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Abstract

The theory of analytic functions plays a central role in operator theory. It has been a source of methods,
examples and problems, and has led to numerous important results. Weighted shifts (which we shall
see in the sequel) have been studied with analytic function theory approach.

In this thesis, inspired by the work A. L. Shields, we give excellent exposition of an interplay between
weighted shift operators and analytic functions. Essential ingredients of the considerations therein were
viewing a weighted shift operator as "multiplication by z” on a Hilbert space consisting of formal
power /Laurent series and showing that the structure of this space is in fact analytic. This enabled
using multiplication operators and bounded point evaluations, tools known to be very powerful in variety

of problems in operator theory.
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CHAPTER 1

Preliminaries

In this chapter, we will give definition of some terms and results of interest used in the thesis.

1.1 Definition of terms

Along this text, we denote by H a Hilbert space and by L(H), the algebra of all bounded linear
operators defined in H. For an operator T' € L£(#), we denote by R(T), N(T), D(T) and T™ the range
of T, the kernel of T, the domain of T' and the adjoint operator of T respectively. Let M # () be a
subset of H. we denote the orthogonal complement of M by

M+ = {y € # such that (z,y) = 0 for every x € M}.

Given a subset A in H, we set span(A) for the smallest vector subspace of H containing A and
vect — T(A) for the span of the set {T"z,n > 0 and = € A}.

Definition 1.1.1 (Normed algebra, Banach algebra) A normed algebra N is a normed space
which is an algebra such that for all f,g € N,

Ifgll < A1l

and if N has an identity e,
llell = 1.

N is commutative if the multiplication is commutative, that is, if for all f,g € N, fg = gf. A

Banach algebra is a normed algebra which is complete, considered as a normed space.

Example 1.1.2 The Banach space of all bounded linear operators on a complex Banach space X # 0

18 a Banach algebra with identity I and multiplication defined by composition of operators.

Definition 1.1.3 (Spectrum, Resolvent, Spectral radius of an operator) Let A € H.
The spectrum, denoted by A(A) is a nonempty and compact subset of C defined by

A(A) ={A e C: A— X is bijective from H to H}

1



1.1. DEFINITION OF TERMS 2

and the resolvent set denoted by p(A), is the complement of the spectrum, i.e.,
p(A) = C\A(4)
The spectral radius of A is defined by
r(A) =sup{|A| : A € A(4)}.

If A € B is invertible then )
A(A_l) = {/\ A E A(A)} = [A(A)]_1

and so

(r(A1) " = inf{|A| : A € A(A)}

In this case, A(A) lies in the annulus [r(A71)]7! < |z| < r(A).
We now define the different parts the of spectrum of an operator. We proceed with the following

definition and give some characterizations.

Definition 1.1.4 (Bounded Below, Lower Bound) Let A be an operator on the Hilbert space H,
then A is bounded below if there exists € > 0 such that

IAfIl = ell Il for all f € H.
The lower bound of A denoted by m(A) is defined
m(A) = inf{|[Af] - £l = 1}.
Remark 1.1.5 (i) W|Af|| > m(A)|f|, for all f € H

(i) It is easy to see that if |\ < m(A), then A — X is bounded below.

(iii) If A is bounded below, then m(A) > 0.

11 15 tnvertible an ~ " 18 bounded, then m = 75— Indeed,
w) If A is i bl d A7 is bounded, th A HAlHIdd

IATY| = sup {||A7"gl| : g € R(A) and ||g|| =1}

1Al
= Efl o e man o1
o {1

= Epf 7 e o\ o1}

i
= {fligy /€ P 1)
1

:sup{”Af”:fED(A) and || f]| = 1}
1 1

" f{[Af[[: f € D(A) and |[f[ =1} ~ m(A)’




1.1. DEFINITION OF TERMS 3

(v) If A and B are two bounded below operators on H, then
m(AB) > m(A)m(B).
Proposition 1.1.6 Let A be an operator on H. Then the sequence {(m(A™))w },, converges with limit
supn(m(A"))%.
Proof: Fix k € N. For all n, n = kq,, + r, := kq + r where 0 < r < k. By Remark (1.1.5),

n—r

m(A™) > m(AF)m(A") > m(A*)Im(A") = m(AF)F m(A").
Taking the n—th root of both sides and then lim inf of both sides as n — 0o, we obtain

lim inf m(A”)% > m(Ak)%.

n— oo

Since k is abitrary, this holds for all k. Thus m(Ak)% is bounded above and has a supremum and

hence

n—oo

(1.1.1) liminfm(A”)% > sipm(Ak)%.
Again, from Remark (1.1.5), for all n
m(A%") 7 > m(A")w.
Taking supremum of both sides over n and then lim sup of both sides over n, we obtain

(1.1.2) supm(A™)= > lim sup m(A™)7 .

n

Combining (1.1.1) and (1.1.2), we obtain our result. ]

Using similar approach, by noting that r(AB) < r(A)r(B), one can show that
. ny L
rp(A) = lim [lA™]|

We denote lim,, o0 (m(A™))= by r1(A).
Remark 1.1.7 Following Remark (1.1.5), if A is invertible, then r(A~Y) = ﬁ.
Lemma 1.1.8 Let A be an operator on H then A is invertible if and only if A is bounded below and
has a dense range.

We may now classifying the parts of the spectrum of an operator using Lemma (1.1.8). Conse-
quently, if A € A(A), let M(A) denote the set of complex numbers A such that A — AI is not bounded
from below, and T'(A) the set of complex numbers A such that CI(R(A — X)) € H, then

A(A) = N(A) UT(A).

The set M(A) is called the approximate point spectrum of A. An important subset of the approx-

imate point spectrum is the point spectrum/eigenvalues My(A); a number A belongs to My(A4) if
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and only if there exists a nonzero vector f such that Af = Af. Such a vectorf is then called an eigen
vector associated with the eigen values .
The set T'(A) is called the compression spectrum of A.

Proposition 1.1.9 The following are equivalent:

(i) X € M(A).

(ii) There exists a sequence {fn}n of unit vectors such that ||(A — X) fa|l — 0.
(i3) m(A—XI)=0

Proof: (i) = (ii). A € M(A) means A — Al is not bounded below. Thus for all n > 0, there
exists {gn }» such that

1
A= XNgnll < =|lgnll-
(A = Vgl < =g
Dividing through by ||g.|| and letting n — oo we obtain (i7)
(#9) = (@ii). Consider the set

D:={a:|[[(A=ADf]| > a|f| for all f} CR.

Clearly 0 is a lower bound of D. Combining this result with (i7), we obtain (4i7).
(#i1) = (). We proceed by contrapositive. Suppose A ¢ M(A), then A — AT is bounded below. Thus
Je > 0 such that

[(A=AD)fl| = c|[f]| forall f.

Taking infimum over all f with unit norm, we obtain m(A4 — AI) > ¢ > 0. [ ]
Definition 1.1.10 (Weighted Shift Operator) An operator T on the (complex) separable Hilbert
space M is said to be a weighted shift operator if there is some orthogonal basis {e,}n and weight

sequence {wy }, such that

Te, = wpent1, for all n.

T is unilateral if n runs over N and bilateral if n runs over Z.

Remark 1.1.11 (i) We require H to be separable to guarantee the existence of a countable or-

thonormal basis e, for H.

(i) It is easy to see that ||T|| = sup,, |wn|. In particular, T is bounded if and only if {wn}n is
bounded.

(ii3) T is injective if and only if none of the weights is zero. Indeed, x € ker(T) = 0 if and only if

Ty = T(Z Qapen) = Z a,T(en) = Z QpWpent1 =0,
if and only if
anpw, =0, for alln

It follows that
N(T) = span{e,, such that w, =0}
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An operator A on an n-dimensional Hilbert space n < o is called finite-dimensional weighted

shift if there are numbers {31, 82, ..., Bn—1} and orthonormal basis {ej, ea, ..., e, } such that

Ae; = Biei_H (l < ’I’L)
Ae,, = 0.

Such an operator is nilpotent with degree n if none of the /s is zero. If T is unilateral and finitely
many weights are zero then 7T is a direct sum of a finite-dimensional weighted shifts and an infinite-
dimensional injective weighted shift. If infinitely many weights are zero then T is the direct sum of an
infinite family of finite-dimensional weighted shifts.

If T is a bilateral shift with one zero weight (say wq), we ill see below that T is is a direct sum of a
unilateral shift (on the space spanned by {ej}x) and the adjoint of a unilateral weighted shift (on the
orthogonal complement). If additional weights are zero, there is a further direct sum decomposition

as the unilateral case.

Definition 1.1.12 (Diagonal Operator) Suppose that H is a separable Hilbert space, and that {e,}
is an orthonormal basis for H, an operator D is called diagonal if De, = ane, for some family of

scalar numbers ap,. The family {ay} may be called the diagonal of D.

Remark 1.1.13 A weighted shift operator can be seen as the product of a standard shift (one-sided
or two, with w, = 1) and a compatible diagonal operator. That is, W = SD where S is a shift

(Sen = €nt1)-

Definition 1.1.14 (Unitary operator) An operator U on H is said to be unitary if U is bijective
and U* = U1,

It is easy to see that a diagonal operator D is a unitary operator on H if and only if |«,,| = 1. That
is,
D*e,, = D7 'e, = a,.
Definition 1.1.15 (Unitary equivalence) Let A and B be operators on H. A and B are said to be

unitarily equivalent if there exists a unitary operator U on H such that
A=U"BU and B=UAU~

Thus we say the operators A and B are ”abstractly identical”. That is, there is never any loss of

generality in restricting attention to either of the operators in place of the other.

Remark 1.1.16 Two unitarily equivalent operators A and B on H have the same spectrum. Indeed,
for every A € C
A— XN =U*BU — X[ =U"(B- AU

So B — A is invertible iff A — X\ is invertible, which leaves A(S) = A(T).

Definition 1.1.17 (Commutant) Let U C L(H) then the commutant of U denoted by U’ is the set

of all operators in L(H) which commutes with every operator in U.
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1.2 Elementary properties of Weighted Shift Operators

Proposition 1.2.1 Suppose that {w;}; is bounded, then | T"| exists and
T = stl}p |wiw; 1. Witn—1|,n=1,2, ...

Proof: From definition of T' we get
(1.2.1) T"e; = (WiWig1.. . Witn—1)€itn for all i
and thus the result follows. ]
Proposition 1.2.2 Let T be a bilateral shift then

m(T") = irilf [Wio Wign_1] n=1,2,..
Proof: This also follows from Equation (1.2.1). ]
Proposition 1.2.3 IfT is a bilateral weighted shift then

T e, = Wp_16n_1 for alln

If T is a unilateral weighted shift then

T ¢, = Wy_16n_1 for alln >1

T*eo =0

Proof: For all n and m,

and the result follows. ]

Now, we consider weighted shift operators S and T" on H with respect to the same orthonormal
basis {e,} and weight sequences {v,} and {w,} respectively. Let A be an operator on H, we define

the matrix associated to A by [a; ;] = [(Ae;, e;)]. We give the following proposition:

Proposition 1.2.4 (a) If S and T are unilateral shifts, then AS = TA if and only if

ViGiq1,j+1 = Wi 5 for all i,5 >0

vjag,j+1 =0 for all 5 >0

(b) If S and T are bilateral shifts, then AS = TA if and only if

Vji41,54+1 = WiQ4 5 fOT’ all Z,] Z 0
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Proof: We prove (a). For all i, 7,

(ASej, eit1) = vj(Aejt1, €i41) = Vj@i41,5+1
W; Qg 5, if 4 2 0

(TAej,eir1) = (Ae;, T eir1) = e
0, ifi+1=0

and the result follows. [

The following theorem gives a characterization for two injective weighted shifts S and T to be

similar (the existence of invertible operator A such that AS = T A).

Theorem 1.2.5 (a) Let S, T be injective bilateral weighted shifts with weight sequences {v,}, {wy,}
Then S and T are similar if and only if there exists an integer k and positive constants C and
Cy such that

Wh+m---Wk+4n

0<Cy < | < Cy for allm < n.

m---Un

(b) Let S, T be injective unilateral weighted shifts with weight sequences {v,}, {w,} Then S and T

are similar if and only if positive constants C1 and Cy such that

0< 0y < |20 < 0y for all .
v9o...Un

In both of these cases, the operator A that implements the similarity can be chosen so that

max(|A], 471 ) < max(Ca, 7).

Recall that T' is a contraction if ||T|| < 1 and is power bounded if there exists a ¢ > 0 such that
IT™|| <e¢, n=1,2,.... It is clear that every operator that is similar to a contraction is power bounded.
The converse has motivated several authors in the last century and has been negatively resolved after
numerous investigation. From the previous theorem, we have the next positive answer for weighted
shifts. The proof can be seen in page 55, [Shields, 1974].

Corollary 1.2.6 If T is a weighted shift operator and power bounded, then T is similar to a contrac-

tion.

Proposition 1.2.7 (a) If S, T are two unilateral weighted shifts with weight sequences {v,}, {wy},
and if

|vn| = |wn|, for all
then S and T are unitarily equivalent. The converse is true if S and T are injective

(b) If S, T are two bilateral weighted shifts with weight sequences {vy,}, {wn}, and if there exists an
integer k such that

[un| = |wntkl, Vn
then S and T are unitarily equivalent. The converse is true if S and T are injective.

Proof: We prove (a). We take our required unitary operator to be the diagonal operator D = {\,, },

which we shall find constructively.
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Now, assume that T'D = DS. Applying e, to both sides we have,
WpAp = UnAnt1, for all n.

Set A\g = 1. If v, £ 0, put A1 = (Wn/Vp)An. If v, = 0, then w, = 0 since |v,| = |w,|. Thus, put
An+1 = 1. The result is a sequence A of complex numbers of modulus 1. The steps leading to this
sequence are reversible. Given the sequence {\,}, let it induce a diagonal operator D; we note that
since |A,| =1 for all n, the operator D is unitary; and, finally, note that since T'De,, = DSe,, for all

n, the operator D transforms .S onto 7. [

Corollary 1.2.8 T is unitarily equivalent to the weighted shift operator with weight sequence {|wp]|}.
Corollary 1.2.9 If |c| =1, then T and cT are unitarily equivalent.

From now, on we shall assume that T" has no zero weight that is T is injective. Due to the previous
corollary, it suffices to say T is a weighted shift operator with real weight sequence {w,}, w, > 0 for

all n.

Remark 1.2.10 With the restriction that w, > 0 for all n, the unilateral shift operator is never

invertible but the bilateral shift can be. To see this, we use the following.

Lemma 1.2.11 For any subset M # () of a Hilbert space H,
1. M* is a closed invariant subspace
2. (M*)* = span(M)
3. the span of M is dense in H if and only if M+ = {0}.

Now, let T' be a unilateral weighted shift. We observe that ey € M+(R(T*)). Thus, R(T*)) is a
proper subset of H and hence T* is not inverible (infact not surjective). This implies that T is cannot

be invertible.

Example 1.2.12 The bilateral weighted shift with weight sequence {mﬁ

} is tnwvertible with in-
nez

, . 1
verse having weight sequence ||+ .
In]+2 neEZ

1
Wn

We shall see that a bilateral weighted shift is invertible if and only if { } . is bounded.
ne

1.3 Weighted sequence spaces

Definition 1.3.1 Let {f,}. be an orthogonal basis for H, an operator T is said to shift this orthogonal
basis if
Tfn = fn+1-

We now give the following useful characterization which allows us represent weighted shift operators

as ordinary shift.

Proposition 1.3.2 T is a weighted sift operator if and only if it shifts some orthogonal basis {fn}.
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Proof: Given T, unilateral with weight sequence {w,} and orthonormal basis {e,, }, define

fn = wo.. wp_1€,, forn>1

fo=eo

For the bilateral case for n < 0, define

€n

fn:

WpWp41-.-W-1

then T shifts {f,}.
If T shifts some orthogonal basis {f,}, define for all n

ot o, = Wil
1 fnll [ fnll
then T is weighted shift operator. ]

Let f be an analytic function about zero. We denote f = { fn}. Let {8, }n be a sequence of positive
numbers such that 8y = 1. We define the following Hilbert spaces of formal power series and formal
Laurent series by
Hz(ﬁ) = {{fn}neN : Z |fn|26721 < OO}
neN

and

Lg(ﬁ) = {{fn}nez : Z |fn‘25,’21 < oo} respectively,

nez

endowed with the inner product

(f,9) =Y fndubr

LAl =D 1 fnl?82.

Whenever we do not wish to distinguish either of the spaces, we denote H.

and norm

This heuristic expression of members of H as formal power (Laurent) series suggests a multiplicative

and analytic structure which have significant relationship to the weighted shift operator T'.



CHAPTER 2

Multiplication Operator and The Commutant

2.1 Multiplication Operator

A weighted shift operator could be viewed as "multiplication by z” on a Hilbert space of formal
power series or formal Laurent series. This point of view was taken by R. Gellar in [Gellar, 1968],
[Gellar, 1969b] and [Gellar, 1969a] where he considered much more general spaces. Further exposition
was done by N.K. Nikol’skii [Nikol’skii, 1968], and S.Grabiner [Gellar and Herrero, 1974].

We define the linear multiplication operator M, on H as follows
M.f(z2)=2x ) faz" = faz"

For the formal Laurent series case, (]\/fz ), = fn,l for all n, while for the formal power series case,
(sz)n = fp—1 forn >1, (sz)o =0.

Tt is easy to see that {f,(z) = 2"}, is an orthonormal basis for H with || f,|| = B,. Furthermore, M,
shifts the orthogonal basis {z"},; for each n, M, f, = 2" = f, 1

Remark 2.1.1 M., need not be bounded. Consider B3, = v/n!, then || M. f,| = (n + 1)| fall

Following Proposition 1.3.2, we have that M, is unitarily equivalent to an injective weighted shift

operator with weight sequence.

(2.1.1) =W nnll B

TR T B

Conversely, every weighted shift operator is unitarily equivalent to M, acting on H with 5, given by

wg...Wp—1 ifn>0
Bn=11 ifn=0

ifn<0

W—-1...W_np

10
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Proposition 2.1.2 M, is bounded if and only if ﬂ;;l is bounded and
J

Bi+

[|M2| = sup [ } , n=0,1,2..
J
Proof: Since M, is unitarily equivalent to T' with weight sequence {w,},, as given above, this

follows from Proposition 1.2.1. [

Proposition 2.1.3 Let T be a bilateral weighted shift (represented as M, on L?(B)). T is invertible

if and only if {wi = 5’87:1}7: is bounded. Furthermore, T~' is a bilateral weighted shift. In this case,

(21.2) 77" = sup =
J Bn-&-j

ﬁj o [mf BnJrj
J

—1
. n=0,1,2,..
Bj ]

Proof: Suppose {wi} is bounded. Then the operator S defined by Se, = L_¢,_iforallneZ

n—1

is well defined. We see that T'S = ST = I. This implies T~ exists and equals S. Moreover, S is a

bilateral shift operator: Sv, = s,v,y1, where v, = e_,, and s, = w,(l e Thus T-! is a bilateral

weighted shift operator. By Proposition 1.2.1, and equation 2.1.1, we obtain equation 2.1.2.

Conversely, suppose that T' is invertible. Then M, is invertible. Since M, f, = fn+1, we have
M1 f, = fn_y for all n. Let f, = f_,. We see that M shifts the orthogonal basis {f,}. Thus we
may represent 71 as a multiplication by z on L2(8') where 8, = || f.|| = ||f=n|l = f—n and thus m

2.2 Classical examples
Let D denote the open unit disc
Example 2.2.1 (Unweighted Hardy shift)
_ _ o2y _ri. P2
wy=1= By =1=Hg=H*D) =4 f={fu}: > Iful> <oo
n>0

Example 2.2.2 (Weighted Hardy shift)

n>1

In the examples above, we define the Hardy shift on M, on Hg by the multiplication operator

M. f(z) = zf(2).

Example 2.2.3 (Bergmann shift, [Giselsson, 2012]) Let £ be a Hilbert space and let n € N. We
denote by

R N 1
An(&) =4 f(z) = kazk, zeD: Z 1Fk )1 i e < 00 where pu = W

k>0 k>0 k
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The Bergman shift operator is the operator S, on A, (E) is given by multiplication by the complex

coordinate:
Snf(z) =zf(z),z € D.

Example 2.2.4 (Dirichlet shift, [Richter and Sundberg, 1994]) The Dirichlet space D is de-
fined as the space of all analytic functions f = {f,} on D which have a finite Dirichlet integral

()= [[ 1@k,

Here dA(z) = Lrdrdt denotes the normalized area measure on D.
The Dirichlet shift (M, p) is the operator of multiplication by z on D.

2.3 The commutant

The commutant of a weighted shift operator was first described by R. L. Kelley [Kelley, 1966, p. 5.
The more useful description of the commutant (of a bilateral shift) as a space of formal Laurent series
occurs in Gellar [Gellar, 1969b).

We adopt the following notations as suggested by Gellar [Gellar, 1974], and A. L. Shields [Shields, 1974].

H>®(8) = {¢ = {dn}nen : 0H*(B) C H*(B)}

and

L¥(8) = {¢ = {dn}nez : 6L*(B) C L*(B)}

where ¢ H means the multiplication of formal power (resp. Laurent) series ¢ f for all f € H.

With {f,(z) = 2™}, as an orthonormal basis for H, we give the following remarks.

Remark 2.3.1 (i) Since ¢fo = ¢ for all formal power (resp. Laurent) series, L>(3) C L*(3) and
H>(B) C H*(B)

(i) For all € H and n,m,

(2.3.1) (fm®, fu) = Gn-mB2

Let ¢ € H, we denote the operator of multiplication by ¢ on H by My. We give the following

propositions.
Proposition 2.3.2 My is a bounded linear transformation.

Proof: It is clear that My is linear. Let the matrix associated with Mg be A. Then given the

orthogonal basis {fy}, and from equation 2.3.1, for all 4, j,

(Mg f;, fi) bi—i3?

For the formal power series case, a; ; = 0 for i < j. Using the fact that an everywhere defined matrix

transformation is bounded [Cohen and Dunford, 1937], we conclude that M, is bounded. [ ]
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Proposition 2.3.3 Both H>® () and L (8) are commutative algebras.

Proof: Let ¢,¢ € L>°(f). Denote the matrix of transformation of My and My by [a; ;] and [b; ;]
respectively. The product operator MyM,; is thus given by the product of the matrices [a; ;][b; ;] with

Cij = E i by j-
k

This sum converges due to the boundedness of My and M, and the result from Cohen and

entries

Dunford (since the product of bounded maps is bounded).
But

D ainbr; =Y biktij = dthi_j1 = (o) — j)
k k l
which by equation 2.3.2 is precisely the ¢, j—entry of the matrix associated with My,. Thus
M¢¢,H = ngMwH = M¢(M¢H) - M¢H C H.

This gives ¢y € H. Hence H is a commutative algebra.

Following the same process, we also have that the product of the matrices [b; ;][a; ;] with entries
dig = (G0 — ). .
From Proposition 2.3.2, we have that || M| exists. We shall use the following notation for norm of
M,

(2:3.3) 1My = [[#]]oo

We now give a characterization of the commutant of M, on H

Theorem 2.3.4 (a) Let A be an operator on H?(B) that commutes with M,, then A = M,, for
some ¢ € H?(B).

(b) Let A be an operator on L*(3) that commutes with M, then A = M,, for some ¢ € L?(3).

Corollary 2.3.5 Both H*(3) and L () are complete in the norm given by 2.3.3.



CHAPTER 3

The Spectrum of Weighted shift operator

Here we investigate the parts of the spectrum of the weighted shift mostly due to R. L. Kelley
[Kelley, 1966]. However, the exposition on the approximate point spectrum was done by W. Ridge
[Ridge, 1970]. Independently, N. K. Nikolskii [Nikol’skii, 1968] identified the eigenvalues of an injective
bilateral shift.

From now on we assume that T is a bounded weighed shift operator. From corollary 1.2.9 and the
fact that unitarily equivalent have the same spectrum, we get that the spectrum of a weighted shift
operator has circular symmetry about the origin: If A is in the spectrum of T" and if |c| = 1 then ¢\ is
in the spectrum of ¢I" and hence in the spectrum of 7.

We now investigate on the spectrum of T'. First off, the unilateral case.
Theorem 3.0.1 Let T be a unilateral weighted shift. Then the spectrum of T is the disc |z| < r(T).

Proof: It is known that
ANT)Cc{AeC: A\ <r(T)}.

To prove the converse, it suffices to show that the resolvent set of T is the punctured disc |z| > r(T).
T can be represented by M, on a corresponding H?(3). Let A\ € p(T). Then (T — I\)~! exists.
Now,

T(T—1)N""=

Thus, (T'— IA)~! is commutative with 7" and hence can be represented by an operator My on H?(3)
for some formal power series ¢ € H*°(3). That is, M, = (M, — I\)~%.
Applying fy to both sides,

My fo = (M. = I\ fo.

14
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Thus we obtain,

(z=Ao(z) =1

From which by computation (comparison of coefficients), we find that ¢, = (—=1)/ A"+ for all n > 0.

Let k,m € N. From equation 2.3.1 we have

‘$k5£+m| = |<M¢fmafm+k>| < HMd)Hﬂmﬂk-&-m-

Hence,

Brem _ 1Mo

< SRR = || M [
Bim |ox

So,

Br+ [ M|

) =sup | P | < el g vy paaie
m m ||

By taking k—th root and letting k — oo yields r(T') < |A| or |A| < 7(T). In fact, strict inequality must

holds since, by circular symmetry, the entire circle |A\| = (T) is in the spectrum. Thus we obtain our

result. ]

‘We now consider the bilateral case.

Theorem 3.0.2 (a) If T is an invertible bilateral weighted shift, then the spectrum of T is the
annulus [r(T~H]71 < |z| < r(T).

(b) If T is a non-invertible weighted shift, then the spectrum is the disc |z| < r(A).

Proof: Since T is invertible, it is known that
AT)Cc{NeC:[r(T™H] ' <N\ <r(D)}.

To prove the converse, we follow in similitude the method used in the previous theorem.
Let A € p(T) then (M, — IX\)~! is represented by My for some ¢ € L>(3) and so we obtain

(z=MN)¢(z) =1 that is (z — A) Z bnz".
From which by comparing of coefficients, we get

b1 — Ao =1
(3.0.1) Mgy, = b
b1 =MNgp_ 1, k>0

When k = A = 0 we take \*¥ = 1. By equation 2.3.1, and equation 2.1.1,
|0kl Brsk = (Mg fons Frntr) < I Malll| fnll ik | = (1M B B for all ki, m
That is,

(3.0.2) |6k Bt < | M| B for all k,m
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We consider the following cases:

Case 1. ¢o # 0. Multiplying 3.0.2 by |A|* and applying 3.0.1 we obtain
|60|Bmsr < INF||My||Bm for all m and k > 0.

So that,
Bt/ B < [M*(|Mg]l/ |0

So,
M2 = SUD[Btm/ Bm] < [ M ] /|

By taking k—th root and letting k¥ — oo yields 7(T') < |\|. Equality is excluded since by circular

symmetry, the entire circle |A| = #(T) is in the spectrum.

Case 2. g£_1 # 0. In equation 3.0.2, let k = —n, n > 1, we have

‘é)—n|ﬁm—n < ||M¢||ﬂm for all n,m.

Applying the last equation in equation 3.0.1, we obtain

A" 1|Bm—n < [|My]|Bm for all n,m.

Setting n = 1, recalling that we take 0° to be 1, we obtain that ﬁg‘l is bounded for all m

implying from Proposition 2.1.3 that T is invertible.
Furthermore, for n > 1, A" 1é_1| < |[Myl|Bm/Bm_n. Taking inf over m of both sides and

recalling 2.1.2, we obtain

Brm
5m—n

AP < gl it | 2| = gz

Taking the n-th root of both sides and letting n — oo, we obtain |A| > [r(T~1)] 1.

From the first equation in 3.0.1, we see that given A, at least one of these Cases must occur. If
T is invertible then 7! exists and thus the two Cases yield the desired result (a). If T is not
invertible then only Case 1 holds and thus (b).

3.1 The approximate point spectrum of Weighted shift oper-

ator

Proposition 3.1.1 Let T be a weighted shift represented as M, (on H*(B) or L*(3)) then

m(T") = inf Pictn form=1,2,...
ko Bk

3=

Thus, 71 (T) = lim,— 00 [infk B’B%}
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Theorem 3.1.2 ([Ridge, 1970], p. 350) Let T be a unilateral weighted shift. Then M(T) = {\ €
C:r(T) <A <r(T)}

For the bilateral shift case, we shall use the following notations.

1 1
+ o o Bt | " + s Brtj | "
0= fi [ 5| = i

1 1
r{(T) = lim |inf b . 7 (T) = lim |sup b .
n—oo [j<0 B_pyj <0 P—n+j

In the sense that the limits exists following the procedure used in Proposition 1.2.1.

We state the following:

Theorem 3.1.3 ([Ridge, 1970] p.352) If T is a bilateral shift and if r—(T) < r{ (T), then
NT)={ eC:rf <N <r Ju{reC:rf <\ <rt}

otherwise,
NT)={AeC:ry <\ <r JU{XeC:rf <[\ <rt)

3.2 The Point Spectrum of Weighted shift operator

If T is a unilateral shift with weight sequence {w,}, we define ro(T) by

ro(T) = linrr_1>i£f [wo...wn,l]% .

Theorem 3.2.1 Let T be a unilateral weighted shift. Then
(i) Mo(T) is empty.

(i)
(0YU{N e C: A <72(T)} C Mo(T*) € {A € C: |A| < r2(T)).

Furthermore, all eigenvalues of T are simple that is, of geometric multiplicity one.

Proof:
(i) Let A € C. It suffices to show that T'— I\ is one to one. Now, let f = > aye, such that
(T —IN)f =0, that is, Tf = \f. We get

E anwnem_l:g A, €,

n>0 n>0

From which we get

Aog =0,  apw, = Aapyq for all n > 0.

If A=0,Tf =0 implies f = 0 since T is injective.
If XA # 0, we get that a,, = 0 for all n > 0 implying f = 0.
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(ii) Let 0 # X € Mo(T™) with f =" ., ane, as a corresponding eigenvector. From T f = A f we

have

E anwn_len_lzg A, €y,.

n>1 n>0

And so, an 11w, = Aa, for all n > 0. Therefore

A/I'L
(3.2.1) Qp = W foralln > 1.
WoWi... Wn—1

We see that ag # 0 else a,, = 0 for all n. Also, f = «yg [eo +> —Aen | apd

n>1 wowi... wn_1

2

)\2n
(322) 11 = laol® {1+

n>1 (wowl ...’wnfl)

In this note, we take g = 1. So that by the Cauchy-Hadamard formula, 3.2.2 converges for

A < lirginf [wowl...wn,l]% = ro(T).

implying that Mo(T*) C{A € C: |A| < ro(T)}.

Conversely, since T*eg = 0, 0 € Mo (T*) and if |A| < ro then || f]| < co and so, f is an eigenvector of T*

corresponding to A\. And thus

{0} UN € C: A < ra(T)} € Mo(T7).

Furthermore, from 3.2.1, we see that the scalars a/,s of the eigenvector f is uniquely determined up

to a scalar multiple by the eigenvalue A. In other words, the geometric multiplicity of A is 1. Thus,

the eigenvalues of T* are simple.

If T is a bilateral shift with weight sequence {w,}, we denote

ry (T) = hr{ggf [wo...wn,l]% , ra(T) = lim_)sup [wo...wn,l]%

1

ry (T) = lim inf [w,l...w,n]% , 73 (T) =lmsup [w_q...w_,|™ .

n—o0 n—>00
Then r{ <7y, <ry <r~ andr <rf <rf <rt.
Theorem 3.2.2 Let T be a bilateral weighted shift. Then
(i) all eigenvalues of T and T* are simple.
(1) {r e Crif (T) <IN <5 (T)} € Mo(T) € {h € € (T) < N < 75 (T)).
(i) {N€C:r3 (T) < |\ <rf (T)} CMp(T*) C{AeC:ry(T) < |\ <rf(T)}.
(iv) at least one of Mo(T), Mo(T*) is empty.

Remark 3.2.3 (i) Ifry <73, then No(T) = 0; if i <13 then MNo(T*) = 0.

(ii) By circular symmetry, one of the containments in (i), and one of the containments in (i) must

be equality.
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Proof: Let A € My(T) with its corresponding eigenvector f = > «,¢,. Then we have from T'f = A\ f

g OpWplnt1 = Z Ay, €,.

nez nez
From which we obtain «,_qw,_1 = Aay, for all n. And so,

apowq... Wp—1 ao)\"
anzin, a,nziforalanL
A" W-1...W—p,

From this we that the eigenvalues are simple. Further calculations are reversible and so A € My(T) if
and only if the sequence {a,,} with oy = 1 is square summable. This leads to two power series, one in
A and the other in %,
radius of convergence.

and the result follows from Cauchy-Hadamard formula [Gamelin, 2003] for the

The case of T™ is also similar.
Finally, let A € Mo(T") and p € Mo(T*). We wish to show that at least one of these is impossible. By
what we have shown above, 74 (T) < |\ < ry (T) and r3 (T) < |u| < 73 (T). Since 7 < |\ <7y <

r3 < |pl < 7§ <rf, we have |\ = |u|. Also, an examination of the series which must converge shows
that
|wo-..wp—1]* 1>
Z IA2r < oo and Z o012 < 00,
n>1 n>1
which is impossible since |A| = |u]. ]

Proposition 3.2.4 (a) Let T be a unilateral weighted shift with weight sequence {wy}. If w, — d,
as n — oo then

r=ro=r3=r1r=d.

(b) Let T be a bilateral weighted shift with weight sequence {wy,}. If w, — d* as n — 400 and

w, — d~ asn — —oo then

Ty =1y =74 =7 =d, rf:r§:r§+r+:d+.



CHAPTER 4

Analytic structure

Let w € C. We denote the the functional of ”evaluation at w”, defined on polynomials by A, (p) = p(w).

Definition 4.0.1 (Bounded point evaluation) w is said to be a bounded point evaluation on H*(3)
if there exist ¢ > 0 such that

M) < cllplla  for all polynomials p,

where the norm denotes the norm on H?(f3).

We define My (f) to be f(w) for all f € H*(B).

By Riesz representation theorem, there exists k* € H?(3) such that
(4.0.1) Fw) =Xo(f) = (£,k*) = fukwps, forall f € H*(B).

We call k* the reproducing kernel of H?(f3) associated with w. Let n be fixed, by taking for f
frn=2"=3",8n2" on H%(B), we obtain

n

w' = 251"@53 — kwB2, implying kY = %

Thus, w is a bounded point evaluation if and only if

2n
e = e
n n

Note that if p and ¢ are polynomials then A\, (pg) = Ay (p)Aw(g). Holding p fixed, we have, for all
f e H*(B),

(4.0.2) Aw(pf) = Aw(P)Aw(f)-

We state the following theorem:

20
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Theorem 4.0.2 Let T be a unilateral weighted shift operator represented as M, on H?(B). Then
(i) w is a bounded point evaluation if and only if w € Mo(T™).

(ii) If w is a bounded point evaluation and if f € H?(B), then the power series f converges absolutely
at w to the value Ay (f).
Furthermore, the disc Ao(T) = {Jw| < ro(T)} is the largest open disc in which all the power

series in H?(B) converge.

(iii) If lw| < r(T) and if ¢ € H>®(B), then the power series ¢ converges at w and

|¢(w) < [ Mg]]]-

Furthermore, this is the largest open disc in which all the power series in H*(f) converge.

(iv) If € H*®(B) and f € H*(B) and w is a bounded point evaluation on H?(B)0, then Ay (of) =
Aw(P)Aw(f)-

(v) If w € Mo(T*), then k* is a common eigenvector for all operators commuting with T*.
MZE" = ¢p(w)k™  for ¢ € H(B).

(vi) If |lw| = ||T|| then w is not a bounded point evaluation.

(vii) If the power series ¢ represents a bounded analytic function in the disc |z| < ||T||, then ¢ €
H>(B) and
1My < sup{lo(2)] : [2] < 1T}

Proof: (i) Let w be a bounded point evaluation on H?(3). Then there exists k¥ € H?(3) such
that

Ao(f) = (f, k") for all f € H2(B).

Moreover,

(fs MZE") = (M f, kw)

= Aw(2f)

=M (2)A(f) {By (4.0.2)}

= w(f,k")

= (f, wk"™).
This implies that M k* = wk™. Thus w € My(T*). By circular symmetry of the spectrum, w €
Mo(T™).
Conversely, suppose that w € My (T™), again by circular symmetry, @ € Mo(T*), thus there exists k # 0

such that Mk = wk.
Define a bounded operator on H?(8) A(f) = (f, ck) for some ¢ # 0. Then,

AMzf) = (M- f, ck) = (f, M ck) = (f, cWk) = w(f,ck) = wA(f).
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We observe that if f,, = 2™, then A\(fn+1) = w™A(fo) for all n. fo # 0 else by Riesz representation
theorem, 0 = ||A|| = ||ck|| implying that k¥ = 0. Hence we may choose ¢ so that A(fp) = 1 so that
A(p) = p(w) for all polynomials and so w is a bounded point evaluation.

(i1) Let sn(z) = > p o fez® for n = 0,1, ..., be the partial sums of the power series of f converging
to f in the norm of H?(3). Then Ay (s,(2)) — Ao (f). Implying s, (w) — Ay (f). That is

Zfz” = A (f)-

The absolute convergence is a direct consequence of the following;:

From (i), w € Mo(T™*) and thus by circular symmetry |w| € Mo(T*) implying that that |w]| is a bounded
point evaluation on H?(3) and so we have convergence at |w| for all f € H?(3). And, if f € H?(f),
then the power series 3 |f,|2" € H2(3).

The second part follows using Cauchy-Hadamard formula by noting that the power series f defined by

fn= m is in H2(8) and has 7(T) = liminf,,_.[8,]" as its radius of convergence. m

Let G be an open subset of C. We denote by H>(G) the algebra of all bounded analytic functions
in G with the supremum norm. If G is a disc or annulus about the origin, we identify elements of
H>(G) with their corresponding power series or Laurent series.

Now, let w be a bounded point evaluation on H?(3). We denote by HZ(j3) the set of functions in
H?(B) vanishing at w. That is the kernel of ).

Given a linear space X, a proper linear subspace M is called a linear space of codimension one

if for a given z¢g € X \ M, every x € X can be represented as in the form
r=oary+y

where « is a scalar and y € M.

Lemma 4.0.3 The kernel of a linear functional that is not = 0 is a linear subspace of codimension

one.

Proposition 4.0.4 H2(j) is a closed subspace of codimension one in H?(3), and the polynomials in
H2(B) are dense in H2/(3).

Proof: The first part follows directly from the preceding lemma. For the second part, let f € H?(3)
and let {p,} be a sequence of polynomials such that p,, — f. This implies A\, (p,) — 0. Define a new
sequence of polynomials {g,} by ¢n = pn — Aw(pn). We see that for each n, ¢, € H2(3) and ¢, — f.
|

Proposition 4.0.5 Ifw is a bounded point evaluation, then (z —w)H?(3) is a dense subset of H2(3).
They are equal if and only if |w| < r(T).



CHAPTER 5

Applications of Analytic Structure

Here, we see some applications of the analytic structure of weighted shift operator. Other notable
examples and applications can be found in [Gellar, 1969b], [N. P. Jewell, 1979], [I. B. Jung, 2008],
[J. Stochel, 1989] and [Xia, 1983].

5.1 Equivalence of normed spaces

Let O be an open subset of C. We shall denote H*°(Q) as the algebra of bounded analytic functions

in O with the supremum norm.

Proposition 5.1.1 If r(T') = ||T||, then the normed algebras H>®(B3) and H®({z : |z| < ||T||}) are

equivalent.

Proof: This follows directly as stated in (4i7) and (vii) of theorem 4.0.2. ]

5.2 No Reducing Subspace

A closed subspace E of H is invariant under T, if T(E) C E and is said to be reducing provided that
it is invariant under 7" and T*.

Let X = E ® E+ and Pg be the orthogonal projection on E. E and E+ are invariant under T if and
only if PgT =T Ppg.

Proposition 5.2.1 Let T be a weighted shift operator. Then there does not exist any proper invariant
subspace E such that H*(B) = E @ E+.

Proof: The existence of such subspace would imply that from the analytic structure of a shift,
Pg = M, and since P2 = Py it will follow that ¢? = ¢ which says ¢ =1 or 0. [

23
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5.3 Non-existence of root in L(H)
Proposition 5.3.1 If T is unilateral weighted shift, then T has no nth root in L(H) for n > 1.

Proof: Suppose A™ =T, then A commutes with T. By the analytic structure of T, A = ¢. But

there is no formal power series ¢ such that ¢ = z for n > 1. [
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