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ABSTRACT  

 

New equations for bilinear, formation linear and pseudo-radial flow regimes in an infinite 

commingled fractured multilayered reservoir have been developed. The equations have been 

extended to Tiabôs Direct Synthesis Technique that makes it easy to estimate the individual layer 

properties without type curve matching.  

Regardless of the flow regime, the rate normalized pressure derivative with respect to the 

appropriate time function has been found analytically to be constant, which depicts a horizontal 

line on the derivative curve. This precludes the need to calculate the slope as is conventionally 

done and aids in easy model diagnosis or system identification and estimation of layered 

parameters. Dimensionless pressure and pressure derivative functions which were derived by 

Bennet et al
1
 for an infinite commingled fractured multilayered reservoir have been extended to 

Tiabôs Direct Synthesis Technique to evaluate the average fracture and layer properties without 

type curve matching. These equations make it possible to predict the pressure response of a 

fractured multilayered commingle reservoir. 

A procedure for estimating the individual layered properties without type curve matching is 

included. This procedure is applicable to the interpretation of pressure and pressure derivative 

analysis, rate and rate derivative analysis, rate normalized pressure and derivative analysis and 

deconvolution both in real space and Laplace space. 
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CHAPTER 1 INTRODUCTION  

1.1 Problem Definition 

Interpretation models cannot be used effectively in multilayered reservoir until a model has been 

identified for each layer. In multilayered reservoirs, the pressure and pressure derivative do not 

display the characteristics shapes and slopes of the individual layer model response. This is 

because, the wellbore pressure is sensitive to the total system and hence pressure data alone 

cannot be used directly for layer model identification and subsequent estimation of layer 

properties. Consequently, using parameters derived from pressure data alone to forecast 

production may lead to erroneous estimation of production. Additionally, wellbore storage effect 

distorts pressure data which masks early flow regimes and inhibits the estimation of the layered 

properties. Moreover, in multilayered reservoir, each layer contributes to production at varying 

rates at different times. In this regard, using the total flow rate at the surface to estimate the 

individual layer properties is erroneous. It is necessary therefore to measure the flow rate of each 

layer downhole and use the layer flow rate with the pressure data for layer parameters estimation. 

The pressure data and flow rate of the individual layers can be converted into an equivalent 

pressure response that would have been obtained if the well were producing at a constant flow 

rate. 

Correspondents have shown that in many cases, zones in layered reservoir are stimulated 

individually, and the layers are then commingled
3
. In addition, some layers may be fractured 

while others may not be at all. In this regard, different layers may have varying flow regimes 

especially, at early times. Therefore, assuming a single model for all the layers is certainly 

erroneous and may lead to wrong estimation of the layered properties. Also, due to water and gas 
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coning, the topmost and bottom layers may be partially fractured while the intermediate layers 

may be fully fractured. The equations governing flow regimes in fully fractured layer vary from 

those in partially fractured layers. Hence, individual layer model is essential for characterization 

of layered reservoir. 

Equations ought to be developed to address the above problems and to estimate the parameters of 

fractured and unfractured layers in commingled multilayered reservoir.   

1.2 Objectives 

The objectives of this thesis are in two folds: 

1. To derive equations to govern the flow regimes and estimate the layer properties in an 

infinite fractured commingled reservoirs 

2. To extend the Tiabôs Direct Synthesis (TDS) technique to fractured commingled 

multilayered reservoirs to estimate the properties of the individual layers.  

1.3 Scope of the Work 

Chapter 1 introduces the concept contained in this research. It explains the problems being 

considered and methods to solve them. The objective of this research is also captured in this 

chapter. Chapter 2 gives a review of the relevant literature and further explains the testing 

procedures in multilayered reservoir. The types of multilayered reservoir are also discussed in 

this chapter.  Chapter 3 considers the mathematical formulation of the analytical equations 

governing the different flow regimes and the extension of these equations to Tiabôs Direct 

Synthesis Technique. Chapter 4 considers the applications of the mathematical models derived in 

chapter 3, and subsequent estimation of the individual layer properties. Chapter 5 discusses the 

results and derivations. Chapter 6 presents the conclusion and recommendations for further 

research.   
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CHAPTER 2 LITERATURE REVIEW  

2.1 Introduction 

Knowledge of individual layer properties in multilayered reservoirs is essential for making 

developmental strategies. It plays a significant role in secondary recovery in that it predicts quite 

accurately the production forecast and, layers that have not contributed significantly to 

production to serve as targets for subsequent recovery. The challenge in the characterization of 

layered reservoir lies in a large number of unknown layer parameters especially if some or all the 

layers are fractured. Hence, a complete characterization of layered reservoir includes an adequate 

model for each layer. Different flow regimes in each layer complicate the adequate estimation of 

the layer properties. Often, measurements of both down-hole rates versus depth in addition to 

wellbore pressure are required in order to ascertain the response of each layer. Down-hole flow 

rate measurements are necessary to determine producing zones to estimate layer parameters. The 

pressure data and flow rate of the individual layers can be converted into an equivalent pressure 

response that would have been obtained if the well were producing at a constant flow rate. 

2.2 Previous Work 

Bennet et al
1
 showed that for a fractured well in a commingled multilayered reservoir, the 

measured flow rate at the wellbore at early time (before pseudo-radial flow) is a function of the 

fracture properties rather than those of the reservoir but then the measured flow rate becomes a 

function of the reservoir flow capacity only during the pseudo-radial flow regime.  The latter 

argument was suggested by Lefkovitz et al
7
. Bennet et al

2
 studied infinite-acting multilayered 

reservoir with finite conducting fracture. They used the concept of dimensionless reservoir 

conductivity to show that commingled reservoir solutions are identical to single-layer solutions 
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throughout the infinite period. They determined that multilayer solutions match the single-layer 

solution when the dimensionless wellbore pressure is plotted as a function of  for given 

values of dimensionless fracture conductivities during the infinite-acting period. Camacho et al
3
 

studied the transient pressure response of wells producing from non-communicating layered 

reservoir with unequal fracture length. Their work was an extension of that of Bennet et al
1
. They 

determined that for fractures in communication only at the wellbore, the solution for a fractured 

well producing from a commingled system is identical to the corresponding single layer if 

equivalent fracture half-length and equivalent fracture conductivity are used in the plotting 

functions.  Lefkovitz et al
7
 studied the behavior of bounded reservoir composed of stratified 

layers. They suggested that the fractional layer flow rate is a function of the flow capacities of 

the layers. Their work also showed that the time necessary to reach pseudo-steady state is much 

longer for a two-layer reservoir than for a single layer reservoir. Their analysis of the buildup 

curve showed that it is possible to determine the flow capacities of the layers, wellbore co-

efficient and static reservoir pressure. Ehlig-Economides and Joseph
15

 derived an equation for a 

layered reservoir. They used the analytic solution to determine layer properties using pressure 

and down-hole rate data. Their solution included wellbore storage and, cross-flow may or may 

not occur in adjacent layers. Their solution however, did not include induced fractures. Ehlig 

Economides
18

 summarized multilayer reservoir testing techniques that field tests have shown to 

be successful. She showed that layered reservoir test relies on a combination of measurements, 

including production log surveys, pressure and flow rate transient acquired with the sensors 

maintained in a stationary position. She explained the principle behind Selective Inflow 

Performance Techniques and emphasized that it is necessary to achieve a stabilized flow in the 

well for several surface injection or production rates. She suggested that it is useful to run a 
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conventional pressure buildup test at the end of the Layered Reservoir Test (LRT). She further 

explained the two techniques that have been used for the multilayer test techniques. The first 

technique evaluates each zone sequentially starting with the lowest zone while the second 

technique uses one four-zone single well model and showed that all four of the flow periods are 

matched simultaneously and the measured pressure transients are used as the wellbore boundary 

conditions. She concluded that the LRT interpretation provides a means for the determination of 

individual layer properties. Kuchuk et al
25

 suggested that for a layered reservoir, the parameters 

of the individual layers can be estimated by a sequential drawdown test in which wellbore 

pressure and layer flow rates are recorded simultaneously. Their work was limited to a two-layer 

model in a commingle reservoir. Kuchuk et al
39 

applied convolution and used nonlinear 

regression techniques to fit the measured down-hole flow rate or pressure data with a layered 

reservoir model. They presented two techniques for the estimation of layer parameters. The first 

is the sequential analysis which involves analysis of each flow test starting from the bottom 

layer. The second involves the simultaneous nonlinear estimation which fits all measured down-

hole flow rates to a numerical reservoir model behavior. Otuomagie and Menzie
26 

extended 

Hartsockôs pressure equation to obtain an expression for pressure buildup in an infinite two-

layered commingled reservoir that can be used to determine the reservoir parameters. The 

equations they developed can be used to determine the initial pressure of one zone if that of the 

other zone is known or if the difference between the initial pressures of the two zones is known. 

They investigated the effects of wellbore storage. They emphasized that the force of gravity is 

essential if one wants to obtain equations to compute reservoir parameters of an infinite-two 

layered reservoir. They suggested that the pressure buildup curves obtained for an infinite two-

layered reservoir without the effects of wellbore storage are similar to those of an ideal single-
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layer reservoir. They showed that if the properties of the fluid are equal in both layers, the ratio 

becomes insignificant, and thus, an infinite two-layered reservoir behaves like a single-layer 

reservoir. They then concluded that the permeability and thickness ratio for an infinite two-

layered reservoir do not affect the slope of the buildup curves, but the average flow capacity 

does. Bourdet
27

 investigated the pressure behavior of layered reservoir with cross-flow. He 

presented an analytical solution that describes the pressure response of a well intercepting a 

layered reservoir with cross-flow. He showed that double porosity behavior is a limiting form of 

the new solution. He further showed that the double permeability model yields all intermediate 

behavior between the homogenous type response and that of double porosity. He suggested that 

the new model demonstrates that the applicability of double porosity model for layered reservoir 

is very restrictive. He concluded that interpretation of pressure response of a layered reservoir is 

often not unique and that several configurations can produce similar responses that match the 

data equally well.  Gao
29

 presented an interpretation theory for drawdown and buildup tests, 

which is given to individual layer of a multilayer reservoir with cross-flow. He showed that both 

drawdown and buildup curves have two straight lines with transition period between them. He 

suggested that the first straight line period determines the flow capacity and skin factor of the test 

layer and the second straight line determines the total flow capacity of the reservoir. He further 

showed that the vertical permeability of the shale between the layers can be obtained by the three 

analytical methods; the cross-point of the two straight lines of drawdown and buildup curves, the 

steady wellbore pressure difference between the test layers and the closed layers and the 

wellbore pressure in the early transition period respectively. Gao
35

 showed that the individual 

layer properties of a multilayer reservoir with or without crossflow can be determined by one 

drawdown test if all the layers are tested together and the common wellbore pressure and the 
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flow rate for each layer are measured and analyzed simultaneously. He concluded that there are 

two causes of crossflow. One is caused by different boundary pressures for different layers while 

the other is caused by different diffusivities for different layers. Osman
32 

developed an analytical 

solution to the pressure behavior of a well in a multilayered infinite acting reservoir intercepted 

by a finite conductivity vertical fracture. He showed that the dimensionless pressure function and 

its derivative are strong functions of fracture conductivity during the early time. He suggested 

that layer fractional production rate is a good measure of reservoir and fracture characteristics. 

He generated type curves for wellbore pressure and its derivative. He concluded that the effect of 

transmissibility and storativity on pressure behavior is found to be insignificant for all cases, but 

found that the effect is significant with pressure derivative. He showed that both functions are 

affected by fracture conductivity during early time and suggested that such effect diminishes 

with time. Shah et al
37

 proposed a multistep testing procedure that involves down hole 

measurements of the pressure and fluid flow rate. They presented a multistep drawdown test 

involving down hole pressure and flow rate measurements for determining the layer skin and 

permeabilities in the layer reservoir. They suggested an approach for simultaneous analysis of 

the entire data set and compared them with a piecewise flow period that uses convolution to 

account for varying wellbore flow rates. They studied the application of the multistep test for 

both shut-in and producing wells. They concluded that the multistep well test can be properly 

analyzed only following model identification. However, they did not consider fractured 

reservoirs.  Cobb et al
54

 utilized the conventional methods of Muskat, Miller-Dyes-Hutchinson 

and Horner for the interpretation of pressure buildup in bounded two-layered reservoir without 

cross-flow. Their work confirmed that of Lefkovitz et al
7
. Sullivian et al

57
 developed a constant 

rate drawdown type curves for analyzing pressure buildup test which follow production at 
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constant bottom hole flowing pressure for commingled gas reservoir containing hydraulic 

fractures. They determined that the multilayer solution matches the single layer solution when 

the dimensionless wellbore pressure is plotted as a function of  for finite multilayered 

reservoir with unequal layer areas. However, their type curves cannot be used in a general case 

because it is applicable to a specific type of layered reservoir. They showed that ñwhen 

describing a reservoir type different from what they studied, the Engineer may find it useful to 

develop type curves for analysis of test from that reservoir. These type curves like the curves 

developed in this study can serve to help identify the reservoir type and to provide at least useful 

first estimation of key reservoir propertiesò. They determined that for different values of 

reservoir conductivity,    and dimensionless fracture conductivity,  a 

dimensionless parameter  correlates  versus  graphs for widely varying values 

of  and . Prijambodo et al
58 

investigated the pressure response of a well producing from a 

two-layer reservoir with interlayer crossflow. They characterized the early time pressure 

behavior and suggested that interpretations of pressure buildup data based on single layer theory 

can lead to erroneous results, with error magnitude depending on the degree of layer 

communication. 

Very few literature have considered fractured multilayered reservoir and none seems to consider 

partial penetrating fractures in multilayered reservoir. This research seeks to bridge this gap by 

developing equations to model both fully and partially penetrating fractures in multilayered 

commingled reservoirs. The properties of both the fracture and reservoir can be estimated with 

these analytical equations. 
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2.3 Types of Multilayer Reservoir 

Multilayer Reservoirs can be classified into two: layered reservoir with crossflow, in which 

layers communicate at the contact planes and layered reservoir without crossflow, in which 

layers communicate only at the wellbore. This type of system without crossflow is also called 

commingled reservoir. These classifications are discussed below. 

2.3.1 Commingle Reservoir 

Here, the layers do not communicate in terms of fluid flow through the formation but may be 

produced by the same wellbore. The wellbore in a commingled system may be vertical, 

horizontal, inclined or partially penetrated. Individual layers may be homogeneous, 

heterogeneous or fractured and, can have different initial, inner and outer conditions, infinite 

extent, constant pressure, no flow or mixed. The layer (shale) between the layers is impermeable 

to allow fluid flow between the layers; hence the analysis involved in this type of multilayered 

reservoir is relatively simple as compared to crossflow multilayer and is regarded as a limiting 

case of a crossflow system where the vertical permeabilities of all the layers are assumed to be 

negligible. The interporosity layer flow parameter, ɚ, is consequently zero depicting the fact that 

no flow occurs across the layers. On the pressure derivative, a horizontal line, which is a constant 

during the pseudo-radial flow, can be used to estimate the average flow capacity of all the layers. 

The second final horizontal line (if two-layers are considered) can be used to estimate the ratio of 

the flow capacity of the second layer (low permeable layer) to the average flow capacity. 

2.3.2 Cross-flow 

The layers communicate in the formation. At early time however, cross-flow multilayered 

reservoir behave as though they were commingled. This is because at early time, the differential 
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depletion is not significant and hence the pressure differential cannot cause fluid flow from one 

layer to another. At late time, the differential pressure between the layers become significant and 

since the interlayer flow parameter is not zero, fluid flows from one layer (the lower permeable) 

to the other (higher permeable layer). On the pressure derivative, after the wellbore storage 

effect, a horizontal line is observed which depicts depletion of the higher permeable layer. 

Depending on the magnitude of the interlayer flow parameter, a time is reached where fluid 

flows from the lower permeable layer to the higher permeable layer. This is indicated as a trough 

on the pressure derivative. A horizontal line is finally observed depicting the total system 

behavior during the pseudo-radial flow. 

2.4 Testing Techniques in Multilayered Reservoirs 

2.4.1 Introduction 

The layered reservoir Test (LRT) relies on a combination of measurements including production 

logs surveys, pressure and flow rate transients required with the sensors in a stationary position. 

Recent developments in multilayer well testing have focused on the determination of individual 

layer properties and, this can be achieved by measuring the wellbore pressure and the flow rate 

with a production logging tool as a function of time and vertical depth along the wellbore. The 

flow rates are measured just above the individual layers as transients are produced by altering the 

surface flow rates in steps. By measuring the flow rate and pressure transients beginning from 

the bottom layer, its properties can be estimated. The flow meter is then moved to the top of the 

next layer.  
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2.4.2 Sequential Testing 

The procedure is as follows: 

1. Position the production logging tool (PLT) above the bottom layer and flow the well at a 

constant surface rate. Record the flow rate of the bottom layer as well as the bottom hole 

flowing pressure. The bottom-hole flowing pressure is sensitive to the entire layers. 

2. Place the flow meter above the next layer and record the flow rate. 

3. Repeat the above procedure for all the layers without changing the surface flow rate. 

4. Change the surface flow rate and position the PLT above the bottom layer and repeat the 

procedure above. 

5. Pull the tool out of hole. The pressure and flow rate data can then be used to estimate the 

individual layer properties. 

In sequential testing, one flow meter is used; hence the properties estimated are functions of 

the layers below it. In this regard, the parameters estimated when the flow meter was above 

the top of the bottom layer are true values of the bottom layer. Estimations of layers above 

are all averages. The parameters estimated for the bottom layer are fixed for the layer just 

above it which is then used to estimate the properties of the second layer. This procedure is 

repeated for the rest of the layers above; each time the previously determined parameters are 

fixed for the estimation of the properties of the next layer. Shah et al
37

 have presented a 

detailed description and interpretation procedure of the above technique.  

2.4.2.1 Disadvantages 

The demerits of this technique include 
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1. The measurements are taken under flowing conditions and may be subject to some 

fluctuations in the surface flow rate 

2. Measurements are also taken at different times with only one flow meter; hence 

superposition effects ought to be taken into consideration. 

3. Also, each measurement is initiated by a change in surface flow rate of arbitrary 

magnitude. As a result, it is not possible to subtract the flow rates transient measurements 

taken at different times. 

2.4.2.2 Advantages 

1. It provides an approximate correction for superposition effects by using the difference 

between the measured transient pressure/flow rate during the flow period and the 

pressure/flow rate values recorded first before the flow rate change. 

2. The pressure and flow rate differences can be modeled with the drawdown as long as 

the transient flow duration is small compared with the length of the previous rate 

period. 

2.4.3 Commingle Single-Layer Testing (CSLT) 

In this technique, two flow meter sensors are positioned such that one is just above the layer 

perforation and the other is below it. In this way, the difference between the flow meter readings 

 is equal to the layer flow rate. Here, is the flow meter reading above the layer of 

interest while is the flow meter reading below the same layer. A pressure sensor is placed at a 

fixed position in the perforated interval to measure the bottom-hole flowing pressure. The 

individual layer flow rate as well as the wellbore pressure can then be used to estimate the layer 

properties. The transient response detected by the CSLT may be homogeneous, dual porosity, 



13 
 

fracture or radially composite depending on the lithology and near wellbore conditions. 

 

Figure 2.1: Commingle Single layer Test configuration (Source: Ehlig-Economides and 

Joseph
16

) 

The interpretation procedure is as follows: 

1. Position the flow meters above and below the layer of interest while the well is flowing at 

a constant surface flow rate. Record the flow meters readings and wellbore pressure and, 

determine the stabilized trend in flow rates and pressure at the end of the flow period. 

2. Change the surface flow rate and record the layer flow rate and wellbore pressure versus 

elapsed time, ȹt, since the surface rate change. 
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3. Determine the flow rate, , for the layer tested both before and after the surface rate 

change, . If the layer is accepting fluid instead of producing, 

will be negative. 

4. Using the computed values of  calculate  

 

   

Where  were recorded just before the rate change at time  

5. Calculate the rate normalized pressure,  and rate convolved time 

function. 

2.4.3.1 Disadvantages 

1. The measurements are taken under flowing conditions and may be subject to some 

fluctuations in the surface flow rate 

2.4.3.2 Advantages 

1.  Superposition effect is greatly minimized since two flow meters are used at the same time. 

Here, a simple subtraction between the flow meter readings gives the layer flow rate at a 

particular time. 

2.  Flow rate measurement is faster as compared to the sequential technique. 
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2.4.4 Multi flow meter testing 

Here, flow meter sensors are positioned above and below all the layers at the same time. As a 

result, flow rates of all the layers can be measured at a time and the same interpretation 

procedure as done for CSLT is carried out. 

2.4.4.1  Disadvantage 

1.  High cost is involved since the number of flow meters require for the test is determined by the 

number of layers. 

2.4.4.2  Advantages 

1. Superposition effect is greatly minimized since individual flow rates are measured at the same 

time. Here, a simple subtraction between the flow meter readings gives the layer flow rate at a 

time. 

2. Flow rate measurement is faster. 

2.5 Literature summary 

The testing techniques illustrated above seem to suggest that multi-rate testing is required for the 

analysis of multilayered reservoir. However, Gao
35

 showed that the individual layer properties of 

a multilayer reservoir with or without crossflow can be determined by one drawdown test if all 

the layers are tested together and the common wellbore pressure and the flow rate for each layer 

are measured and analyzed. Hence, a single test can also be used for the estimation of layered 

properties. Usually, the first flow rate is used to determine the producing layers so as to ascertain 

which layer is productive after which the individual layer properties estimation is carried out 

with the second flow test. Additionally, most of the previous literatures have concentrated on 
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unfractured layered reservoir and very few have considered fractured layered reservoir, but none, 

to my knowledge, has considered partially penetrating fracture in layered reservoir. Modeling a 

layer that has been partially fractured in multilayered reservoir has not been considered in the 

literature. 
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CHAPTER 3 MATHEMATICAL FORMULATION  

3.1 Model Description 

The physical model discussed in this work is a multilayered reservoir that is being drained by a 

hydraulically fractured well. The layers communicate only at the wellbore and there is no 

interlayer cross-flow. Each layer may be fully fractured as shown in figure 2 and the properties 

of each fracture in each layer may be different from that of other layers. The fracture may also be 

partially penetrating such that the height of the fracture becomes less than the height of the layer 

as depicted by figure 3. One or more layers may not be fractured at all.  

Additional assumptions made in this work include 

· Each layer is assumed to be homogeneous, isotropic but has distinct properties from other 

layers 

· At t=0,the pressure is uniform throughout the reservoir 

· Gravity effects are negligible. (Pressure gradients are small). 

· The reservoir produces at constant surface rate 

· The fractured layers are in communication with the wellbore only by means of the 

fractures and there is no cross flow between layers 

· Both the fractures and the reservoir are filled with a single, slightly compressible fluid of 

constant viscosity 

· The reservoir is infinite in extent and is impermeable both at the upper and lower 

boundaries 
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· The well is symmetrically located and penetrates the entire layers 

 

 

 

 Figure 3.1: Fully fractured commingled multilayered reservoir 
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Figure 3.2: Partially penetrating fractured commingled multilayered reservoir 
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3.2 Pressure and Pressure Derivative Analysis 

Definition of terms 
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The dimensionless wellbore pressure for a fractured well in a commingled reservoir is given by 

Bennett et al
1 

 

where 

 

    for n >1or =1; and  

3.2.1 Fracture linear flow (Masked by Wellbore storage effect) 

At very short time, the flow of fluid to the well is as a result of expansion of the fluid within the 

fracture. For very small time, equation (3.2.14) yields Bennett et al
1 

 

The above equation is similar to Cinco Ley et al
4
 for single layer flow. Though equation (3.2.16) 

is masked by wellbore storage effect and is not observed practically, it shows that at very early 

time, the dimensionless wellbore pressure is influenced by the fracture property (  and 

not the formation. 
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Fully penetrating fractures: 

3.2.2 Bilinear flow regime 

At early time, when the fracture tip effects is not felt at the wellbore, fluid flows linearly and 

perpendicularly to the fracture face and linearly within the fracture. The dimensionless wellbore 

pressure in a fully fractured commingled reservoir is given by Bennett et al
1 

 

For homogenous reservoir RCD= 1and equation (3.2.2.1) becomes similar to Cinco Ley and 

Samaniego
4
 equation for single layer reservoir. 

Now, substituting the dimensionless variables into equation (3.2.2.1) yields 

 

The dimensionless reservoir conductivity  is determined by core analysis Bennett et al
1
 and 

is 1 for homogeneous single layer and less than 1 for heterogonous layers. 

Now, Let 

 

Equation (3.2.2.2) becomes 

Hence,  
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Taking the logarithm of both sides of equation (3.2.2.4) yields 

 

Equation (3.2.2.5) shows that a log-log plot of ȹP versus t yields a straight line of slope 0.25, 

which is a unique characteristic of bilinear flow. 

At t=1hr;  

(ȹP)BL1 =  (3.2.2.6),   which can be used with equation (3.2.2.3) to estimate the fracture 

conductivity as follows: 

 

For a single layer reservoir, RCD=1 and equation (3.2.2.7) reduces to what Tiab
5
 derived (see ref 

5 eqn 6 if ɤ=1 for homogeneous reservoir). 

Now taking the derivative of equation (3.2.2.1) with respect to time yields 

 

This equation is again similar to what Tiab derived for single homogeneous layer (  

Substituting the dimensionless variables into equation (3.2.2.8) yields 
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Taking logarithm of both sides of equation (3.2.2.9) yields 

 

Equation (3.2.2.10) also shows that a log-log plot of  versus t yields a straight line of 

slope 0.25, which is a unique characteristic of bilinear flow. 

At t=1hour, equation (3.2.2.10) becomes 

 

Now, comparing equation (3.2.2.11) and (3.2.2.9), at t =1 hour; 

 

The fracture conductivity is computed using equation (3.2.2.11) as  

 

Tiab has shown that the fracture conductivity, in the absence of the bilinear flow regime, can be 

estimated as 

 

Equations (3.2.2.13) and (3.2.2.14) give the estimated average fracture conductivity of the entire 

fractured layers and do not yield the fracture conductivity of each layer. This is because the 

bottom-hole flowing pressure is sensitive to the total system 
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It is observed that the introduction of the dimensionless reservoir conductivity,   into 

equation (3.2.2.13) distinguishes a multilayered reservoir from single layered reservoirs. 

3.2.3 Formation Linear flow 

When the fracture tip effect is felt at the wellbore, the flow in the formation is parallel to the 

fracture face. The dimensionless wellbore pressure in a fully fractured commingled reservoir is 

given by Bennett et al
1
, 

 

Substituting the dimensionless variables into equation (3.2.3.1) yields 

 

Let 

 

Hence, from equation (3.2.3.2) 

 

Taking the logarithm of both sides of equation (3.2.3.4) yields 

 

A slope of 0.5 is obtained from equation (3.2.3.5), which is a unique characteristic of a linear 

flow regime. 
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At t=1hour, equation (3.2.3.5) becomes 

(ȹP)L1 =  é(3.2.3.6), which can be used with equation (3.2.3.3) to estimate the fracture half 

length as follows: 

 

Now taking the derivative of equation (3.2.3.1) 

 

Substituting the dimensionless variables into equation (3.2.38) yields 

 

Let 

 

Again,  depicts a layered reservoir in equation (3.2.3.10) 

Substituting equation (3.2.3.10) into (3.2.3.9) and taking logarithm of both sides of the result 

yields, 

 

A slope of 0.5 is obtained indicative of a linear flow.  

The fracture half length is given by, at t = 1hr 
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Tiab has shown that the half fracture length, in the absence of the linear flow regime, can be 

estimated as 

 

Equations (3.2.3.12) and (3.2.3.13) give the estimated average half fracture length of the entire 

fractured layers and do not yield the fracture half length of each layer. This is because the 

bottom-hole flowing pressure is sensitive to the total system 

3.2.4 Pseudo-radial flow 

During this flow regime, fluid flows radially in both fractured and unfractured layers, hence the 

radial diffusivity can be used to model such a reservoir. 

 

 

 

 

 

if all the layers are fractured 
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  for two layered reservoir of which one is fractured. 

J.L. Johnston and W.J. Lee
8
 have shown that the layer dimensionless pressure (also shown in 

appendix A) during the pseudo-radial flow in commingled reservoir is given by 

 

 reflects the heterogeneity of the reservoir; since each layer is homogeneous (but have 

different properties from other layers);  

 

Hence, equation (3.2.4.7) becomes 

 

Upon inversion, 

 

is the dimensionless pressure of layer j. 

Equation (3.2.4.11) is the line source solution of layer j in commingle reservoir. 

At the wellbore , and equation (3.2.4.10) reduces to 

 

The logarithmic approximation to equation (3.2.4.11) during the pseudo-radial flow is  

  

Substituting the dimensionless variables yields into equation (3.2.4.12) 

 

 

 




