp

Then, ||vp|lr =1, || v UnHLP(Q) < % and

Let v, =

][ vpdr =0

Q

Hence, ||V vn|lzr — 0 as n — oc.

But (vy)n>1 is bounded in WHP(Q) for 1 < p < n. Then, by Rellich Theorem (2.4.15), there exists
a subsequence (vy, )g>1 € (vn)n>1 such that

Up,, — v in LP(Q)

Also, for n < p < oo by the embedding (2.4.7). Then (v,) is uniformly bounded and Holder’s
continuous. Then, by Arzela- Ascoli’s compactness theorem, there exists a subsequence (v, ) which
converges to v in L*. Then,

/Vn, — YU in LP(Q2).
Furthermore,

17 onglle — | 7 0| o

Hence, syv = 0 and since €2 is connected we have that v = k a.e in (.

Also,
Up,, — v in LP(Q)
Then,
][ Up, dx — ][ vdx
Q Q
But,

][ Up, dx = 0.
Q

][ vdx = 0.
Q

Consequently, we have that

Hence,

But v = 0, implies that ||v||z» = 0. Also,

Upy — 0

Then,
[ong le — [[v]lz»

But, ||vpk|lzr = 1. Then, |[v||z» = 1, which is a contradiction.
Hence, inequality (2.4.6) holds. n
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CHAPTER 3

ELLIPTIC PARTIAL DIFFERENTIAL EQUATIONS

Introduction

Partial differential equations are used majorly to formulate models involving functions of several
variables. They are used to point out differs happenings in sound, heat, diffusion, electrostatics,
electrodynamics and fluid dynamics.

A partial differential equation is a differential equation involving partial derivatives of a dependent
variable with more than one independent variable. It is often denoted as PDE.

The order of a partial differential equation is the order of the highest derivative that appear in the
equation.

A partial differential equation is said to be linear if the dependent variable and all its partial
derivatives are expressed as a linear combination in which the coefficients are independent of the
dependent variable and it derivatives. A partial differential equation which is not linear is said to
be non-linear.

The following examples gives an illustration of a linear PDE and a non-linear PDE.
Let u(x,y) be a function of two independent variables  and y. Then, the equation

0*u 0*u ou 3

is a second order non-linear PDE.

The equation
0*u  0%u
_—t — = 0
ox?  Oy?

is a second order linear PDE.
Classification of partial differential equations.
Consider the general linear partial differential equation of second order of n variables given by

. 9%u " u
R vy big— =d
Z g 8.%81‘]' * ; ox; +eu

ij=1

The classification of the PDE depends on the signs of the eigenvalues of the n x n coefficient matrix,
A = [aiji<ij<n-

Let p denotes the number of positive eigenvalues and let z denotes the number of zero eigenvalues.
Then, the partial differential equation is classified as follows

(a) It is elliptic if z=0and p=n or z=0 and p = 0.

(b) It is parabolic if z > 0.
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(c) it is hyperbolicif z=0and p=1orz=0and p=n — 1.
Example of an elliptic PDE is the Laplace equation given by

Example of a parabolic PDE is the heat equation given by

du
ot

= CQAU, where c is constant.

Example of a hyperbolic PDE is the wave equation given by
0%u

@ = CQAU, where ¢ 1s constant.

In this chapter, we focus on solving some linear and non-linear elliptic partial differential equations
with homogeneous and non-homogeneous boundary conditions. We show the existence of a unique
weak solution to some Dirichlet and Neumann problems with homogeneous and non-homogeneous
boundary conditions. Also, some mixed problems will be discussed.

Furthermore, we discuss the concept of monotone operators which aid us in solving the non-linear
elliptic problems. We begin the chapter by discussing some important concepts needed to show
the existence of the solution to the problems we shall solve.

3.1 Definitions and existence Theorem
Definition 3.1.1 We define the Laplacian,A, of a function u by,

"L 9%
i=1 9%

We define % = Vu.n as the outward normal vector of u, where n is the unit normal vector to 02,
pointing outward.

Theorem 3.1.2 [3/(Green’s formula)
Let u € H*(Q) and v € H(2). Then,

ou
Au U:/ vda—/Vu.Vv.
/Q( ) a0 On Q

where do is the surface measure on OS).

Lemma 3.1.3 /3] Let A C H where H is a Hilbert space. Then, A = H if and only if A+ = {0},
where
At ={ye H:(z,y) =0 for all z € A}.

Proof Suppose A = H, then we show that A+ = {0}.
Let y € A+, Then, for all z € A we have that

(x,y) = 0.

Consequently, y € H implies that there exists a sequence (z),>0 C A such that =, — y as
n — 0o. Hence, we obtain that

<xn7 y> = 0.

Taking limit as n — oo, we get that
{y,y) =yl = 0.
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Thus, A+ =0 ( since y € A+ was arbitrarily).

Conversely, suppose that Ai = {0}, then we show that A = H.
For contradiction, suppose A # H. Then, there exists § € H, § # 0 such that (y,z) = 0 for all

x € A
x,y) =0 for all z € A, implies that y = 0. Hence, § = 0 which is a contradiction.
Thus Z =H. [ |

Remark 3.1.4 Let u € H?(Q2), then 8%- € HY(Q). Then, by Trace Theorem, we get that 8“ lan€
L?(09).

Theorem 3.1.5 [3/(Density of traces)
Let Q C R™ be smooth. Then,

{u]on: v e HY(Q)} = L*(09).

Theorem 3.1.6 [1/(Lax-Milgram Theorem)
Let H be a real Hilbert space and a, a bilinear continuous form on H. Suppose a is coercive, that
18, there exists a > 0 such that

a(u,u) > alul|?, for all uc H.
Then, for all f € H*, there exists a unique v € H such that

a(v,u) = f(u), for all ue H.

3.2 Applications to elliptic partial differential equations

In this section, we solve some linear elliptic PDEs with homogeneous and non-homogeneous bound-
ary conditions.
Consider the Dirichlet problem with homogeneous boundary condition given by

{_Au+u:f in Q, fe L) (3.2.1)

u=20 on Of).
Due to the Diritchlet boundary condition given, we look for the solution
ue Hy(Q)={ue H(Q):ulpo=0},

which satisfies (3.2.1).
Let u € H}(2) be a solution of (3.2.1). Then, for all v € H}(£2), we have that

/ —Au.vdm+/ uvdr = / fodx, for all v € Hy ().
Q Q Q

Then, by Green’s formula, we get that

/Vu.Vvdm—/ &L.vdo—l—/uvdm:/fvda: (3.2.2)
Q oo On Q Q

Since v € H} (), then (3.2.2) becomes

/Vu.Vvdx+/uvda::/fvd:E.
Q Q Q

Set H= H}(Q). Let Ty : H x H — R defined by

T (u,v) = / Vu.Vodx +/ wvdz, for all u,v € H.
Q Q
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and let To : H — R defined by

Th(v) = / fvdz, for all v e H.
Q

Now, T1 is bilinear. Furthermore,
T4 (u, v)] < /Q V| [Volde + /Q fulfo|da
< [Vl 2l Vol 2 + [lull2[[v]l L2
By Poincaire’s inequality, for some C' > 0, we get that
T3 (u, v)| < Cllull g -

Hence, T7 is continuous. Also,

Ti(u,w) = [ (Vaf? [ Juf = uly
Q Q

Consequently, T} is coercive. Also, we have that 1o € H*.
Then, by the Theorem 3.1.6, there exists a unique u € Hg () which satisfies (3.2.1).
We show that v € H}(S) satisfies (3.2.1).

/QVU.VU—I—/QUU = /va, for all v € HL(Q). (3.2.3)

- ou Ov
/QVU.VU = ;/Q Bz: 0z,
_i<%aw
im1 6:31 6931
(o
- — ox?’

= (—Au,v).
Hence, (3.2.3) becomes
(=Au,v) + (u,v) = (f,v), for all ve HI(Q).

Consequently, we have that
—Au+u=finQ

Since u € HE(Q), then u = 0 on 9.

Consider the Neumann problem with a homogeneous boundary condition given by

{_Au+u:f in Q, feL*Q) (3.2.4)

g—z:() on 0f).

We seek a unique weak solution u € H'(Q) which satisfies (3.2.4).
Let u € H'(2) be a solution to (3.2.4). Then, for all v € H(f), we get that

/—Au.vdx—i—/uvd:z::/fvdx.
Q Q Q

36



Then, by Green’s formula we get that

/Vu.Vvdm—/ 6uvala—f—/uvda::/fvd:lc.
Q o0 On 0 Q

But, g—z = 0 on 0f2. Thus, we have that
/ Vu.Vodzx —i—/ uvdx = / fudx.
Q Q Q
Set H= H(Q). Let T\ : H x H — R defined by
Ty (u,v) = / Vu.Vu + / wv, for all u,v € H.

Q Q

Now, T7 is bilinear, continuous and coercive. furthermore, let T5 : H — R defined by
Th(v) = / fv, forall ve H.
Q

Then, T, € H*. Consequently, by Theorem (3.1.6), there exists a unique weak solution v € H'(Q)
which satisfies (3.2.4).
We show that u € H(Q) satisfies (3.2.4).

Now,
/Vu.Vv+/uv:/fv. (3.2.5)
Q Q Q

/ Vu.Vo = (—Au,v), for all v e H(Q)
Q

But,

Hence, (3.2.5) becomes
(=Au,v) + (u,v) = (f,v), for all ve H'(Q).

Thus, we get that
—Au+u=fin Q.

It remain to show that g—ﬁ =0 on 0f.
Since u € H'(Q) satisfies —Au +u = f. Then, for all v € H'(Q) we get that

[ swos = [ 1o
[wuwo [ Poios [ [ 1o 329

from (3.2.5) and (3.2.6), we get that

Hence,

ou

—vdo = HY(Q).
; 8nvda 0, forallve H(Q)

Consequently, g—ﬁ €{ulpn:iue HI(Q)}J‘ . Then by the lemma(3.1.3), we have that

(9u
: 0ond

We consider a mixed problem of Diritchlet and Neumann homogeneous boundary conditions given
by

{_Au:f in Q, fe€L*Q) (3.2.7)

u=0 onfg,g—;‘l:0onf‘1.
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where 02 =Tg UT'1, mes(Iy) > 0, mes(I'1) > 0 and Q is connected and smooth in R".
Let H={ue H'(Q):u=0o0nTg}. Then, we show that H is a closed subset of H'((2).
Let (un)n>0 € H such that u, — u in H*(2). Then, by Trace Theorem (2.3.18)

Uy — u, in L*(09).
By converse of DCT (1.2.6), there exists a subsequence (uy, )g>0 C (un)n>0 such that
Up, () — u(x) a.e on I'y.
But, u,, =0 on I'y. Hence, u = 0 on I'y.
Consequently, H is closed . Thus, H is a Hilbert space.

We seek a unique solution v € H which satisfies (3.2.7).
Let u € H be a solution of (3.2.7). Then, for all v € H, we have that

- [ Auv= [ fo

Then, by Green’s formular, we get that

/Vu.Vv—/au.v:/fv
0 o On Q

ou ou /
Vu.Vou — —.v — —.v = v
/Q To 81’1 Iy al’l 0 f

But, v =0 on I'y and 2—1“1 =0 on I'y. Hence, we have that

/QVu.Vv:/va.

T (u,v) = / Vu.Vu, for all u,v € H.
Q

Hence,

Let 71 : H x H — R defined by

Also, let T : H — R defined by

Th(v) = /va, forallve H.

Now, T5 is a bounded linear map. Thus, 1> € H*.
Furthermore, T} is bilinear and continuous. We show that 77 is coercive. That is, there exists
a > 0 such that

Ti(u,u) > alful|3:.

For contradiction, suppose 17 is not coercive. Then, for all n > 1, there exists (u,)n>1 C H such
that

1
i o, un) <l

Then,

1
/ Vo < = lun |3
Q n

1
/ V|2 < —.
Q n
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Hence,
Vo, — 0in L*(Q)

But, ||vn|lgr = 1. Since (vy)n>1 is bounded in H(Q). Then, by Rellich’s Theorem 2.4.15 there
exists a subsequence (v, )k>1 C (Un)n>1 Which converges to v in L?().
Consequently,

YV, — Vv in L*(Q).

Then, by uniqueness of limits, we have that
Vv =0 a.e on Q.

Since 2 is connected, then v = ¢, where ¢ is constant.
Thus, v,, — k in H*(Q). Then, by Trace Theorem 2.3.18 we have that

Up, — ¢ in L*(09).
Consequently, we get that

Up, — ¢ in L*(Tp).
That is,

|, |2 do — *mes(Ty).
o

But, v, = 0 on I'y. Hence, c>mes(Ty) = 0
Which implies that, ¢ = 0. Thus, we have that

Up, — 0 in HY().

But, ||vp, ||z = 1 which implies that 1 = 0 (Impossible). Consequently, 77 is coercive. Then, by
Theorem 3.1.6 there exist a unique weak solution v € H which satiefies (3.2.7). We show that
u € H satisfies (3.2.7). Now,

/ Vu.Vuv = / fv, forall ve H.
Q Q

But,
/ Vu.Vou = (—Au,v) .
Q

Hence, we get that
(—Au,v) = (f,v) forall ve H,

which implies that
—Au= fin Q.

Also, u € H implies that © = 0 on ['g.
It remain to show that g—ﬁ =0onI;.
Since u € H satiesfies —Awu = f. Then, for all v € H, we have that

—/Au.v:/fv.

Q Q
/VU.VU—/ 8uvdaz/fv.
Q o On Q

/ @vdazo forall ve H.
T 8n

Thus,

Consequently,
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Hence, g—g e{ulr,:ue H}" .
By the Theorem 3.1.5 {u |r,: u € H} is dense in L?(I';). Consequently, by lemma 3.1.3

0
a—z:OonI‘l.

We consider the non-homogeneous Neumann problem given by

{_Au+u:f inQ, fe L) (3.2.8)

% =g on 09, g€ L*(09).

We seek a unique solution u € H'(f2) that satisfies (3.2.8).
Let u € H'(2) be a solution of (3.2.8). Then, for all v € H'(Q2) we have that

/—Au.vdm+/u.vdx:/f.vda:.
Q Q Q

Then, by Green’s formula we get that

/Vu.Vvdx—/ au.vda—l—/u.vd:v:/fvdx.
Q o0 On Q Q

But, g—ﬁ = g on 0f). Hence, we have that

/Vu.Vv+/u.v:/fv+/ g.vdo.
Q Q Q 0

Set H = H'(Q) and let a : H x H — R defined by

a(u,v) = / Vu.Vu +/ u.v for all u,v € H.
Q Q

Now, a is bilinear, continuous and coercive.
Let L : H — R defined by

L(v) = / fv+/ g.vdo, for all v e H.
Q o0

Now, L is linear. Also,

L(v)| < /Q ol + /d lg-ldo

< N fllzllvlli2) + 9l 20 vl L2 (00)
< (Ifllz2) + gl 2ea0)) 101l

Hence, L is bounded. Consequently, we have that L € H*.
Then, by the Theorem 3.1.6, there exists a unique u € H'(f2) that satisfies (3.2.8).
We show that u € H(Q) satisfies (3.2.8).

Now,
/Vu.VU—I—/u.U:/fv—i—/ g.vdo (3.2.9)
Q Q Q 19)

For v ~ ¢ € D(2). Then, we have that
/ gv=0.
o0

/QVU.V’U—‘F/QU.U—/QfU.
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Which implies that
(=Au,v) + (u,v) = (f,v), for all ve HY(Q).

Consequently, —Au +u = f in Q, f € L?(Q).
Since u satisfies —Au +u = f. Then, for all v € H'(Q) we get that

_/QAU.H/QU.UZ/QJCU.
/Vu Vv—/f)ﬂvda%—/u.v:/ﬂf.v (3.2.10)

From equation (3.2.9) and equation (3.2.10), we get that

/ (gz— >.v=0, for all v e HY(Q).
o0

Consequently, % —ge{ulsnuce HI(Q)}J‘.
Thus, we apply Theorem 3.1.5 and lemma 3.1.3 to obtain that

ou

Hence,

m = 0, on 09Q.
Hence, we have that
0
8?1 =g on 0fd.

Let 2 be smooth and connected in R™. We consider the mixed problem with a non-homogeneous
boundary condition given by

{Au =f inQ, felL*Q) (3.2.11)

u=20 onFO,——gonfl

where mes(I'g) > 0, mes(I'1) > 0 and g € L?(T'y).

Let H = {u € H'(Q) : u =0 on I'y} which is a closed subspace of the Hilbert space H'({2). Thus,
we seek a unique weak solution v € H which satisfies (3.2.11).

Let u € H be a solution of (3.2.11). Then, for all v € H

/—Au.vd:c:/f.vdx.
Q Q

Then, by Green’s formula we get that

/Vu Vv — vda—/fvda;
8Q
/Vu.VU—/ g.vda—/fvd:v.
Q I Q
/VU.VU:/fvdx—f—/ g.vdo.
Q Q Iy

Now, let T} : H x H — R defined by

Consequently, we get that

Then,

T (u,v) = / Vu.Vu, for all u,v € H.
Q

T3 is bilinear, continuous and coercive.
Also, let Ty : H — R defined by

Tr(v) = /vada:—k/r g.vdo, for all ve H.
1
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Indeed, T € H* since T5 is linear and

T (v) g/ |f.v|d:n+/ g.0ldo
Q Iy

<[ fllze@llvllz2) + gl L2 llvll L2y
< (If 22 + Ngllzqeyy) 1ol e

Which implies that 75 is bounded. Consequently, To € H*.

Then, by the Theorem 3.1.6 there exists a unique u € H which satisfies (3.2.11). We show that
u € H satisfies (3.2.11).

Now, for all v € H we get that

/ Vu.Vu = / fudz +/ g.vdo. (3.2.12)
Q Q I'1
For v ~ 1 € D(I'1). Then, we get that
/ g.vdo = 0.
ry

/Vu.Vv:/fvdx,
Q Q

(—Au,v) = (f,v), forall ve H.

Hence,

which implies that

Thus,
~Au=finQ, f€L*Q)

Also, u € H implies that u = 0 on I'y.
Since u € H satisfies

—Au=f
Then, we get that
/ Vu.Vudx — / —.vdo = / fuvdx
Q o0 On
Hence, we get that
/ Vu.Vudr — %.vda = [ fvdx, forallve H (3.2.13)
Q r, on Q

Consequently, from (3.2.12) and (3.2.13) we get that

ou
— —g)do=0.
/Fl <an )

Hence, a—“ —g e {u|p,: u € H}*. Then, we apply the lemma (3.1.3) and we obtain that
0
a—z =gonlj.

3.3 Monotone operators

Notations.
Let X and Y be real Banach spaces and T : X — Y be a multi-valued operator. We define the
graph of T', G(T') as follows;

GT)={(z,y) e X xY:yeTa}.
We define the effective domain of T', D(T) as follows;
D(T)={zeX:Tx#0}.
Let X be a Banach space. We denote it dual by X*.
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Definition 3.3.1 [9] A subset A C X x X* is said to be a monotone set provided that
(" —y*,x —y) >0, whenever (z,z"),(y,y") € A.

Definition 3.3.2 [9] LetT : X — X* be a multivalued operator. Then, T is a monotone operator
provided that for all x,y € X,

(" —y*x—y) >0, 2" € Tx and y* € Ty.
Furthermore, T is a monotone operator if and only if it graph, G(T) is a monotone set.

Definition 3.3.3 [9/ A monotone set B C X x X* is said to be mazximal monotone if it is the
mazximal monotone set of all monotone subsets of X x X*. Thus, a monotone operator T is said
to be maximal monotone if it graph, G(T) is a mazximal monotone set.

Example 3.3.4 [9] Let H be a Hilbert space and T : H — H* a linear map and single valued.
Then, T is a monotone operator provided that

(x,Tx) >0, for all z € H.
Example 3.3.5 [9] Let T : X — 2% a multivalued map called the duality map and defined by
Te={z" € X" : (a*,2) = |2, with ||| = [l=*||} -

Then, T is a monotone operator.
Indeed, for all x,y € X with x* € Tz and y* € Ty. Then,

<l‘* - y*7$ - y> = <LL'*,ZE> - <$*>y> - <y*,$> + <y*7y>
= =l = = lllyll = Nyl + lyl?
2
= ([l=[| = [ly1)

Hence, we obtain that
(¥ —y*,x—y) > 0.

Example 3.3.6 [9] The sub-differential operator T : X — X* defined by
I (z) ={z" e X" : (z%y—2) <T(y) —T(z), forallye X}.
is a monotone operator (in fact it is a mazxiamal monotone operator).

Indeed, for all x,y € X and z* € Tx, y* € Ty. Then,

(" =y e —y) =@z -y — Y 2—y)
>T(x) =T(y) —T(x)+T(y) =0

Hence, we obtain that

Definition 3.3.7 [8] Let T : X — X* be a single valued operator from D(T) = X. Then, T is
said to be demi-continuous if (up)n>0 C X such that u, — u in X as n — oo, then Tu, — Tu
mn X* as n — oo.
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3.3.1 Yosida approximation

The Yosida approximations(or regularization) plays an important role in the smooth approximation
of a maximal monotone operator, A.

Definition 3.3.8 [9] Let X be a reflexive strictly convex Banach space with strictly convexr dual
X* and let A be maximal monotone operator. Then, we define the Yosida approrimation of A as
the operator Ay : X — X* such that

1
Ayz = XJ(x—JAa:), A>0, zeX.

Where J : X — X* is the duality mapping. The resolvent Jyx := x is defined to be the unique
solution of the resolvent equation 0 € J(x\ — ) + AAx).

Proposition 3.3.9 [8] The Yosida approzimation Ay is single-valued, mazimal monotone, bounded
on bounded subsets and demi-continuous operator from X to X*.

Proposition 3.3.10 /8] Let X = H a Hilbert space and A a maximal monotone operator. Then,
(i). Jy= (T + X A)~!
(ii). I|Axz — Ayl < Lz — yll, for all 2,y € D(A), A > 0.

Definition 3.3.11 /2] Let D be a subset of a real vector space X and f : D — R be a map.
Then, f is said to be convex if D is a convex set and for each t € [0,1] and for each x1,x9 € D,
we have that

[tz + (1 —t)x2) <tf(wr) + (1 — 1) f(x2).
Furthermore, f is proper if there ezists at least an xo € D such that f(xg) # o0
Definition 3.3.12 [2/ A function f: X — R is called lower semi continuous at o € X if and

only if for all X € R such that X < f(xg), there exists a neighbourhood of xg, V', such that f(x) > A
forallz e V.

Consider the elliptic variational problem given by
Tu+0Y(u)=f, feX (3.3.1)

Here, v : X — R is a proper, lower semi continuous and convex function on X. Also, 9y C X x X*
is the sub-differential of .

Theorem 3.3.13 [8] Let T': X — X* be a monotone, demi-continuous operator and 1 : X —
R a proper, lower semi continuous and convex function on X. Assume that there exists ug € D(v)
such that

Then, problem (3.5.1) has atleast a solution. Moreover, the set of solutions is bounded, convex and
closed in X and if the operator T is strictly monotone(That is, (Tu — Tv,u —v) = 0 if and only
if u=wv ), then the solution is unique.

3.4 Application to nonlinear elliptic partial differential equations

In this section, we propose to solve some nonlinear elliptic PDEs with homogeneous boundary
conditions.

Consider the nonlinear elliptic partial differential equation with a homogeneous Dirichlet boundary
condition given by

{ \u—dive(Vu) = f in Q, feL?*Q)

u=0 on 9N (3.4.1)

where 2 is smooth and open in R". Here, 8 : R” — R"” is a maximal monotone operator.
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Theorem 3.4.1 [8] Suppose [ is continuous and satisfies the following conditions:
(@) 1B(r)| < e (L4 |rP~Y), for all r € R™.

(13) B(r).r > w|r|P —ca, for all r € R™.
where w, c1, ca are positive constants. Then, for each f € (W&’p(Q))* and X > 0, there exists
u e WyP(Q) that satisfies (3.4.1).

We solve problem (3.4.1) with the assumptions given in Theorem 3.4.1.
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CONCLUSION

This thesis was devoted to the study of a space of functions on a subset {2 of R” and its derivative
called the Sobolev space with it applications to some elliptic partial differential equations.

In chapter one of this thesis, we discussed the L? spaces and some of it important concepts relevant
in this thesis.

Chapter two was devoted to the study of the Sobolev spaces. We also discussed the concept of
embeddings(continuous and compact embeddings) of the Sobolev spaces with other spaces of func-
tions like the Holder space.

In chapter three, we were concerned with the applications to solve elliptic partial differential equa-
tions. We considered some Dirichlet and Neumann problems of linear elliptic partial differential
equations. By applying the Lax-Milgram Theorem, we established the existence of a unique solu-
tion to these problems.

Also, we solve some nonlinear partial differential equations with Dirichlet and Neumann (respec-
tively) boundary conditions as follows:

{ M_dwxﬁ(vui:{) (1)1111 gs’l fel* (@ (3.4.2)

(3.4.3)

M —divgB(Vu) = f in Q
B(Vu) =0 on 09

We were able to establish the existence of a solution to these nonlinear problems by applying an
appropriate theorem.
We note that further research can be done on the nonlinear problems.
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