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ABSTRACT

It is well know that many physically significant problems in different areas of re-
search can be transformed into an equation of the form

Au=0, (0.0.1)

where A is a nonlinear monotone operator from a real Banach space F into its dual
E*. For instance, in optimization, if f : B — RU {400} is a convex, Gateaux
differentiable function and z* is a minimizer of f, then f/(z*) = 0. This gives a
criterion for obtaining a minimizer of f explicitly. However, most of the operators
that are involved in several significant optimization problems are not differentiable.
For instance, the absolute value function = + |z| has a minimizer, which, in fact,
is 0. But, the absolute value function is not differentiable at 0. So, in a case where
the operator under consideration is not differentiable, it becomes difficult to know
a minimizer even when it exists. Thus, the above characterization only works for
differentiable operators.

A generalization of differentiability called subdifferentiability allows us to recover
the above result for non differentiable maps.

For a convex lower semi-continuous function which is not identically +oo, the sub-
differential of f at x is given by

Of(x) ={a" € B : (2", y —a) < f(y) — f(x) VyeE} (0.0.2)

Observe that 0 f maps F into the power set of its dual space, 2€". Clearly, 0 € 9f(x)
if and only if  minimizes f. If we set A = df, then the inclusion problem becomes

0€ Au

which also reduces to (0.0.1) when A is single-valued. In this case, the operator
maps F into £*. Thus, in this example, approximating zeros of A, is equivalent to
the approximation of a minimizer of f.

In chapter three and four of the thesis, we give convergence results for approxi-
mating zeros of equation (0.0.1) in L, spaces, 1 < p < oo, where the operator A

vi



Abstract vii

is Lipschitz strongly monotone and generalised ®-strongly monotone and bounded
maps respectively.

As remarked by Charles Byrne [23], most of the maps that arise in image recon-
struction and signal processing are nonexpansive in nature. A more general class of
nonexpansive operators is the class of k-striclty pseudo-contractive maps. In chap-
ter five of this thesis, we prove some convergence results for a fixed point of finite
family of k-striclty pseudo-contractive maps in C'AT(0) spaces. We also prove a
convergence result for a countable family of k-striclty pseudo-contractive maps in
Hilbert spaces in chapter six of the thesis.

Let © C R™ be bounded. Let £ : 2 x 2 — R and f : 2 x R = R be measur-
able functions. An integral equation of Hammerstein has the form

u(x) + /Q k(. 9) (4, u(y))dy = w, (0.0.3)

where the unknown function u and inhomogeneous function w lie in the function
space E. In abstract form, the equation (0.0.3) can be written in the form

u+ AFu=w (0.0.4)

where A: E — E* and F : E* — FE are monotone operators.

In general, every elliptic boundary value problem whose linear part posses a Green’s
function (e.g., the problem of forced oscillation of finite amplitude pendulum) can
be transformed into an equation of Hammerstein type. Thus, approximating ze-
ros of the Hammerstein-type equation in (0.0.4) (when w = 0) is equivalent to
the approximation of solutions of some boundary value problems. Hammerstein
equations also play crucial role in variational calculus and fixed point theory. In
chapter seven of this thesis, we give convergence results for approximating solutions
of Hammerstein-type equations in Lp spaces, 1 < p < oc.

In particular, we prove the following results in this thesis.

elet E =1L, 1 <p<2 Let A:FE — E* be a strongly monotone and
Lipschitz map. For z¢ € E arbitrary, let the sequence {z,,} be defined by:

Tpi1 = J Tz — May),n > 0,

where )\ € (0, 5) . Then, the sequence {z,,} converges strongly to z* € A~1(0)

and z* is unique.

o Let E=L,, 2<p<oo. Let A: E — E* be a Lipschitz map. Assume that
there exists a constant k € (0, 1) such that A satisfies the following condition:

(Az — Ay,z —y) > k|lo —y[ 77,
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and that A=1(0) # (). For arbitrary zg € E, define the sequence {x,} itera-
tively by:

Tpal = J_l(J$n — Muzy,),n >0,

where X € (0,6,). Then, the sequence {z,} converges strongly to the unique
solution of the equation Ax = 0.

o let F =1L, 1 <p<2 Let A:FE — E* be a generalized ®-strongly
monotone and bounded map with A~'(0) # (. For arbitrary z; € E, define a
sequence {x,} iteratively by:

Tpal = J_I(Jl'n —apnAzy), n>1,

where {a,}22, C (0,1) satisfies the following conditions: » 2, a;, = 0o and
>>° ;a2 < oo. Suppose there exists 79 > 0 such that if oy, <y for all n > 1.
Then, the sequence {x,}°°, converges strongly to a solution of the equation
Ax =0.

o let E =1Ly, 2<p<oo Let A:E — E* be a generalized ®-strongly
monotone and bounded map with A=1(0) # (). For arbitrary z; € E, define a
sequence {x,} iteratively by:

Tptl = J_I(an —apnAzy), n>1,

where {a,}22, C (0,1) satisfies the following conditions: » 7, a;, = oo and

ZZOZI af~' < oo. Then, there exists 79 > 0 such that if a,, < 79, the sequence
{zn}72, converges strongly to a solution of the equation Az = 0.

e Let K be a nonempty closed convex subset of a complete C AT'(0) space X. Let
T,: K - CB(K), i =1,2,...,m, be a family of demi-contractive mappings
with constants k; € (0,1),7 = 1,2,...,m, such that ()", F'(T;) # 0. Suppose
that T;(p) = {p} for all p € (), F(T;). For arbitrary z; € K, define a
sequence {x,} by

Tl = QoTn B 1y ® 02y B+ @ Ay, 0> 1,
where y! € Tyw,, i =1,2,...,m, ap € (k,1), a; € (0,1), i =1,2,...,m, such
that ;" oy = 1, and k := max{k;,i = 1,2,...,m}. Then, lim {d(zn,p)}
n—oo
exists for all p € (i F(T;), and lim d(zy,, Tiz,) =0foralli=1,2,...,m.
n—o0

e Let K be a nonempty closed and convex subset of a real Hilbert space H, and
T; : K — CB(K) be a countable family of multi-valued k;-strictly pseudo-
contractive mappings; k; € (0,1),¢ = 1,2, ... such that (.2, F(T;) # 0; and
sup;>1 k; € (0,1). Assume that for p € (;2, F(T;), Ti(p) = {p}. Let {z,}>2,
be a sequence defined iteratively for arbitrary zo € K by

00
Tptl = AoTn + Z )\zy}"m
=1
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where y, € Tizn, n > 1 and A\ € (k,1); Yo0g A = 1 and k := Sup;>1 ki
Then, im0 d(zp, Tizn) = 0,79 =1,2, ...,

e let F =1L, 1<p<2 Let F:E — E*and K : E* — E be strongly
monotone and bounded maps. For (ug,vp) € E x E*, define the sequences
{un} and {v,} in E and E* respectively by

Un+1 = Jﬁl(‘]un - an(FUn - Un))7 n > 0,

Un+1 = ng(‘]*vn - an(Kvn + un))7 n >0,
where {a,}22, C (0,1) satisfies the following conditions: » o2, a, = o0,

P
Yo a2 < oo.and Yoo el < oo, Wherg q is such that % —1—% = 1. Assume
that the equation u+ K Fu = 0 has a solution. Then, there exists 79 > 0 such
that if a;, < o for all n > 1, the sequences {u,}22; and {v,}7°; converge
strongly to u* and v*, respectively, where u* is the solution of u + K Fu =0
with v* = Fu*.

o Let =1L, 2<p<oo. Let F': E— E*and K : E* — E be strongly
monotone and bounded maps. For (up,v9) € F x E*, define the sequences
{un} and {v,} in E and E*, respectively, by

Upt1 = J_I(Jun — apn(Fuy, —vy)), n >0,

Vpi1 = J. W Jwvn — an(Kv, + 1)), n >0,

where {a,}52, C (0,1) satisfies the following conditions: > >, a,, = 00,
P

S a2 <ooand 0% ah! < oo. Assume that the equation u+ KFu =0
has a solution. Then, there exists 79 > 0 such that if o, < g for allm > 1, the
sequences {u,}5° ; and {v,}°°, converge strongly to u* and v* respectively,

where u* is the solution of v + K F'u = 0 with v* = Fu*.
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CHAPTER 1

General introduction

1.1 Some Motivation

The contents of this thesis fall within the general area of nonlinear functional anal-
ysis, an area which has attracted the attention of prominent mathematicians due
to its diverse applications in numerous fields of sciences. The contributions of this
thesis concentrate mainly on the following three important topics. Namely;

e Approximation of zeros of nonlinear monotone mappings in classical Banach
spaces.

e Approximation of fixed points of a finite family of k-strictly pseudo-contractive
mappings in CAT(0) spaces, and a countable family of k-strictly pseudo-
contractive maps in Hilbert spaces.

e Approximating solutions of Integral equations of Hammerstein-type with mono-
tone operators in Banach spaces.
1.1.1 Approximation of zeros of nonlinear mappings of monotone-
type in classical Banach spaces

It is well known that many physically significant problems in different areas of
research can be transformed into an equation of the form

Au=0, (1.1.1)

where A is a nonlinear monotone operator defined on a real Banach space E. Let H
be a real inner product space. A mapping A : D(A) C H — H is called monotone
if for each x,y € D(A), the following inequality holds:

(Ax — Ay, x —y) > 0,
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and is called strongly monotone if there exists k € (0, 1) such that for all z,y € D(A),
the following inequality holds:

(Az — Ay, —y) > kllz — y||.

Monotone mappings were studied in Hilbert spaces by Zarantonello [118], Minty
[83], Kacurovskii [69] and a host of other authors. Interest in such mappings stems
mainly from their usefulness in numerous applications. Consider, for example, the
following: Let f: H — R U {oco} be a proper convex function. The sub-differential
of f at x € H is defined by

Of (@) ={«" € H: f(y) - f(x) > (y —=,2") Yye H}.

It is easy to check that 0f : H — 2 is a monotone operator on H, and that
0 € Of(x) if and only if x is a minimizer of f. Setting Of = A, it follows that
solving the inclusion 0 € Awu, in this case, is solving for a minimizer of f. In a case
where the operator A is single valued, the inclusion 0 € Au reduces to equation
(1.1.1).

The extention of the monotonicity definition to operators from real Banach space
into its dual has been the beginning of nonlinear functional analysis as remarked
by Pascali and Sburian [91] as follows:

The extension of the monotonicity definition to operators from a Ba-
nach space into its dual has been the starting point for the develop-
ment of nonlinear functional analysis .... The monotone maps constitute
the most manageable class, because of the very simple structure of the
monotonicity condition. The monotone mappings appear in a rather
wide variety of contexts, since they can be found in many functional
equations. Many of them appear also in calculus of variations, as sub-
differential of convex funtions (Pascali and Sburian [91], p.101).

Unlike as in the case of Hilbert spaces, where the operator A maps H to H (in
this case H = H* by the virtue of Reiz representation theorem), in arbitrary real
Banach space E, the extension of monotonicity is split into two cases; a case where
A maps F to F in which A shall be called accretive, and the other case where A
maps F to E* (the dual of F) in which it retains its name as monotone.

Let E be a real normed space with dual E*. An operator A : E — FE is said
to be accretive if and only if V z,y € E, there exists j(z —y) € J(z — y) such that
(Az — Ay, j(z —y)) 20,

where J is the normalized duality mapping on E defined by

J(2) = {(@) € B ((a), x) = [l7(@)[ll=ll, [l7G)] = =]}

and is called strongly accretive if and only if there exists k € (0,1), and for each
x,y € D(A) there exists j(z — y) € J(x —y) such that the following inequality
holds:

(Az = Ay, j(@ — ) > kllo -yl
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An operator A : E — E* is said to be monotone if and only if
(Ax — Ay,x —y) >0V z,y € E.

and is called strongly monotone if and only if there exists k € (0,1) such that for
each z,y € E, the following inequality holds:

(Az — Ay,x —y) > kllz — y||.

In equation (1.1.1), setting T = I — A we obtain that zeros of A are precisely the
fixed points of the operator T (i.e., Au = 0 if and only if Tuw = u). In the case that
A maps F to E the operator T is called pseudo-contractive whenever the operator
A is accretive.

Accretive operators were introduced independently in 1967 by Browder [14] and
Kato [73]. Interest in such mappings stems mainly from their firm connection with
the existence theory for nonlinear equations of evolution in Banach spaces. For
accretive-type operator A, solutions of the equation Au = 0, in many cases, repre-
sent equilibrium state of some dynamical system. The examples below show how
some problems in applications can be transformed into an equation of the form
(1.1.1).

Evolution Equations: Consider the following diffussion equation
et x) = Ault,x) +glult,z)), t >0, z €Q,
u(t,x) =0, t>0, x €09, (1.1.2)
u(0,z) = wup(x), ug € L3(Q),
where €2 is an open smooth subset of R™.
By simple transformation i.e., by setting v(¢) = u(t,.), where
v: [0, +00) — L*(Q)
is defined by v(t)(x) = u(t,x) and f(¢)(x) = g(p(x)), where
fi L) — LX(Q),
we see that equation (1.1.2) is equivalent to
! — >
{10 = dte 00, 120 i
v(0) = up.

Setting f to be identically zero, at an equilibrium state (i.e., when the system
becomes independent of time) we see that equation (1.1.3) reduces to

Av = 0.
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Thus, approximatig zeros of equation (1.1.1) or equivalently fixed points of T', where
T =1— A, is equivalent to the approximation of solutions of the diffusion equation
(1.1.2) at an equilibrium state.

Optimization: Consider the following optimization problem:
find z* € F such that f(z*) < f(x) Vz € E, (1.1.4)

where f: E — RU {+00} is a map and F is a real normed linear space. It is well
known that if the function f is differentiable and z* exists, then f’(z*) = 0. This
gives a criterion for obtaining a minimizer explicitly. However, most of the operators
that are involved in several significant optimization problems are not differentiable
in the usual sense. For instance, the absolute value function = +— |z| has a minimizer,
which, in fact, is 0. But, the absolute value function is not differentiable at 0. So,
in a case where the operator under consideration is not differentiable, it becomes
difficult to compute a minimizer even when it exists. Thus, the above result only
works for differentiable operators.

A generalization of differentiability called subdifferentiability allows us to recover in
a sense, the above result for non differentiable maps.

Let E be a real normed linear space and f : E — R U {400} be a convex and
proper function (i.e., f is not identically co). Then, the sub-differential of f at z
denoted by df(x) is defined by

Of (@) = {2* € B*: (", y—a) < f(y) — f(@) YyeEY. (115

It is easy to see that 0 € df(x) if and only if x minimizes f. If we set A = Jf, then
the optimization problem (1.1.4) reduces to the inclusion problem

0€ Au

which also reduces to (1.1.1) when A is single-valued. In this case, the operator A
maps F into E*. Thus, approximating zeros of A, is equivalent to the approxima-
tion of a minimizer of f.

1.2 Approximation Methods for the Zeros of Nonlinear
Mappings of Accretive-type

We recall that in Hilbert spaces accretive and monotone operators coincide. A
monotone operator from a real Hilbert space H into itself is said to be maximal
monotone if R(I + AA) = H ¥V A > 0. For the approximation of zeros of maximal
monotone operators in Hilbert space, assuming existence, Martinet [82], introduced
the so-called proximal point algorithm which was further studied by Rockafellar [99]
and a host of other authors (see e.g., Reich [24, 94, 98], Ishikawa [80], Takahashi
and Ueda [108] ). Specifically, given x; € H, an approximation of a solution of
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(1.1.1), the proximal point algorithm generates the next iterate zx1 by solving the
following equation:

1 -1
k

where A\, > 0 is a regularizing parameter. If the sequence {\;}?°, is bounded from
above, then the resulting sequence {x}}7°, of proximal point iterates converges
weakly to a solution of (1.1.1), provided that a solution exists (Rockafellar [99]).
Rockafellar then posed the following question.

e Does the proximal point algorithm always converge strongly?

This question was resolved in the negative by Giiler [66], who produced a proper
closed convex function g in the infinite-dimensional Hilbert space Iy for which the
proximal point algorithm converges weakly but not strongly. This naturally raises
the following question.

e Can the proximal point algorithm be modified to guarantee strong conver-
gence?

Solodov and Svaiter [105] were the first to propose a modification of the proximal
point algorithm which guarantees strong convergence in a real Hilbert space. Their
algorithm is as follows:

Choose arbitrary 2° € H and o € [0,1). At iteration k, having 3 choose j; > 0
and find (yg, vx) an inexact solution of 0 € Tx+ puy(x —xy,), with tolerance o. Define

Cr = {z€H:(z—y"") <0},

Qr = {zeH:(z—2a"2"—2% <o}

Take
Tp41 = Poyng, (2°).

The authors themselves noted ([105], p.195) that “...at each iteration, there are
two subproblems to be solved...”: Firstly, to find an inexact solution of the prox-
imal point algorithm. Secondly, to find the projection of xz° onto Ci N Qj, the
intersection of the two half spaces. They also acknowledged that these two sub-
problems constitute a serious drawback in their algorithm. This method of Solodov
and Svaiter is part of the so-called CQ-method which has been studied by various
authors.

Several authors have successfully extended the results of Martinet [82], and Rock-
afellar [99], to a more general space than Hilbert space in a case where the operator
A is accretive. (see e.g., Reich [24, 94, 98], Bruck [19], Browder [14, 18], Takahashi
[71], and a host of other authors).

Remark 1.2.1 We remark here that while many convergence results have appeared
on the extention of the results of Martinet [82], and Rockafellar [99] to a more
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general space than Hilbert space in a case where the operator A, is accretive, most
of the convergence results obtained are weak convergence, in a case where strong
convergence is obtained, virtually all the algorithms use CQ-method introduced by
Solodov and Svaiter [105], which is not suitable for implementation in applications
as Solodov and Svaiter acknowledged themselves.

We recall that a point z € F is said to be fized point of a map T : £ — FE if
Tz = x. The set of of fixed points of T is denoted by F(T'). A map T is said to be
Lipschitz if there exists L > 0 such that [Tz — Ty|| < L||xz — y|| for all z,y € E. If
L =1, then T is called nonexpansive. Also, a map T : E — F is said to be strongly
pseudo-contractive if (I — T') is strongly accretive.

In 1986, Chidume [30], proved the following strong convergence theorem for Lips-
chitz strongly pseudo-contractive mappings in Lp spaces, 2 < p < oc.

Theorem 1.2.2 Let £ = L,, 2 <p < oo, and K C E be nonempty closed convex
and bounded. Let T : K — K be a strongly pseudo-contractive and Lipschitz map.
For arbitrary xo € K, let a sequence {x,} be defined iteratively by

Tnt1 = (1 —ap)xy + apTxn, n>0, (1.2.2)

where {on,} C (0,1) satisfies the following conditions: (i) > 071 an = 00,
(id) >°0° ;a2 < co. Then, {x,} converges strongly to the unique fized point of T

The iteration formula (1.2.2) is the so-called Mann iteration formula in the light
of Mann in [81], to approximate fixed points of nonexpansive maps. Replacing T
by I — A in Theorem 1.2.2, the following theorem for approximating the unique
solution of Au = 0 when A : F — F is a strongly accretive and Lipschitz map is
easily proved.

Theorem 1.2.3 Let E = L,, 2<p<oo. Let A: E = E be a strongly accretive
and Lipschitz map. For arbitrary xo € K, let a sequence {x,} be defined iteratively
by

Tpi1 = Tp — apAx,, n >0, (1.2.3)

where {ay,} C (0,1) satisfies the following conditions: (i) Y oo on = 00,
(i4) Y00, a2 < 0o0. Then, {x,} converges strongly to the unique solution of Au = 0.

The main tool used in the proof of Theorem 1.2.2 is an inequality of Bynum [22].
This theorem signalled the return to extensive research efforts on inequalities in
Banach spaces and their applications to iterative methods for solutions of nonlin-
ear equations. Consequently, Theorem 1.2.2 has been generalized and extended in
various directions, leading to flourishing areas of research, for the past thirty years
or so, for numerous authors (see e.g., Censor and Riech [24], Chidume [26, 27],
Chidume and Ali [31], Chidume and Chidume [36, 37], Chidume and Osilike [48],
Deng [56], Moudafi [84, 85, 86, 87], Zhou and Jia [120], Liu [80], Qihou [92], Berinde
et al. [7], Reich [94, 95, 96], Reich and Sabach [97, 98], Weng [109], Xiao [111], Xu
[113, 116, 117], Xu and Roach [114], Xu [115], Zhu [121] and a host of other authors).



General Introduction 7

Recent monographs emanating from these researches include those by Berinde [6],
Chidume [29], Goebel and Reich [65], and William and Shahzad [110].

Taking into account the references mentioned above (and the references contained
therein), it is readily clear that much has been done on the approximation of zeros
of mappings of accretive-type. However, little has been done in the case where the
operator A is monotone (i.e., A maps E into E*). This is, perhaps, because of the
following two major difficulties.

e Well defineness of the scheme: If we consider, for instance, the Mann recursion
formula for approximatig zeros of accretive operators which is given by, zg € E
and

Tp+l = Tn — @Az, n >0,

we see that in the case of monotone operators this formula is not applicable,
simply because of the fact that it is not well defined (i.e., we are adding two
elements from two different vector spaces. i.e., z, € E and Az, € E*). So
there is a need to develope a scheme that is well defined and simple to imple-
ment in any possible application.

e Inequalities: Most of the inequalities developed for proving convergence re-
sults for iterative schemes for zeros of accretive operators are not applicable
in the case of monotone operators as they involved the generalized duality
mappings, where as the definition of monotone operators does not involve the
generalized duality mappings.

1.3 Iterative methods for zeros of monotone-type map-
pings

In trying to overcome these two major difficulties, recently, many authors have
successfully employed the notion of suppressive operators introduced by Alber [2]
and Bregman [8] respectively, to approximate zeros of monotone operators (see e.g.,
Aoyama et al. [5], Kamimura et al. [72], Takahashi [71], Zegeye and Shahzad [119]
and the references contained therein). A typical example of the algorithms used by
most of these authors is contained in the following result of Zegeye and Shahzad
[119]. We first remark that a map A : E — E* is said to be vy-inverse strongly
monotone if there exists v € (0, 1) such that for all 2,y € E the following inequality
holds
(Az — Ay, (z — y)) > 7| Az — Ay|*.

Theorem 1.3.1 (Zegeye and Shahzad [119]) Let E be uniformly smooth and 2-
uniformly convex real Banach space with dual E*. Let A: E — E* be a y-inverse
strongly monotone mapping and T : E — E be relatively weak nonexpansive map-

ping with A=1(0) N F(T) # 0. Assume that 0 < a, < by := %, where ¢ is the
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constants from the Lipschitz property of J~', then the sequence generated by

o € K, choosen arbitrary;

Yn = J_I(an - OlnAxn);

Zn = Tyn,

Hy = {veK:¢(v,20) < d(v,90) < ¢(v,70)}; (1.3.1)
H, = {v EH, 1NWy_1:6,2,) < d(v,yn) < qb(v,xn)}; e
Wy = E;

Wy = {UEanlmanl : <$n_vaj$0_jxn> Zo}a

Tpy1 = Hp,aw, (x0),n >0,

converges strongly to Ilpiryna-1(0)Z0, where pr)na-1(0) is the generalised projec-
tion from E onto F(T) N A~(0).

In the above theorem J is the duality mapping on E and ¢ : £ x E* — R is the
suppressive operator introduced by Alber in [2], which is given by

¢, y) = l|=)|* — 2(z, 5 () + lylI*.
Remark 1.3.2 We point out the major weaknesses in scheme (1.3.1).

e The duality mapping J (resp. J~') is not known precisely in any space more
general than L, spaces, 1 < p < oco. Therefore, the value of J (resp. J1)
cannot be computed in spaces more general than Lp spaces.

o At each step of scheme (1.3.1), one has to compute the inverse of the duality
mapping which like the duality mapping itself, is not known in spaces more
general than Lp spaces. One has to compute some sets (e.g., H, and W)
which are quite difficult to obtain as they involve generalized projections.

Even though the approximation method used in Thoerem 1.3.1 yields strong con-
vergence to a solution of the problem under consideration, it is clear that it is not
easy to be used in application.

In chapter three and four of this thesis we shall give one-step iterative algorithm that
does not involve projections for approximating zeros of Lipschitz strongly mono-
tone operators and bounded generalised ®-monotone operators, respectively, in L,
spaces, 1 < p < o0.

1.4 Approximation of fixed points of a finite family of
k-strictly pseudo-contractive mappings in C'AT(0)
spaces

An important class of nonlinear operators is the class of nonexpansive mappings.
We recall that an operator T : D(T') C E — E is said to be nonexpansive if

|72 — Ty < |l — || for all z,y € D(T),
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where D(T) is the domain of T'. Nonexpansive operators surface in many important
real world applications such as image reconstruction, signal processing, e.t.c. The
following quotation further shows the importance of iterative methods for approxi-
mating fixed points of nonexpansive mappings.

“Many well known algorithms in signal processing and image reconstruction are
iterative in nature. A wide variety of iterative procedures used in signal processing
and image reconstruction and elsewhere are special cases of the KM iteration pro-
cedure, for particular choice of ne operator...” (Charles Byrne, [23]).

Note that KM in the above quotation stands for Krasnoselskii method and ne stands
for nonexpansive.

For zy € F, the recursion formula defined by
Tpy1 = (1 = N)zp + ATz, n >0, (1.4.1)
is called the Krasnoselskii formula, while the formula defined by
Tnt1 = (1 —ap)zy + anTxy,, n >0, (1.4.2)

is called the Mann iteration formula. The Mann iterative method has been suc-
cessfully employed in approximating fixed points (when they exist) of nonexpansive
mappings. This success does not carry over to the more general class of Lipschitz
pseudo-contractions (see Chidume and Mutangadura [45]). An important super-
class of the class of nonexpansive mappings and a subclass of the class of Lipschitz
pseudo-contractive mappings is the class of k-strictly pseudo-contractive mappings
introduced by Browder and Petryshyn in Hilbert spaces in [18]. They defined the
map in Hilbert and Banach spaces, respectively, as follows.

Let K be a nonempty subset of a real Hilbert space H. A map T : K — H is
called k-strictly pseudo-contractive if there exists k € (0,1) such that

ITz— Tyl < Jo—yl? + K|z —y— (To—-Ty|* Vaoyek. (143)
It is easy to see that every nonexpansive map is also pseudo-contractive.
Let K be a nonempty subset of a real normed space E. A map T : K - F

is called k-strictly pseudo-contractive (see, e.g., [29], p.145; [17] ) if there exists
k € (0,1) such that for all z,y € K, there exists j(z —y) € J(z — y) such that

(Tz =Ty,j(x—y)) < le—yl*—kllz -y~ (Tz-Ty)|*>. (1.44)
It can be trivially shown that in Hilbert spaces (1.4.3) and (1.4.4) are equivalent.
The class of k-strictly pseudo-contractive operators is important for the follow-
ing two reasons; firstly, it is an important generalization of nonexpansive maps, and

secondly, it helps to have better understanding of the class of Lipschitz pseudo-
contractive mappings.
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1.5 Fixed point of multivalued maps

Interest in fixed point theory for multi-valued nonlinear mappings stems, perhaps,
mainly from their usefulness in real-world applications, such as in Game Theory
and Market Economy and in other areas of mathematics, such as in Non-Smooth
Differential Equations. We give below some examples that show the connection
between fixed point theory and some of the areas of applications in sciences.

1.5.1 Game Theory and Market Economy

In game theory and market economy, the existence of equilibrium was uniformly
obtained by the application of a fixed point theorem. In fact, Nash [88, 89] showed
the existence of equilibria for non-cooperative static games as a direct consequence
of Brouwer [13] or Kakutani [70] fixed point theorem. More precisely, under some
regularity conditions, given a game, there always exists a multi-valued map whose
fixed points coincide with the equilibrium points of the game. A model example of
such an application is the Nash equilibrium theorem (see, e.g., [88]).

Consider a game G = (uy, K,) with N players denoted by n, n =1,---, N, where
K, C R™ is the set of possible strategies of the n’th player and is assumed to be
nonempty, compact and convex and u, : K := K; x Ko --- x Ky — R is the payoff
(or gain function) of the player n and is assume to be continuous. The player n can
take individual actions, represented by a vector o, € K,. All players together can
take a collective action, which is a combined vector o = (01,09, -- ,0n). For each
n, o € K and z, € K,, we will use the following standard notations:

K =K X+ xXKp1XKpp1 X xXKp,

O_p = (017"‘ yOn—1,0n+1," " 7UN)7
(Znao'fn) = (0-17"' yOn—1,2n,0n+1, " 7UN)'
A strategy 7, € K, permits the n’th player to maximize his gain under the condition

that the remaining players have chosen their strategies o_,, if and only if

Un (Opy0—p) = Jmax Un (Zn, 0—n).
n n

Now, let T}, : K_,, — 257 be the multi-valued map defined by

Th(o—p) := Argmax u,(zn,0-y) Yo, € K_,.
zn€EKp

Definition. A collective action & = (1,--- ,0n) € K is called a Nash equilibrium
point if, for each n, &, is the best response of the n’th player to the action _,
made by the remaining players. That is, for each n,

up(0) = Jnax Up (2n, 0—n) (1.5.1)
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or equivalently,
on € Tn(0-n). (1.5.2)

This is equivalent to & is a fixed point of the multi-valued map T : K — 2% defined
by
T(0) == [T1(0-1),T2(0—2), -, Tn(o—n)]-

From the point of view of social recognition, game theory is perhaps the most
successful area of application of fixed point theory of multi-valued mappings. How-
ever, it has been remarked that the applications of this theory to equilibrium are
mostly static: they enhance understanding conditions under which equilibrium may
be achieved but do not indicate how to construct a process starting from a non-
equilibrium point and convergent to equilibrium solution. This is part of the prob-
lem that is being addressed by iterative methods for fixed point of multi-valued
mappings.

1.5.2 Non-smooth Differential Equations

The mainstream of applications of fixed point theory for multi-valued maps has
been initially motivated by the problem of differential equations (DEs) with dis-
continuous right-hand sides which gave birth to the existence theory of differential
inclusion (DIs). Here is a simple model for this type of application.

Consider the initial value problem

% = f(t,u), a.e.t € I :=[—a,a], u(0) = up. (1.5.3)

If f: I xR — R is discontinuous with bounded jumps, measurable in ¢, one looks for
solutions in the sense of Filippov [63] which are solutions of the differential inclusion

(c% € F(t,u), a.e.t € I, u(0) = uop, (1.5.4)
where
F(t,z) = [liminf f(¢,y), imsup f(t, y)]. (1.5.5)
y—z y—x

Now, set H := L?(I) and let N : H — 2 be the multi-valued Nemystkii operator
defined by
Np(u) :=={ve H : v(t) € F(t,u(t)) a.e. on I}.

Finally, let T : H — 29 be the multi-valued map defined by T := Np o L1, where
L~ is the inverse of the derivative operator Lu = u’ given by

“Lo(t) = tvs S.
Lb(t) o+/0 (s)d

One can see that problem (1.5.4) reduces to the fixed point problem: u € T'u.
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Finally, a variety of fixed point theorems for multi-valued maps, with non empty and
convex values is available to conclude the existence of solution. We used a first order
differential equation as a model for simplicity of presentation but this approach is
most commonly used with respect to second order boundary value problems for or-
dinary differential equations or partial differential equations. For more about these
topics, one can consult [25, 55, 61, 64] and references therein as examples.

1.6 Iterative methods for fixed points of some nonlinear
multi-valued mappings

Let F be a real normed linear space and K be a nonempty subset of £. The set K
is called proziminal (see e.g., [90, 101, 106]) if for each z € E, there exists u € K
such that

d(e,u) = inf{[lz — y| : y € K} = d(x, K),

where d(z,y) = ||[z—y| forall z,y € E. Let CB(K) and P(K) denote the families of
nonempty closed bounded subsets of K and nonempty proximinal bounded subsets
of K, respectively. The Hausdorff metric on C B(K) is defined by:

H(A, B) = max { sup d(a, B), sup d(b, A)}
acA beB
for all A,B € CB(K). Let T : D(T) C E — CB(FE) be a multi-valued mapping on
E. A point x € D(T) is called a fized point of T if and only if x € Tx. The fixed
point set of T is denoted by F(T') := {x € D(T) : x € Tx}.

A multi-valued mapping T': D(T') C E — CB(FE) is called L- Lipschitzian if there
exists L > 0 such that

H(Tz,Ty) < Lljlz —y|| ¥V x,y € D(T). (1.6.1)

When L € (0,1) in (1.6.1), we say that T is a contraction, and T is called nonex-
pansive if L =1.

Several results on the approximation of fixed points of multi-valued nonexpansive
mappings in real Hilbert spaces have appeared in the literature (see e.g., Abbas et
al. [1], Khan et al. [74], Panyanak [90], Sastry and Babu [101], Song and wong [106]
and the references contained therein). For their generalizations (see e.g., Chidume
et al. [39], Chidume and Ezeora [41] and the references contained therein). In
[101], Sastry and Babu proved the following result for multi-valued nonexpansive
mappings:

Theorem 1.6.1 (Sastri and Babu [101]) Let H be real Hilbert space, K be a nonempty,
compact and convex subset of H, and T : K — CB(K) be a multi-valued nonez-
pansive map with a fixed point p. Assume that (i) 0 < oy, By, < 1; (i) B — 0 and
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(7i1) > apnfn = co. where ay, and By, are sequences of real numbers. Let x* € F(T),
then the sequence defined by

Yn = (1 - Bn)xn + Bnzn, 2n € Ty, HZn - 1‘*” = (CC*,TQZn),
(1.6.2)
Tnt1 = (1 - Oln)xn + apn, up € Tyn, ||un - x*H = d(yna 1'*)7

converges strongly to a fixed point of T.

In [90], Panyanak extended the result of Sastry and Babu to a uniformly convex
real Banach spaces. He proved the following result.

Theorem 1.6.2 (Panyanak, [90]) Let E be a uniformly convex real Banach space,
K be a nonempty, closed, bounded and convex subset of E, and T : D(T) C E —
CB(K) a multi-valued nonexpansive map with a fized point p. Assume that (i) 0 <
n, B < 1; (i) B — 0 and (iii) > apfB, = 0o. where ay, and By, are sequences
of real numbers. Then, the sequence defined by (1.6.2) converges strongly to a fized
point of T.

Remark 1.6.3 In the recursion formular (1.6.2) the authors imposed condition
that, z, € Txy, such that ||z, — x*| = (z*,Tx,). The ezistence of such z, in each
step of the iteration process is guaranteed when Tx, is proximinal. In general to
pick zy, is very difficult and hence this makes the iterative process to be inconvenient
i any possible application.

Chidume et al., [39], introduced multi-valued k-strictly pseudo-contractive map-
pings. They gave the following definition.

Definition 1.6.4 A multi-valued map T : D(T) C H — CB(H) is called k-strictly
pseudo-contractive if there exists k € (0,1) such that for all x,y € D(T),

(H(Tx,Ty))2 < z—ylP+E|z—y— (u—20)|* Yu € Tz,v € Ty.

They constructed a Krasnoselskii-type algorithm and showed that it converges
strongly to a fixed point of 1" under some additional mild condition. More pre-
cisely, they proved the following result.

Theorem 1.6.5 (Chidume et al. [39]) Let K be a nonempty, closed and convex
subset of a real Hilbert space H. Suppose that T : K — CB(K) is a multi-valued
k-strictly pseudo-contractive mapping such that F(T) # (. Assume that Tp = {p}
for all p € F(T). Suppose that T is semi-compact and continuous. Let {x,} be a
sequence defined iteratively from xg € K by

Tpt1 = (1 = N)ap + Ayn, 1 >0, (1.6.3)

where y, € Tx, and X € (0,1 — k). Then, the sequence {x,} converges strongly to
a fized point of T .
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Remark 1.6.6 This result of Chidume et al. is an important improvement of
several results in the literature. It deals with the class of multi-valued k-strictly
pseudo-contractive mappings which is an important generalization of the class of
multi-valued nonexpansive mappings. Moreover, the condition z, € Tz, such that
|z, — x*|| = (z*, T'zy) imposed by Sastry and Babu in the recusion formular (1.6.2)
is dispensed with in the theorem of Chidume et al. [39].

Later on, Chidume et al. [40] extended their result to q-uniformly smooth real
Banach space. The following is their main result.

Theorem 1.6.7 (Chidume et al. [40]) Let ¢ > 1 be a real number and K be a
nonempty, closed and convex subset of a q-uniformly smooth real Banach space E.
Let T : K — CB(K) be a multi-valued k-strictly pseudo-contractive mapping with
F(T) # 0 and such that Tp = {p} for all p € F(T). Suppose that T is continuous
and semi-compact. Let {x,} be a sequence defined iteratively from x; € K by

Tny1 = (L = N)zp + Ayn, (1.6.4)

where yp, € Tx, and X € (0,u). Then, the sequence {x,} converges strongly to a
fixed point of T'.

This leads us to the following important question.

Question: Can an iterative algorithm be obtained to approximate fixed points of
multi-valued k-strictly pseudo-contractive mappings in a more general metric space?
That is, can we obtain the analogue of the results of [39] in important space that do
necessarily have a norm?

In chapter five of this thesis, we answer the above question in the affirmative by
constructing a Krasnoselskii-type algorithm that converges strongly to a fixed point
of T in a complete C AT (k) space, k < 0, which has been studied by various world-
class mathematicians (see e.g., Bridson and Haefliger [12], Bruhat [20], Burago et
al. [21], Kirk [75, 76, 77]).

In chapter six of this thesis, we also prove a convergence result for a countable
family of k-strictly pseudo-contractive mappings in Hilbert spaces.

1.7 Hammerstein Integral Equations

Let 2 C R™ be bounded. Let k: Q2 xQ — Rand f: 2 xR — R be measurable real-
valued functions. An integral equation (generally nonlinear) of Hammerstein-type
has the form

ulz) + /Q k(. 9) f (5, u(y))dy = w(a), (1.7.1)

where the unknown function u and inhomogeneous function w lie in a Banach space
E of measurable real-valued functions. If we define F' : F(Q,R) — F(Q,R) and
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K : F(Q,R) = F(Q,R) by

Fu(y) = f(y,u(y)), vy € Q,

and
Ku(z) = /Q k(e y)o(y)dy, © € 9,

respectively, where F(€,R) is a space of measurable real-valued functions defined
from © to R, then equation (1.7.1) can be put in an abstract form

u+ KFu=w. (1.7.2)
Without loss of generality we can assume that w = 0 so that (1.7.2) becomes

u+ KFu=0. (1.7.3)
Indeed, if w # 0, then u — w + K Fu = 0. setting h = v — w we obtain that

h+ KFh =0,
where F(h) = F(h + w).

Interest in (1.7.1) stems mainly from the fact that several problems that arise in
differential equations, for instance, elliptic boundary value problems whose linear
part posses Green’s function can, as a rule, be transformed into the form (1.7.1)
(see e.g., Pascali and Sburian [91], chapter 4, p. 164). Among these, we mention
the problem of the forced ocsillation of finite amplitude of a pendulum.

Example. We consider the problem of the pendulum

d?u(t)

T +a’sino(t) = z(t), tel0,1],

(1.7.4)

where the driving force z is odd. The constant a (a # 0) depends on the length of
the pendulum and gravity. Since the Green’s function of the problem

is the function defined by
t(1l — 0<t<s<1
k(t,s) = { (( S;’ St=s=4 (1.7.5)

it follows that problem (1.7.4) is equivalent to the nonlinear integral equation

1
o(t) = /0 k(t, 8)[2(s) — a? sinv(s)]ds, t € [0, 1]. (1.7.6)



General Introduction 16
Setting g(t) = fol k(t,s)z(s)ds and u(t) = v(t) — g(t), then we have

1
u(t) + /0 k(t, s)a® sin(u(s) + g(s))ds =0

which is in Hammerstein equation form

1
)+ [kt f (s uls)ds =
where f(s,t) = a?sin(t + g(s)).

Equations of Hammerstein-type play a crucial role in the theory of optimal control
system and in automation and network theory (see e.g., Dolezale [60]). Several ex-
istence results have been proved for equations of Hammerstein-type (see e.g., Brézis
and Browder [9, 10, 11], Browder [15], Browder, De Figueiredo and Gupta [16]).

1.8 Approximating solutions of equations of Hammerstein-
type
In general, equations of Hammerstein-type are nonlinear and there is no known

method to find a close form solutions for them. Consequently, methods of approxi-
mating solutions of such equations are of interest.

Let H be a real Hilbert space. A monlinear operator A : H — H is said to be
angle-bounded with angle 5 > 0 if and only if
(Az — Ay,z —y) < Az — Ay,z — ) (1.8.1)
for any triple elements z,y,z € H. For y = z inequality (1.8.1) implies the mono-
tonicity of A.

A monotone linear operator A : H — H is said to be angle bounded with angle
a > 0 if and only if

=

[(Az,y) — (Ay, 2)| < 2a(Az, )3 (Ay, y) (1.8.2)

for all z,y € H. In the special case where the operator is angle bounded Brézis
and Browder [9, 11] proved the strong convergence of a suitably defined Galerkin
approximation to a solution of (1.7.2). In fact, they prove the following theorem.

Theorem 1.8.1 (Brézis and Browder [11]) Let H be a separable Hilbert space
and C be a closed subspace of H. Let K : H — C be a bounded continuous monotone
operator and F' : C — H be angle-bounded and weakly compact mapping. For a given
f € C, consider the Hammerstein equation

(I+KF)yu=f (1.8.3)
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and its nth Galerkin approzimation given by
(I + K, F,)u, = P*f, (1.8.4)

where K, = PYKP,: H — C and F,, = P,FP} : C,, — H.

Then, for each n € N, the Galerkin approrimation (1.8.4) admits a unique
solution u, in C, and {u,} converges strongly in H to the unique solution u € C
of the equation (1.8.3).

In the theorem above all the symbols used have their usual meanings (see e.g., [91]).

It is obvious that if an iterative algorithm can be developed for the approxi-

mation of solutions of equation of Hammerstein-type (1.7.3), this will certainly be
preferred.
Attempts have been made to approximate solutions of equations of Hammerstein-
type using Mann-type iteration scheme. However, the results obtained were not
satisfactory (see e.g., [49]). The recurrance formulas used in early attempts in-
volved K ~! which is also required to be strongly monotone, and this, apart from
limiting the class of mappings to which such iterative schemes are applicable, it is
also not convenient in applications. Part of the difficulty is the fact that the com-
position of two monotone operators need not to be monotone. It suffices to take
K :R? - R?, F:R? — R? where

1 2 0 1
K—<_21> and F—<_12).

The first satisfactory results on iterative methods for approximating solutions of
Hammerstein equations, as far as we know, were obtained by Chidume and Zegeye
[51, 52, 53]. Under the setting of a real Hilbert space H, for F, K : H — H, they
defined an auxillary map on the Cartesian product £ := H x H, T : E — E by

Tu,v] = [Fu — v, Kv + u].

We note that
T[u,v] = 0 <= u solves (1.7.3) and v = Fu.

With this, they were able to obtain strong convergence of an iterative scheme defined
in the Cartesian product space E to a solution of Hammerstein equation (1.7.3).
Extensions to a real Banach space setting were also obtained.

Let X be a real Banach space and F, K : X — X be accretive-type mappings.
Let F := X x X. The same authors (see [51, 52]) defined T': E — E by

Tlu,v] = [Fu — v, Kv + u]

and obtained strong convergence theorems for solutions of Hammerstein equations
under various continuity conditions in the Cartesian product space F.

The method of proof used by Chidume and Zegeye provided the clue to the estab-
lishement of the following couple explicit algorithm for computing a solution of the
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equation u + K Fu = 0 in the original space X. With initial vectors ug,vg € X,
sequences {uy,} and {v,} in X were defined iteratively as follows:

Upt1 = Up — ap(Fuy —vy), n >0, (1.8.5)

Unt1 = Up — o (Kvp + up), n >0, (1.8.6)

where {a,} is a sequence in (0, 1) satisfying appropriate conditions. The recursion
formulas (1.8.5) and (1.8.6) had been used successfully to approximate solutions
of Hammerstein equations involving nonlinear accretive-type mappings. Following
this, Chidume and Djitte [43, 44] studied this explicit couple iterative algorithm
and proved several strong convergence theorems.

We remark here that even though monotone-type operators have more applications
than accretive-type operators in Banach spaces, virtually all the results on the ap-
proximation of solutions of Hammerstein equations are either proved in Hilbert
spaces or in a Banach space in the case where the operators K and F are accretive-
type mappings (see [42], [46], [48] and [50]). To the best of our knowledge, there is
no single result on the approximation of solutions of Hammerstein-type equations
in Banach spaces (in the case where the operators K and F' are monotone-type
operators) that has appeared in the literature. Perhaps, part of the problem is that
since the operator F' maps F to E* and K maps E* to E the recursion formulas
used for accretive-type mappings may no longer make sense.

In chapter seven, we proved convergence results for solutions of equations of
Hammerstein-type in L, spaces, 1 < p < 00, in the case where the operators K and
F' are of monotone-type using Mann-type algorithms.



CHAPTER 2

Preliminaries

In this chapter, we give some fundamental definitions and results that shall be used
subsequently in the thesis. While we give proof of some of the results presented in
this chapter, the proof of the rest can be found in the references mentioned in the
result.

2.1 Duality Mappings and Geometry of Banach Spaces

Definition 2.1.1 A real normed linear space E is said to be uniformly convez if
for any ¢ € (0,2] there exists a 6 = d6(¢) > 0 such that for each x,y € E with
lall <1, llgll <1, and |l — yll > =, we have that |[3(z + )| <1 -6,

Definition 2.1.2 A normed linear space E is said to be strictly convex if for all
z,y € Ex#y, x| = |yl =1, the following inequality holds

lax + (1 —a)y|| <1 for all a € (0,1).

Remark 2.1.3 FEvery uniformly convex space is stricly conver. However the con-
verse may not hold (see e.g., [29]). Moreover, it is well known that every uniformly
convex space s reflexive.

L, spaces, 1 < p < 00, and [, spaces, 1 < p < 0o, are both uniformly convex spaces.
Thus, stricly convex spaces.

Let E be a real normed linear space with dual E* and let S := {z € E : ||z| = 1}.
The space E is said to have Gateaux differentiable norm, in this case, E is called

smooth if the limit
et tyll — |

2.1.1
t—0 t ( )

19
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exists for all x,y € S. The space F is said to have uniformly Gateaux differentiable
norm if for each y € S, the limit in (2.1.1) is attained uniformly for z € S. If the
limit exists uniformly for all x,y € S, FE is said to be uniformly smooth.

Let E be a real normed linear space of dim(E) > 2, where dim(FE) denotes the
dimension of the space E. The modulus of smoothness of E , pg, is defined by:

lz+yll+llz—yll
2

pp(r) = sup{ L el = 1,y =T}; r>0.

A normed linear space E is called uniformly smooth if lin%) pu(7) = 0. It is well
T— T

known (see, e.g. [29], [79]) that pg is nondecreasing. If there exist a constant
¢ > 0 and a real number ¢ > 1 such that pp(7) < ¢r¢, then E is said to be ¢-
uniformly smooth. Typical examples of such spaces are the Ly, £, and W)" spaces
for 1 < p < co where

2 — uniformly smooth if 2 <p < oo;

Ly (or Ip) or W™ is { p — uniformly smooth if 1 <p<2.

Lemma 2.1.4 (Lindenstrauss and Tzafriri, [79]) In L,(or £,) spaces, 1 < p <
OO}

1
P\p _ 1 p.
oL, () = (1_;}—7)? 1<p7;1, l<p<2
== 2 +o(1?) < &= 2 p>2.

Definition 2.1.5 Let E be a real normed linear space and p > 1, Then, the gener-
alized duality map J, : E — 2F" is defined by

Jp() = {a" € B*: (x,a*) = |la|llla*||, [la*|| = ||l=[["~"}, (2.1.2)
where (., .) denotes the duality pairing between elements of E and E* (see e.qg., [54]).
For p = 2, we have from (2.1.2) that,
B = {o* € B (,2%) = Jalllol], 12l = llall}

Jo is called the normalized duality mapping on E and is simply denoted by J.

We make the following remarks.

e The normalized duality mapping exists in any Banach space and its domain
is whole F.

e In Hilbert spaces, normalized duality mappings are precisely the identity
maps, while in Lp spaces, 1 < P < oo, the duality map is given by

1 /
J(f) = [fIP l'SlgnHmﬁ-
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e The value of the duality mappings in spaces higher than Lp spaces is not
known hitherto.

Lemma 2.1.6 (see e.g., [4], p.34) If E is a strictly convezx space, then J is a
strictly monotone operator. If E* is strictly convex, then J is single-valued.

Remark 2.1.7 From Lemma 2.1.6, we can infer that, if E is uniformly convex
(hence strictly conver and reflexive) and E* is strictly convez, then the inverse of
the normalized duality map J~' : E* — E is well defined.

We give the following result which gives the relation between the inverse of the
normalized duality mapping J~!, and the duality mapping J, on E*

Lemma 2.1.8 (see e.g., [4], p.36) Let E be a reflexive strictly convex Banach
space with strictly convexr dual space E*. If Jp: E.— E* and J; : E* — E are the

duality mappings on E and E*, respectively, such that % + % =1, then Jp_1 =Jyg

In Lemma 2.1.8 above, if p = 2, then it is readily clear that J—! = J,, where J, is
the normalized duality mapping on E*.

Lemma 2.1.9 (see e.g., [29], p. 55) Let E = L,. Then, the following inequali-
ties hold:

If 1 < p <2, then we have for all x,y in Ly, and some constant c, > 0,

lz+yl* > [lzl* +2(y, (=) + cllyl1?, (2.1.3)

(@ —y,J(x) = J(y) = (p— Dz —yl*. (2.1.4)

Observe that inequality (2.1.4) yields
177 (z) = T W)I] < Ll — vl
1
where Ll =1
Lemma 2.1.10 (Alber and Ryazantseva [4], p.48) Let E = L,, 2 < p < oc.

Then, J~' is Hélder continuous on each bounded set, i.e., Yu,v € E* such that
lul| < R and ||v|| < R, the following inequality holds:

T Y u) - T )| < ||
[J7" (w) ()| < mpllu —v|»-1,

1
where my, := (2P Lpch)»=1, for some constants co >0, L € (1,1.7).

Proof This follows from the following inequality which holds on bounded sets:

_ p
o Tne—y s Nyl

(see e.g., Alber and Ryazantseva [4], p.48). [
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Definition 2.1.11 Let f : E — RU{+o0} be a proper convez function (i.e., f is
not identically +00). Then, the sub-differential operator Of : D(f) C E — 2F" is
defined by

0f(x) = {a* € B* : {y — z,a") < f(y) - f(x) Vy € E}.
We remarked that if z is not in D(f) then f(z) = 0.

Lemma 2.1.12 Let f : E — RU {400} be a function defined by
L2
fa) = Slal? Ve k.
Then, for each x € E, 0f(x) = J(x), where J is the duality map on E.
Indeed, let * € J(x). Then, for any y € E we have
(y —a,2%) = (y,x) = [l«]* < yllll=]| - ||z
Lo Lo o
< = _ -
< Sl — Sl
= f(y) = f(=).
Thus we have z* € df(x). Conversely, for x* € df(x) we have
(y—w,a") < fly) = fz) Vy € E.

For t € (0,1), set y = x + ty, then we have

| —

\ t
(@) < ol +tyl” = l121%) < llzlllyl + 5 vl

[\]

t

As t — 0% we have (z*,y) < ||z||||ly|l, which implies ||z*|| < ||z||. Also using the fact
that z* € df(z) and setting y = x — tz,t € (0, 1), we have

2(—,0%) < o — ta]? — [Jo? = (2 — 26) ]2
So we have (2 — t)||z||?> < 2(x,z*). Now as t — 0" we obtained
l2[|* < (z,2*) < ||z||]|2*|| which implies [|z[| < [|«*].
Therefore, we have ||z|| = ||z*| and (z,2*) = ||z||>. Thus, 2* € J(z).

The following theorem gives the general form of Lemma 2.1.12.

Theorem 2.1.13 (see e.g., [29], p.32) For p > 1, J, is the sub-differential of
the functional %Hpr.
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2.2 Some Nonlinear Functionals and Operators

Let E be a smooth real Banach space with dual E*. The function ¢ : E x E — R,
defined by,

$(a,y) = l|lz|* — 2(z, Jy) + |ly|l*, for z,y € E, (2.2.1)

where J is the normalized duality mapping from E into 2%" was introduced by Alber
in [2], and it has been studied by Alber and Guerre-Delabriere [3], Kamimura and
Takahashi [71], Reich [93] and a host of other authors. If E = H, a real Hilbert
space, then equation (2.2.1) reduces to ¢(x,y) = ||z —y||? for 2,y € H. It is obvious
from the definition of the function ¢ that

(| = llylh? < ¢(x,9) < (2]l + lyl)? for z,y € E. (2.2.2)

Lemma 2.2.1 (Kamimura and Takahashi, [71]) Let E be a real smooth and
uniformly convexr Banach space, and let {x,} and {y,} be two sequences of E. If
either {x,,} or {yn} is bounded and ¢(xn,yn) — 0 as n — oo, then ||z, — yn| — 0
as n — oo.

Lemma 2.2.2 Let E = Ly, 2 <p < oo. Then, the following inequality holds:
l = yl* > ¢(z,y) — pllz[|* V 2,y € E.

Proof The following inequality holds for all z,y € Ly, p > 2, (see e.g., Chidume
[29], p. 54):
2+ yl[? < |l=[1* + 2(y, J(2)) + (0 = D[yl

Interchanging = and y, we obtain:
[l +yl1* < llyl* +2(z, T (y)) + (0 — 1)l[]]*.
Replacing y by (z + y) and = by (—z) we get:
19112 < |z +yl1* = 2(z, J(z +y)) + (p — )| |z],
which implies,

lz+yl? = lyl? + 2(z, J(@ +y)) + ||l=[]* — pl|]?

= (2] +2(z, J(z +y)) + lyl]*) + 2{z, T () — 2z, T (1)) — pll2]]*.

Replacing y by (—y) and using the fact that the normalized duality map is mono-
tone, we obtain:

le =yl = ([l = 2(z, J(y) + [ly|[*) + 2[(z, J(y) = T (y — 2))] — pl|z[|”
= ¢(a,y) +2[(z, I (y) = I (y — x))] - pl|z|?
> ¢a,y) —pllz]?,

establishing the lemma. m
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Let V: E x E* — R be a map defined by
V(z, o) =[] = 2(z, %) + [la*]*. (2.2.3)
Then, it is easy to see that
V(z,z*) = ¢p(z, J Ha*)) Vo € X, 2% € X*. (2.2.4)

Lemma 2.2.3 (Alber, [2]) Let E be a reflezive striclty conver Banach space with
with striclty convex dual E*. Then,

V(e z*) + 2(J 'a* —x,y*) < V(z,2* +y*) (2.2.5)
for allx € E and x*,y* € E*.
Proof For arbitrary z € F, z*,y* € E*, we have
V(z,a*) = |[lz[* - 2(z,2*) + ||=*||?
2]* = 2{z, 2* + y*) + [la* + 3|1 + [2*[]” = [J2* + y*|1* + 2{z, y7)
= V(w,2" +y") + 2" = [l2" + | + 2(z, y")

Using the sub-differential inequality, and the fact that f (5| - [|?) = J« = J 7! (see
Lemmas 2.1.12 and 2.1.8), where || - ||« and J, are the norm and the normalized
duality map of E* respectively, we have

V(z,z") < V(x,z2"+y*)— 2<J_1x*,y*> —2(—x,y")
< V(w,z* +y*) =2 2t —x,yh).

The proof is complete. ]

A map A : E — E* is called monotone if for all z,y € E, the following inequality
holds:

(Az — Ay,z —y) > 0. (2.2.6)

The mapping A is called maximal monotone if the graph of A is not properly
contained in any other graph of monotone operator defined on E. i.e., A is maximal
monotone if for any (u,v) € E x E* such that

(Az — v,z —u) > 0 Vz € D(A)
we have u € D(A) and Au = v.

The mapping A is called strongly monotone if there exists k € (0,1) such that
for all x,y € F, the following inequality holds:

(Azx — Ay,z —y) > k|z — y|*. (2.2.7)

A mapping A : E — FE is called generalized ® — strongly monotone if there exists
a strictly increasing function @ : [0, 00) — [0, 00) with ®(0) = 0 such that

(Az — Ay, j(z —y)) = ®(|z —yl)) ¥ =,y € D(A). (2.2.8)
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If ®(t) = ¢(t)t, where ¢ : [0,00) — [0,00) is a strictly increasing function with
»(0) =0, then A is called ¢ — strongly monotone.

Every strongly monotone operator is generalized ®-strongly monotone (by setting
®(t) = kt?, k € (0,1)), and every generalized ®-strongly monotone operator is
obviously monotone.

Simillarly, a map A : £ — FE is called accretive if for all z,y € E, there exists
jx —y) € J(x — y) such that

(Az — Ay, j(z —y)) > 0. (2.2.9)

A is called strongly accretive if there exists k € (0,1) such that for each z,y € E,
there exists j(z —y) € J(z — y) such that

(Az — Ay, j(x —y)) > kllz —y|*. (2-2.10)

A mapping A : E — FE is called generalized ® — strongly accretive if there exists
a strictly increasing function ® : [0,00) — [0, 00) with ®(0) = 0 such that for each
x,y € D(A), there exists j(z —y) € J(z — y) such that

(Az — Ay, j(z —y)) = ([l — y[) ¥ =,y € D(A).

If ®(t) = ¢(t)t, where ¢ : [0,00) — [0,00) is a strictly increasing function with
¢(0) = 0, then the mapping A is called ¢ — strongly accretive.

Remark 2.2.4 If u is a solution of the equation Au = 0, where A is a generalized
®-strongly monotone or generalized ®-strongly accretive, then u is unique. Indeed,
if ui,ug € E are two different solutions of Au =0 (i.e., uy # ug such that Auj; =
Aug = 0), then 0 = (Auy — Aug, (u1 — ug2)) > O(|lur — uzl]) > 0 since up # ug
and ®(t) > 0 for t > 0. Hence a contradiction. Thus, uy = uy. However, if A
is just monotone, it is easy to see that the solution of the equation Au = 0 is not
necessarily unique.

Lemma 2.2.5 (Kato, [29]) Let E be real Banach space and let J be the normal-
1zed duality map. Then for any x,y € E, the following are equivalent:

(@) llzll < flz+yl| VA>0
(7i) there exists u* € Jx such that (y,u*) > 0.

By virtue of Lemma 2.2.5, it can be shown that A is accretive if and only if for all
A>0and forall z,y € E

lz —yll < [lz —y + AM(Az — Ay)|. (2.2.11)

A map T : E — FE is said to be peudo-contractive if I — T is accretive. Setting
A=1-T, it is easy to see that fixed points of T" are precisely the zeros of A.
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Let E be a real normed linear space. A map T : F — FE is said to be nonex-
pansive if
[Tz —Ty|| < ||z —yl| for all z,y € E.

It is easy to see that every nonexpansive map is also pseudo-contractive.

Let K be a nonempty subset of a real Hilbert space H. A map T : K — H is
called k-strictly pseudo-contractive if and only if there exists k € (0, 1) such that

ITe =Tyl < fo—yl> +klz—y— (Te-Ty|* Vo,ye K. (22.12)

Let K be a nonempty subset of a real normed space E. A map T : K — F is called
k-strictly pseudo-contractive (see, e.g., [29], p.145; [17] ) if there exists k € (0,1)
such that for all z,y € K, there exists j(z —y) € J(z — y) such that

(To =Ty, jlx—y) < llz—yl—klz—y— (Tz-Ty)*. (22.13)
In Hilbert spaces, (2.2.12) and (2.2.13) are equivalent.

Let E be a real normed linear space and A : E — 2F be a multi-valued map.
Then, the domain and range of T are defined by

D(T)={z € E:Tx # 0},
and

R(T)= U Tux,
zeD(T)

respectively. A point x € FE is called a fixed point of T if x € Tx. The set
F(T)={x € E:x € Tz} is called the fixed point set of T'.

Let (E,d) be a metric space. We denote by CB(E), the collection of all nonempty
closed and bounded subsets of E. Let H be the Hausdorff metric with respect to
the metric distance d, i.e.,

H(A, B) = max {sup d(a,B), supd(A4, b)} ,
a€A beB

for all A, B € CB(E), where d(a, B) = infycp d(a,b) is the distance from the point
a to the subset B. A multi-valued mapping 7 : E — 2F is said to be

(i) Nonexpansive if and only if

H(Tz,Ty) < d(z,y) V z,y € E;

(i4) Quasi-nonexpansive if and only if F(T) # () and

H(Tz,p) < d(z,p)Vz € E, pe F(T);
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(#41) Demi-contractive if and only if F(T') # () and there exists k& € (0,1) such that
H(Tz,Tp)? < d(z,p)? + kd(z,Tz)* VY z € E, pe F(T),
where H(Tz,Tp)? = [H(Tz,Tp))? and d(z, p)? = [d(z,p)]?.
(7v) Hemi-contractive if k = 1 in (i4i) above, i.e.,
H(Tz,Tp)? < d(z,p)? +d(z,Tx)>Vz € E, pe F(T).
It is clear that, every multi-valued nonexpansive mapping with nonempty fixed

point set is quasi-nonexpansive, and every quasi-nonexpansive mapping is demi-
contractive mapping.

The following example shows that the class of demi-contractive mappings strictly
contains the class of quasi-nonexpansive mappings.

Example 2.2.6 Let X =R (the set of real numbers with the usual metric). Define
T:E —2F by

Tz = { (=32, — 5], 2 € 0,00), (2.2.14)
[—2F, —3z], = € (—00,0].

Then, F(T) = {0}, and T is demi-contractive mapping which is not quasi-nonexpansive.
Indeed, for each = € (—o0,0) U (0,00), we have

H(Txz,T0)*> =| -3z —0]> = 9|z — 0]%,
which implies that T is not quasi-nonexpansive.

We also have that;
249

= Z\ﬂf|2~

Thus,
32
H(Tz,T0)*> = |z —0]* + 8|z — 0] = |z — 0]* + ng(x,Tx)Q.

Hence, T is a demi-contractive mapping with constant k = Z—g € (0,1).

2.3 Some Important Results about Geodesic Spaces

Let (E,d) be a metric space. A geodesic path joining x € E and y € F is a
continuous map ¢ from a closed interval [0,{] C R to E such that ¢(0) =z, ¢(l) =y
and d(c(t),c(t))) = |t —t'| for all t,¢ € [0,1]. In particular, the mapping ¢ is an
isometry and d(x,y) = [. The image « of ¢ is called a geodesic segment joining x
and y. When it is unique, this geodesic segment is denoted by [z,y]. The space
(E,d) is called a geodesic space if any two points of E are joined by a geodesic,
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and F is said to be uniquely geodesic if there is exactly one geodesic joining = and
y € E. A subset K of F is said to be convex if for all z, y € K, the segment [z, ]
remains in K.
A geodesic triangle A(x1, 9, z3) in a geodesic metric space (F,d) consists of three
points in E (the vertices of A), and a geodesic segment between each pair of points
(the edges A). A comparison triangle for A(z1,x9,z3) in (E,d) is a triangle
A(z1,79,73) = A(F1,T2,73) in the Euclidean plane R? such that dpe (i, x5) =
d(z;,75), for i,j € {1,2,3}. A geodesic metric space E is called a CAT(0) space if
all geodesic triangles satisfy the following comparison axiom:
Let A be a geodesic triangle in E, and let A be its comparison triangle in R2.
Then, A is said to satisfy CAT'(0) inequality, if for all z,y € A and all comparison
points Z,7 € A,

d(w,y) < d(z.7).
If z,y1,y2 are points in CAT(0) space, and if y is the midpoint of the segment
[y1,y2], then, the CAT(0) inequality implies

1 1
d(z,y1)* + §d($7y2)2 - Zd(yla y2)*. (CN)

N

d(z,y0)* <

This is the (CN) inequality of Bruhat and Tits [20]. In fact, (cf.[12], p.163), a
geodesic space is a CAT(0) space if and only if it satisfies the (CN) inequality.
We now collect some elementary facts about CAT'(0) spaces.

Lemma 2.3.1 (See e.g., [57]) Let (E,d) be a CAT(0) space. Then,
(1) (E,d) is uniquely geodesic.
(13) For allx,y € E, and t € [0, 1], there exists a unique point z € [z,y] such that

d(z,z) =td(z,y) and d(y, z) = (1 — t)d(z,y). (2.3.1)

For convenience, from now on, we shall use the notation (1 —t)x @ty for the unique
point z satisfying (2.3.1).

Also, for g, ag, a3 € (0,1) such that ay + ag + a3 =1, and x1,x9, x5 € E, we will
use the notation ayx1 B asxs B agxrs to denote the unique point satisfying

d(z1,2) = (g + ag)d(ml,a;xz &) a;,:r:g), and
’ ’ ’ l ’ (07 .
d(agxo @ ayxs, 2) = ard(xy, Asrs @ agxs), o i = ————, 1 = 2,3.
( 2 3 ) ( 2 3 ) 7 (a2+a3)

In particular, taking oy = g = a3 = %, we compute the point %xl ® %xQ ® %I‘g as
follows:

From the illustration above, %:Ul & %xz ® %.Z’g = %xl @ % (%3:2 ® %xg), where
%332 &) %:Ug denotles the unique point z; € [xg,x3] such that d(ze,21) = %d(l‘g,l‘g),
and d(z1,x3) = 5d(x2, 73).
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Thus, we have 3x1 @ 1‘2 &) 33:3 % ® zl, where 1 571 @ 3z1 denotes the unique
point z9 € [a:l,zl] satlsfylng d(.fCl,ZQ) % (:cl,zl) and d(z2,21) = fd(xl,zl) Hence
we have z9 1= 31‘1 &) 3:1:2 &) 3w3.

Extending this notation up to some n > 3, we use y ;- ;| o;z; to denote the unique
point z € [z1, Y1, ®%a;] satisfying

d(z1,2) = od (:cl, E @aiwz) )
o
i=2

(2.3.3)
d (Z @;xi,z = aqd | x1, Z@;xi ,
=2 1=2
where o; € (0,1), ¢ =1,2,...,nsuch that Y /" ja; =1, z; € E, i =1,2,...,n,

o=3 0= (1-a)

Lemma 2.3.2 (See e.g., [57], lemmas 2.4 and 2.5) Let (E,d) be a CAT(0) space.
For z,y € E, and t € [0, 1], the following inequalities hold:

(1) d(1 -tz D ty,z) < (1 —t)d(z,z) + td(y, 2);

(i) d((1 —t)x @ ty,2)? < (1 —t)d(z, 2)? +td(y, 2)> — t(1 — t)d(z,y)*;
where d(z,2)? = (d(z,2))>.

Let {x,} be a bounded sequence in a CAT(0) space E. For z € E, we set
r(x,{zy}) = limsupd(x, z,). The asymptotic radius r({z,}) of {x,} is given by

r({xn}) = inf{T(xa {.’Bn})},

and the asymptotic center A({x,}) of {z,} is the set

A({zn}) ={z € X :r(z,{zn}) = r({2n})}-

It is well known that in a CAT'(0) space, A({z,}) consists of exactly one point.

Definition 2.3.3 A sequence {x,,} in a CAT(0) space E is said to A-converge to
x € E if x is the unique asymptotic center of every subsequence {u,} of {zn}. In
this case we write A —limx, = x and x is called the A-limit of {x,}.

Lemma 2.3.4 (i) (See e.g., [77]) Every bounded sequence in a complete C AT(0)
space has a A-convergent subsequence.

(ii) (See e.g., [59]) If C is a nonempty closed and convexr subset of a complete
CAT(0) space, and if {xy} is a bounded sequence in C, then the asymptotic center
of {xn} is in C.

(7i1) (See e.g., [57]) If {xn} is a bounded sequence in a complete CAT(0) E, with
A({zn}) = {z} and {u,} is a subsequence of {x,} with A({u,}) = {u} and the
sequence {d(xn,u)} converges, then x = u.
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Lemma 2.3.5 (Tan and Xu, [107]) Let {a,} be a sequence of non-negative real
numbers satisfying the following relation:

Ont1 < G + 0, n >0, (2.3.4)

such that Zzozl on < 00. Then, lim, o0, exists. If, in addition, the sequence
{an} has a subsequence that converges to 0, then the sequence {a,} converges to 0.



CHAPTER 3

Krasnoselskii-Type Algorithm For Zeros of Strongly Monotone
Lipschitz Maps in Classical Banach Spaces

3.1 Introduction

In this chapter, we construct and prove strong convergence of a Krasnoselskii-type
sequence to the unique zero of Lipschitz strongly monotone operator in Lp spaces,
1 < p < oco. Furthermore, our technique of proof is of independent interest. We
first recall the follwing useful definitions and Lemmas.

Definition 3.1.1 An operator T : E — E* is called 1)-strongly monotone if there
exists a continuous, strictly increasing function ¢ : R — R with 1¥(0) = 0 such that

(Tz =Ty, o —y) = ¥(lz —yl)llz -yl ¥ a,ye D). (3.1.1)

Definition 3.1.2 Let E be a real normed linear space and’l : E — E* be a map.
Then, T is said to be hemicontinuous if for all x1,xs,y € E and A € R the function
R — R defined by A\ — (y,T(x1 + Ax2)) is continuous.

Lemma 3.1.3 LetT : E — E* be a hemicontinuous y-strongly monotone operator.
Then, R(T) = E*.

Proof See chapter III, page 48 of [91]. n

Lemma 3.1.4 (Alber, [2]) Let E be a reflexive striclty convex and smooth Ba-
nach space with E* as its dual. Then,

V(z,z*) +2(J e —z,y*) < V(z,z* +y%) (3.1.2)
for all x € E and z*,y* € E*, where V(z,x*) = ||z||? — 2(x, J~1a*) + ||2*|| for all
(x,z*) € E x E*.

31
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Lemma 3.1.5 Let £ = Ly, 1 < p < 2. Then J~1 is Lipschitz, i.e., there exists
Ly > 0 such that for all u,v € E*, the following inequality holds:

177 (w) = T )| < Laflu — o] (3.1.3)

Lemma 3.1.6 (Alber and Ryanzantseva [4], p.48) Let E = L,, 2 < p < oo.
Then, the inverse of the normalized duality map J~' : E* — E is Holder continuous
on balls. i.e., ¥V u,v € X* such that ||u|| < R and ||v|]| < R,2

174 ) = T )] < iyl — o] 77, (3.1.4)
where my, := (2p+1ch§)P%1 > 0, for some constant cg > 0.

Proof This follows from the following inequality which holds on bounded sets:

[l —yl”
(Jo —Jy,x —y) > WLy’ o =2max{1l,R}, L€ (1,1.7). (3.1.5)
(see e.g., Alber and Ryazantseva [4], p.48). ]

3.2 Convergence in Lp spaces, 1 <p < 2

In the sequel, k is the strong monotonicity constant of A, L > 0 is its Lipschitz

constant, and ¢ := m, where L; is the Lipschitz constant of J~1.

Theorem 3.2.1 Let E=1L,, 1<p<2. Let A: E — E* be a strongly monotone
and Lipschitz map. For xog € E arbitrary, let the sequence {x,} be defined by:

Tpg1 = J YTz — MNzy),n > 0, (3.2.1)

where \ € (0,5) . Then, the sequence {x,} converges strongly to the unique zero

of A.

Proof Let 1(t) = kt in inequality (3.1.1). By Lemma 3.1.3, A=1(0) # (), which
implies Remark 2.2.4 that A=(0) = {2*} for some z* € F (since every strongly
monotone operators is also generalized monotone). Using the definition of x,41,
equation (2.2.4) and inequality (3.1.2) with y* = AAx,,, we compute as follows:

o™, xpy1) = V(x¥, Jx, — NAxy,)

< V(x*, Jxy) = 22M(J N (Jx, — NAxy,) — 2*, Az, — Az*)
= o(z*,xpn) — 2N (xy, — ¥, Ay, — Ax™)
+ 2Xx, — 2", Az, — Ax™)

INJT M (Jxy — NAxy,) — x*, Az, — Ax™)
= o(z%, zp) — 2XNx), — 2, Ax,, — Ax™)
AT V(T — NAzy) — T H(Jxy), Az, — Ax*).
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Using the strong monotonocity of A, Lipschitz property of J~! (see Lemma 3.1.5)
and the Lipschitz property of A with Lipschitz constants L; and L, respectively, we
have :

G(a* wpp1) < Plat,wn) — 22k|z, — 2|
+ 2T YTz — NAzy) — T (Jz)|||| Az — Az
< o(x*, xp) —2)\kan—x*H2+2)\2L1L2Hxn—x*H2
< p(z*,m,) — M|z, — 2|2

Thus, ¢(z*, z,) converges, since it is monotone decreasing and bounded below by
zero. Consequently,

M|y, — %2 < d(x*,2n) — d(z*, Tnp1) — 0, as n — oo.

This yields z,, = =* as n — oo. [ |

3.3 Convergence in L, spaces, 2 < p < oo.

Remark 3.3.1 We remark that for E = L,, 2 <p < oo, if A: E — E* satisfies
the following conditions: there exists k € (0,1) such that

(Az — Ay, x —y) zka—yHP%l Va,yeE, (3.3.1)

and A=1(0) # (), then the Krasnoselskii-type sequence (3.2.1) converges strongly to
the unique solution of Au = 0. In fact, we prove the following theorem.

p—1
In the next theorem, we set 9§, := (%) .
2mpLP—1

Theorem 3.3.2 Let E= Ly, 2 <p < oo. Let A: E — E* be a Lipschitz map.
Assume that there exists a constant k € (0,1) such that A satisfies the following
condition:

(Az — Ay,x —y) > kl|lz — y|| 71, (3.3.2)
and that A=1(0) # 0. For arbitrary o € X, define the sequence {x,} iteratively by:
Tyt = J Tz, — MNxy,),n >0, (3.3.3)

where A € (0,8,). Then, the sequence {z,} converges strongly to the unique solution
of the equation Ax = 0.

Proof We first prove that {x,} is bounded. This proof is by induction.

Then, there exists » > 0 such that ¢(z*, 1) < r, where x* is unique solution of
Az = 0. Suppose that ¢(z*,z,) < r, for some n > 1. We prove that ¢(a*, x,41) <
r.
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Using equation (2.2.4) and inequality (3.1.2) with y* = AAz,,, we have:

ot xnp1) = o(x*, T N Tz, — NMay)) = V(z*, Jx, — MAx,)

< V(a*, Jxy) — 2(J  (Ja, — Nz, — 2, NAx,,)
= V(z*, Jan) — 2Ny, — ¥, Ax,, — Az™)

—2XMJ (T, — Nz, — T Y(Jxy), Az, — Ax*).
< o2, xn) — 2Mxy, — ¥, Az, — Ax™)

F2N| T ( Tz — May) — T H(Jxp) ||| Az — Az™|.

Using condition (3.3.2) on A and inequality (3.1.4), we obtain:

_p_ 1 1
B 2np)) < B mn) — 26\ [z — 27T 4 2T Ty | Az, 7T | Az, — Aa|
1
< p(a®, ) — 2kA ||z, — 2| 7T + 20N Ty || Az, — Ax|7T.
1
< 9(a”,2a) — kM|l — 2¥|7
< r

Hence, by induction, {x,} is bounded. We now prove that {z,} converges strongly
to * = A71(0). From the same computation as above, we have that:

O(@",wnp1) < G(at wn) — Akflzn — 2P,

which implies ¢(x*, x,) is decreasing and bounded below by zero, so the limit of
o(x*, z,,) exists. Therefore,

0 <lim ()\k:Hxn - x*HP%l) < lim (d)(x*,xn) — ¢(z", In+1)> =0.
Hence, x, — z* as n — oc. [ |

All the results of this chapter are the results obtained in [33], which was published
in SpringerPlus, June, 2015.



CHAPTER 4

An Algorithm for Computing Zeros of Generalized Phi-Strongly
Monotone and bounded Maps in Classical Banach Spaces

4.1 Introduction

In this chapter, we construct and prove strong convergence of a Mann-type sequence
to the unique zero of Generalized Phi-Strongly Monotone and bounded Maps in Lp
spaces, 1 < p < co. We first recall the following lemma.

Lemma 4.1.1 (see e.g., [29], p. 55) Let E =Ly, 1 < p <2, then the following
inequalities hold for all x,y in Ly, and some constant c, > 0.

lz+yl* > ll2l® +2(y, J (@) + eIyl (4.1.1)

(@ —y. J(2) = I(y) = (0~ Dllz — y*. (4.1.2)
Let E=Ly,, 1 <p<2. Define ¢,: E x E — R by

dp(@,y) = IylI* = 2(z, J () + cpllz]?, (4.1.3)

where ¢, is the constant appearing in inequality (4.1.1). Then, from (4.1.1) we have
that

lz = ylI* > ¢p(a, y)- (4.1.4)

Also, following the pattern of proof of Lemma 3.1.4 (which was proved in Chapter
2), the following inequality can be established:

Vo, 2%) +2(07"2" — 2,y") < Vp(a,2* +y7) (4.1.5)

for all z € E and z*,y* € E*, where V,(z,2*) = ¢,(z, J 12*). Moreover, it can be
easily seen that

¢z, y) = dp(z,y) + (1 — ) l]*. (4.1.6)

35
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Thus, the following inequality follows from inequality (2.2.2).

lyll < \/¢p($ay) + (=)l + [Jz]| V 2,y € E. (4.1.7)
It is also easy to see from inequality (2.2.2) and equation (4.1.6) that

(cp = Dllz™[| < ¢p(z,y). (4.1.8)
4.2 Convergence Theorems in L, spaces, 1 <p < 2

Theorem 4.2.1 Let E = L,, 1 <p < 2. Let A: E — E* be a generalized -
strongly monotone and bounded map with A=1(0) # 0. For arbitrary x1 € E, define
a sequence {x,} iteratively by:

Tpil = J_l(Jmn —apnAzy), n>1, (4.2.1)

where {a,}22, C (0,1) satisfies the following conditions: » >, a, = oo and
ZZO 1a2 < 00. Then, there exists vog > 0 such that if oy < v V n > 1, the
sequence {xy}22 | converges strongly to a solution of the equation Az = 0.

Proof We first prove that {z,}°°; is bounded. This proof is by induction. Let
Y(t) = kt in inequality (3.1.1). By Lemma 3.1.3, A=1(0) # (), which implies by
Remark 2.2.4 that A71(0) = {2*} for some 2* € E (since every strongly monotone
operators is also generalized monotone). Let r > 0 be such that ¢,(z*,z1) < r.
Since A is bounded, define:

My := 2Ly sup{|| Az|* : 2| < \/7“ + (L =cp)llzrfl + =7} + 1, (4.2.2)

where L; > 0 is the Lipschitz constant of J~!. Futhermore, define the following
constants.

hy == [(;) (%(p - 1)\/;“)}]3_1; Yo := %min{l, \/F(]\ZO_ 1), (I;EZI:)) } (4.2.3)

where Ly := m,, is the constant of Hélder continuity of J (obtained from inequality
(3.1.4)). We show that ¢p(z*,x,) < r V n > 1. By construction, ¢,(z*,z1) < r.
Suppose that ¢,(z*,x,) < r for some n > 1. This implies, from inequality (4.1.7),
that ||lz,|| < /7 + (1 —cp)|lz*[| + ||z*||. We prove that ¢,(z*, z41) < 7. Assume
this is not the case. Then, ¢p,(z*,x,41) > 7. Using the definition of z,4; and
inequality (4.1.5) with y* = a,, Ax,, we obtain:

Op(z™, 2n41) = Pp(z” (J:L‘n — anAxy)) = Vy(a*, Jxy, — anAxy)

< Vp(ﬂc*, J:cn) 2T YTz — anAzy) — z*, an Azy,)
= Vp(z*, Jxy,) — 200 (zy — 2, Az, — Ax™)

20 (J Tz — anAzy) — T (Jxy), Az, — Ax*).
< gp(a”, xy) — 200 (2, — 2*, Axyy — Ax™)

20| T (T — g Ag) — T (T || Az — Aa”].
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Using the fact that A is generalized ®-strongly monotone and that J~! is Lipschitz
(see Lemma 3.1.5, Chapter 3) we obtain:

Gp(" Tny1) < Gp(a, wn) — 200 P([|ln — 27]) + 200 L1 || Ay || (4.2.4)
< p(at,n) = 200 0([|zn — 27) + anyoMo.

From recursion formular (4.2.1), inequalities (4.1.2) and (7.1.7) which are valid for
all z,y € Ly, 1 < p < 2, we obtain that,

|| J(zp) — Jx¥|| = ||[Jxns1 — J2*© + anAzy|
(p — D||znyr — %] — v0Mo
1
(p— DVr —voMy > 5= 1)\/r.

\Y]

V

Using the fact that J is Holder continuous (obtained from inequality (3.1.4)), since
J~ ! on L,2<p<ooisJonL,l<p<2, we have:

law=a"ll = (1) (G0 - 0v)|" =t

Hence,

O([[zn — a7|]) = B(hy).
Substituting this inequality in inequality (4.2.4), we obtain that

1

Op(z*, xnp1) < @p(z*, 2p) — an®(hyp) + ianq)(hp). (4.2.5)

Hence, we have that:

1
r<r-— §ozn<I>(hp) <r,

a contradiction. Hence, ¢p(z*, zp41) < r. By induction, ¢,(z*,2,) <7V n > 1.
Consequently, from inequality (4.1.7) and (4.1.8), we have that {x,}72 ; is bounded.
We now prove that {z,}"2; converges strongly to z*. Repeating the same method
of computation as above with ¢ instead of ¢,, the boundedness of the sequence
{,}92;, and Lemma (3.1.4), there exists M > 0 such that:

¢z, tni1) < G2, 20n) = 200 ®([l2n — 27[]) + 0} M.

By Lemma 2.3.5, we obtain that lim ¢(z*, x,,) exists. Futhermore, using the con-
dition condition ) vy, = oo, we obtain that liminf ®(||z, — 2*||) = 0. From the
properties of @, it is easy to see that liminf ||x,, — z*|| = 0. In fact, if this is not the
case, then we have lim inf ||z, —z*|| > 0. Thus, there exist ¢y > 0 and a subsequence
{zp, } of {zy} such that ||x,, — 2| > € V n > 1. Since ® is strictly increasing, we
have ®(||zp, —z*||) = ®(eo) > 0. Taking lim inf on both sides, we have a contradic-
tion since ®(ep) > 0. Hence, liminf ||z, — z*|| = 0. So, there exists a subsequence
{zn,} of {x,} such that z,, — x*. Using the definition of ¢ and the continuity
of J, we have ¢(z*,zp,) = ||a*|| — 2(«*, J(zpn,)) + ||Zn,|| = 0 as & — oo. Thus,
again by Lemma 2.3.5, we obtain that lim ¢(z*, xz,,) = 0, and by Lemma 2.2.1, we
conclude that, lim ||x,, — 2*|| = 0. This completes the proof. ]
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4.3 Convergence Theorems in L, spaces, 2 < p < 00

We prove the following theorem.

Theorem 4.3.1 Let E = L,, 2 <p < oo. Let A: E — E* be a generalized -
strongly monotone and bounded map with A=1(0) # 0. For arbitrary x1 € E, define
a sequence {x,} iteratively by:

Tpi1 = J N Jzn — anAxy), n>1, (4.3.1)
where {a,}22, C (0,1) satisfies the following conditions: » >, a, = oo and
p

ST ah™t < oo. Then, there exists yo > 0 such that if o, < 70 V n > 1, the

n=1
sequence {xp}02, converges strongly to the unique solution of the equation Az = 0.

Proof We first prove that {z,}5°; is bounded. This proof is by induction.
Let * be the unique solution of Az = 0. Clearly, there exists r > 0 such that

r > max{4p|z*||?, ¢(z*, z1)}. Thus, ¢(z*,x1) < r. (4.3.2)

Since A is bounded, define:

My = 2my sup{[| Aa|727 : ||o]] < [la*]| + v} +1 < oo, (43.3)

where
= 1 p%l =2 1,R}, L 1,1.7 4.3.4
mp_(w) y €2 = maX{v }’ 6(7')' ()

Also, define the following constants:

by = (5@531)’")”5; b= (1) (gmaV/r = Bl PP ), (435)

where L3 is the Lipschitz constant of J on bounded sets. Define

1y my(y/r—dplla[[2)PT ®(hy)
= -1, -2 P }

0 mmz{ ’ 2 My » "My

We show that ¢(z*, x,) < r ¥V n > 1. By construction, ¢(x*, 1) < r. Suppose that

o(x*, x,) < r for some n > 1. We prove that ¢(z*,x,41) < r. Suppose this is not

the case. Then, ¢(x*, x,11) > r. Following the method of proof of Theorem 4.2.1,

we obtain that:

O(x* 1) < (2", xn) — 2an {2y — 2*, Axy, — Az™)
+2an || (Jzp — anAxy,) — J 7 (J2)|||| Azn — Az
Using the fact that A is generalized ®-strongly monotone and that J~! is Holder

continuous on balls, we obtain, since {z,} is bounded by our induction hypothesis:

1

O(x*, xpt1) < oz, 2p) — 20(||xn — ™) + 2anafmpHAan%. (4.3.6)
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Observe that, from the recurrance relation (4.3.1), inequality (3.1.4) and the fact
that J is Lipschitz (see inequality (4.1.2)), we have:

Jewss— ' = [T (Jan — anAn,) = J T2
1
< mp(lJzn — T2 + 70 Mo) 7T
1
< mp(La(la* ]| + V7 + 1) +30Mo) 7T,

which implies that [|z,41|| < R for some constant R > 0. Now, from recursion
formula (4.3.1), Lemma 2.2.2, and the fact that ¢(x*, x,+1) > r we obtain that

[|J(zn) — Jx¥|| = ||Jxpy1 — J2* + anAzy|

Mp||Tns1 — 2P~ — 70 Mo

— 1 -
(/= A PP~ oMy > Sy (v~ Aple P

Using the fact that J is Lipschitz with Lipschitz constant L3, we obtain that

o=l 2 (1) (5ol /7 = [P ) = By

v

\%

Hence,
O([|lzn — 7)) = (hyp).

Substituting in inequality (4.3.6), we obtain that

B Tus1) < D" 1) — an®{ly) + San(hy). (4.3.7)

Hence, we have that:

1
r<r-— §an<1>(hp) <r,

a contradiction. Hence, ¢(z*, ,4+1) < r. By induction, ¢(z*, z,) < rVn > 1. From
inequality (2.2.2), {z,,} is bounded. We now prove that {z, }5° ; converges strongly
to 2*. Using inequality (4.3.6) and the boundedness of the sequence {x,,}7° ;, there
exists M > 0 such that:

P __
O, wni1) < (", 2n) = 2008 (|| — ) + a7 M.

The conditon Y 77 ; o' < oo implies, by Lemma 2.3.5, that lim ¢(z*,z,) exists.
n—o0

The condition Y o2 a;, = 0o now implies that liminf ®(||z,, — z*||) = 0, which

further implies (using the properties of ®) that liminf ||z, — 2*|| = 0. Hence, there

exists a subsequence {x,, }32, of {x,}2 such that, (as in the proof of Theorem

7.2.1), xp, — z* as k — oo. Futhermore, from

¢($*>$nk) = Hx*HQ - 2<x*a J(mnk)> + Hxnk”2

and the fact that J is continuous, we obtain that, {¢(z*, z,)}22; has a subsequence
which converges to 0. Thus, by Lemma 2.3.5, {¢(z*, x,)}52 ; converges strongly to
0. Applying Lemma 2.2.1, we obtain that ||z, — 2*|| — 0 as n — oo, completing
the proof. ]
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Remark 4.3.2 It is easy to see that our theorems hold for ¢- strongly monotone
and bounded operators and for k-strongly monotone and bounded operators in L,
spaces, 1 < p < oo, by simply setting ®(s) = sp(s) and ®(s) = ks?, respectively, in
Theorems 4.2.1 and 4.3.1.

A prototype of the parameter in our theorems is the canonical choice
_ 1
ap =7, N > 1.

All the results of this chapter are the results obtained in [38], which was accepted
for publication in Optimization (Taylor and Francis).



CHAPTER b

Strong and A-Convergence Theorems for Common Fixed Point of
a Finite Family of Multivalued Demi-Contractive Mappings in
CAT(0) Spaces

5.1 Introduction

In this chapter, we prove strong and A-convergence theorems for common fixed
point of a finite family of multivalued demi-contractive mappings in a complete
CAT(0) space. The results in this chapter extend and improve the results of
Chidume and Ezeora [41], Chidume et al. [39], Isiogugu and Osilike [68], and com-
plement the results of Dhompongsa and Panyanak [57], Dhompongsa et al. [58],
Leustean [78], Shahzad and Markin [102], Sokhuma [104], and results of a host of
other authors on iterative approximation of fixed points in C AT'(0) spaces.

We start by recalling the following definition and lemmas.

Definition 5.1.1 A mapping T : K — CB(K) is called semi-compact if, for any
sequence {x,} in K such that d(xyn, Tx,) — 0 as n — oo, there exists a subsequence
{zn,} of {xn} such that z,, —p € K.

Remark 5.1.2 If K is compact, then every multi-valued mapping T : K — CB(K)
18 semi-compact.

Lemma 5.1.3 (See e.g., [57]) Let (E,d) be a CAT(0) space. Then,
(i) (E,d) is uniquely geodesic.

(13) For each x,y € E, and t € [0,1], there exists a unique point z € [z,y| such
that
d(z,z) =td(z,y) and d(y, z) = (1 — t)d(z,y). (5.1.1)

41



General Introduction 42

Lemma 5.1.4 (See e.g., [57], Lemmas 2.4 and 2.5) Let (E,d) be a CAT(0) space.
For z,y,z € E, and t € [0, 1], the following inequalities hold:

(1) d(1 —-t)xdty,z) < (1 —t)d(z,z) + td(y, 2);

(i) d((1 —t)x @ ty,2)? < (1 —t)d(z, 2)? +td(y, 2)> — t(1 — t)d(z,y)*;
where d(x,2)? = (d(z, 2))?%.

Lemma 5.1.5 (i) (See e.g., [77]) Every bounded sequence in a complete C AT (0)
space has a A-convergent subsequence.

(13) (See e.g., [59]) If C is a nonempty closed and convexr subset of a complete
CAT(0) space, and if {xn} is a bounded sequence in C, then the asymptotic center
of {zn} is in C.

(7i1) (See e.g., [57]) If {xn} is a bounded sequence in a complete CAT(0), with
A({zn}) = {z} and {u,} is a subsequence of {x,} with A({u,}) = {u} and the

sequence {d(xn,u)} converges, then x = u.

5.2 Main Results

Lemma 5.2.1 Let E be a CAT(0) space. Let {z;, i = 1,2,...,n} C E, and
a; € (0,1), i =1,2,...,n such that Y_;" | o = 1. Then, the following inequality
holds:

n

n 2 n
d <Z @0@%,2) < Zaid(xi,z)2 — Z aiod(zi, ) Ve € B (5.2.1)
i=1 i=1

=Lt

Proof The proof is by induction. For n = 2, the result follows from Lemma
5.1.4(ii). For simplicity, we shall give the proof for n = 3. From Lemma 5.1.4(ii),
we have that

3 2
’ ’ ’ (07} .
d (Z Ba, Ty, z) = d(a121 @ (a2 + a3)(agrs ® azx3), 2)%, o = ——— ) i > 2
i=1

< ayd(x1,2)? 4 (ag + as)d(ayzs ® azrs, 2)°
— a1 (ag + a3)d(x1, anza B azrs)?

< ard(z1,2)? + (0 + a3)[and(z2, 2)?

+ Oé;d(l’g, z)? — a;aéd(azg, z3)?]

—aj(ae + as) [a;d(azl, 29)? + agd(z1, 13)% — Agargd(wa, 23)2

3
= Z aid(zi, 2)? — agod(xa, 3)% — aaad(zy, 22)
i=1

— aqasd(z, 3)% — ayagagd(xy, v3)?
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3 3
= Zaid(:vi, 2)? — Z aied(zi, )2
i=1

i=Li]
Now, suppose (5.2.1) holds up to some k > 3, i.e.,

k k

k 2
d (Z Do, z) < Zaid(azi, 2)2 — Z aiajd(xi,xj)2.
i=1

i=1 ij=1,i#j

Then, again from Lemma 5.1.4 we have

k41 2 L 2 E+1
d (Z @aixz,z> =d (oqml Do <Z @UZ:UZ) ,Z> , 0= z;ozi,
1=

i=1 1=2

L 2
< ayd(zy, 2)? + od (Z; @;Za:i, z)
1=

L2 2
1
—ajod | z1, § @;xi

=2

i 2
[e7EN]
= aqd(xq, z)2 +od ( E @ZTJF.TZ'_i_l, z>

i=1

Eooo 2
i+1
—ajod xl,g @ZTxi+1 .

i=1

Using the induction hypothesis, we have

k+1 2 k
d (Z B, x;, z> < od(z,2)? + Z Qiprd(zig1, 2)?
i=1

i=1

k
Q11005411
— E e d($i+17l‘j+1)2

o
i=1,j,i#]
k
2
- E i1 d(T1, Tit1)
i=1
b maina
1041041 2
+ E fd(%'ﬂawjﬂ)
1=1,5,i#]
kt1 k+1
2 2
= E aid(x;, 2)° — g ajojd(zi, x)°.
i=1 i.=Li#]

Hence, by induction we have that inequality (5.2.1) holds for all n > 1. The proof
is complete. ]
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Lemma 5.2.2 Let K be a nonempty closed convex subset of a complete CAT(0)
space E. Let T; : K — CB(K), i = 1,2,...,m be a family of multi-valued
demi-contractive mappings with constants k; € (0,1),i = 1,2,...,m such that
Nity F(T;) # 0. Suppose that T;(p) = {p} for all p € N_, F(T;). For arbitrary
x1 € K, define a sequence {x,} by

Tnil = QZn ® 1Y gyl @ - D amy™, n>1, (5.2.2)

where i, € Tyxp, i=1,2,...,m, ap € (k, 1), a; € (0,1), 1 =1,2,...,m, such that
Yoirooi =1, and k := max{k;,i = 1,2,...,m}. Then, lim {d(wn,p)} exists for

allp e Nie, F(T;), and hm d(xy, Tizy) —Ofor alli=1, 2

Proof Let p € (N, F(T;). By Lemma 5.2.1 and the fact that T; is k-strictly
pseudo-contractive for i = 1,2,3..., we have

d(2p41,p)? = d(aozy, @ a1y ® a2y ® - ® amy’, p)?

< agd(@n, p) +Zaz YnsD)?

m

- Z aoaid(xno ) yZ’L) - Z ala]d(y;w ygL)

§,j=2,i#]

< aOd xna + Zaz Tmep Zaoaz xnayn

S O‘Od(ajnap)Q + Z Oéid(l‘n,p)2 + Z kiaid(xn7 y:z)Q - Z Oéi()éod(l‘n, y:z)Q
=1 =1 i=1

< d(-rn,p CVO - Zaz xnayn

< d(3,p)* — (a0 — k) Zad(xn, yn)? < d(an,p)®, @ = min o,

; 0<i<m
i=1
which shows that {d(x,,p)} is non-increasing and bounded. Hence, its limit exists.

Moreover, we have that

m

alag — k) Y d(wn, y;)* < d(x1,p)* < o0.

i=1
Therefore, lim,, o d(zy,y) =0V i = 1,2,...,m. Consequently,

lim d(xy,, Tizn,) =0V i=0,1,...,m

n—o0
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Theorem 5.2.3 Let K be a nonempty closed convex subset of a complete C AT(0)
space. Let T; : K — CB(K),i = 1,2,...,m be a family of demi-contractive map-
pings with constants k; € (0,1), ¢ = 1,2,...,m such that (>, F(T;) # 0. Sup-
pose that T; is A—demi-closed at O for all i = 1,2,...,m and T;(p) = {p} for all
peNiey F(T;). For arbitrary x1 € K, define a sequence x,, by

1 2
Tpt1 = Tn Doy, ooy, & B any,, n>1,

where y, € Tyxn, i =1,2,....m, ag € (k,1), o; € (0,1), i =1,2,...,m such that
Yoirooi =1 and k = max{k;,i =1,2,..,m}. Then, {x,} A— converges to a point
p € Nty F(Ty).

Proof Define Wa(xy,) := UA({u,}), where the union is taken over all subsequences
{un} of {z,}. We shall show that, Wa(z,) C (%, F(T;), and that Wa(z,) consists
of exactly one point.

Let w € Wa(xy,), this implies that there exists a subsequence {u,} of {z,} such
that A({un}) = {u}. Since by Lemma 5.2.2 {u,} is bounded, this implies from
Lemma 5.1.5((7) and (7)) that, there exists a subsequence {v,} of {uy} such that
A—NILH;OUHZUEK.

Using Lemma 5.2.2 and the fact that T;,7 = 1,2, ..., m is A—demi-closed at 0 for all
i=1,2,..,m we have that v € (2, F(T;), and hence, d(u,,v) converges. Lemma
5.1.5(¢ii) implies that u = v. Thus, we have Wa(z,) C (2, F(T3).

We now show that Wa(z,) consists of exactly one point. Let A({z,}) = {z}
and {u,} be arbitrary subsequence of {z,} such that A({u,}) = {u} Since u €
Wa(z,) € Ni%, F(T;), we have by Lemma 5.2.2 that d(x,,u) converges. Lemma
5.1.5(i47) implies that u = v. The proof is complete. n

Corollary 5.2.4 Let K, E, T;,i = 1,2,...,m and {x,} be as in Theorem 5.2.5.
Suppose there exists ig € {1,2,...,m} such that T;, is semi-compact, then {x,} con-
verges strongly to a common fized point of T;,i=1,2,...,m.

Proof Since by Lemma 5.2.2 d(zy, Tj,x,) — 0, and Tj, is semi-compact, then,
there exists a subsequence {u,} of {x,} such that {u,} — u € K, which implies
A — lim u, = u € K. By Theorem 5.2.3 we have that v € (;_; F(T;), which

n—oo

implies by Lemma 5.2.2 that, x, — u. ]

Corollary 5.2.5 Let K be a nonempty compact convex subset of a complete CAT(0)
space. LetT; : K — CB(K),i =1,2,...,m be a family of demi-contractive mappings
with constants k; € (0,1), i =1,2,...,m such that (" F(T;) # 0. Suppose that T;
is A—demi-closed at 0 for alli=1,2,...,m and T;(p) = {p} for allp € N, F(T;).
For arbitrary x1 € K, define a sequence x, by

1 2
Tpyl = QoTn © a1y, © a2y, © ... D any,, n>1,
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where y, € Tyxn, i =1,2,...,m, ag € (k,1),a; € (0,1), i =1,2,...,m such that
Yoirooi =1 and k := max{k;,i = 1,2,...,m}. Then, {x,} converges strongly to
some point p € (i~ F(T5).

Proof The proof follows from the fact that, if K is compact, then every multi-
valued mapping 7' : K — CB(K) is semi-compact (see remark 5.1.2). Thus, the
conclusion follows from Corollary 5.2.4. m

Corollary 5.2.6 Let K be a nonempty closed convex subset of a complete C AT(0)
space. Let T; : K — CB(K),i = 1,2,....,m be a family of quasi-nonexpansive
mappings such that (i~ F(T;) # 0. Suppose that T; is A—demi-closed at 0 for all
i=1,2,...,m T;(p) = {p} for all p € N;_, F(T3), and there exists iy € {1,2,...,m}
such that T;, is semi-compact. For arbitrary x1 € K, define a sequence x,, by

Tpy1 = aoTn ® a1y, S agyy & .. ® amyy', 1> 1,

where yt, € Tyxn, i =1,2,...,m, ag € (k,1),a; € (0,1), i =1,2,...,m such that
Soitooi =1. Then, {x,} converges strongly to some point p € (i, F(T5).

Remark 5.2.7 [t is worth mentioning that our result is true for all C AT (k) spaces,
k <0. Since for k < k', CAT(k) C CAT(K") see (Bridson and Haefliger [12]).

Remark 5.2.8 Our results extend the results of Chidume and Ezeora [41] to a more
general space than Hilbert space (CAT(0) spaces). Futhermore, the condition im-
posed on N;, i =0,1,2,...,m in Theorem 2.2 of [41] (\; € (k,1), i=0,1,2,...,m
such that > " A\i = 1) restricts the class of operators for which the theorem is
applicable. In our result, the condition is reduced to Ao € (k,1), A; € (0,1), i =
1,2,...,m such that > ;" \; = 1, thereby making our results to be applicable to all
classes of demi-contractive mappings.

Remark 5.2.9 [t is worth mentioning that the result proved in Lemma 5.2.1 is of
special interest.

Remark 5.2.10 The result of Chidume et al. (Theorem 3.1 of [39]), Isiogugu and
Osilike (Theorem 3.1 of [68]) are special cases of our results.

Remark 5.2.11 All the results of this chapter are the results obtained in [34],
which was published in: Abstract and Applied Analysis.



CHAPTER O

Convergence Theorem for a Countable Family of Multi-Valued
Strictly Pseudo-Contractive Mappings in Hilbert Spaces

6.1 Introduction

In this chapter, a Krasnoselskii-type algorithm is constructed and proved to be an
approximate fixed point sequence for a countable family of multi-valued strictly
pseudo-contractive mappings in a real Hilbert space. Under some additional mild
conditions, the sequence is proved to converge strongly to a common fixed point of
the family.

Our theorems complement and improve the results of Chidume and Ezeora [41],
Abbas et al. [1], Chidume et al. [39] and a host of other important results. Before
proving the the main results of this chapter we start with the following definition
and lemmas which shall be used subsequently in the chapter.

Definition 6.1.1 A mapping T : K — CB(K) is called semi-compact if, for any
sequence {x,} in K such that d(x,, Tx,) — 0 as n — oo, there exists a subsequence
{zn,} of {xn} such that z,, —p € K.

Remark 6.1.2 If K is compact, then every multi-valued mapping T : K — CB(K)
18 semi-compact.

Lemma 6.1.3 Let H be a real Hilbert space. Let {x;,i = 1,....,m} C H. For a; €
(0,1),i =1,...,m such that 3" | a; = 1, the following identity holds:

m 2 m m
Zaixi = Z%’H%’HQ - Z ool — mj||2. (6.1.1)
i=1 i=1

i,j=1,1#]

The proof of Lemma 6.1.3 can be found in [62]. We now state and prove its gener-
alization.

47
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Lemma 6.1.4 Let H be a real Hilbert space. Let {x;}5°, C H and o; € (0,1),i =
1,2, ..., such that Y 2, a; = 1. If {x;}5°, is bounded, then

oo 2 oo o0
Saiml| =Y izl - Y cagla - ). (6.1.2)
i=1 i=1 i j=1,i#]

Proof We observe that setting M := sup;s ||2;||, we have )7, |z ||* < oo

Moreover, since y ., o; = 1, we have

Zal—l— Z o

i=n-+1
Thus setting
n
Q;
af = ——=5—, we see that ap = 1. (6.1.3)
’ 1- Ez(?inJrl Q; ; '

We also have from Lemma 6.1.3 that, for each n > 1,

n 2 n n
Satw| =Y alwl - > aragle -l (6.1.4)
i=1 i=1 i,j=1,i£j
Since,
n 2
lim Z@?%‘ = i T
n—oo
i=1
and
o0 (o]
. 2 2
nl;n;o(zannxzn =Y aalln-al?) = (Sadal- Y gl - o))
i,j=1,i#] i=1 1,j=1,i#]
We have,
o 2 o (o)
Zaixi :ZainiHQ— Z aiajH:z:Z-—xjHQ (615)
i=1 i=1 i,j=1,i#j
This proves the result. [ ]

The following result is proved in [39] .

Lemma 6.1.5 Let T : K — CB(K) be a multi-valued k-strictly pseudo-contractive

mapping, then T is Lipschitz with Lipschitz constant 1+£

Remark 6.1.6 In Lemma 1.1 of [39], the authors required that for each x € K,
Tz be weakly closed. However, it was later on proved in Lemma 3.7 of [47] that,
this condition is not necessary. Thus, it is dispensed with in Lemma 6.1.5.
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As a consequence of Lemma 6.1.5, we obtain the following lemma.

Lemma 6.1.7 Let T; : K — CB(K) be a countable family of multi-valued k;-
strictly pseudo-contractive mappings, k; € (0,1),i = 1,2,... If sup;>1 ki € (0,1),
then T; is uniformly Lipschitz; that is, there exists L > 0, such that

H(Tiz, Tyy) < Lz —y||Vz,y € K

Proof From Lemma 6.1.5, we have that T; is Lipschitz for each i, with Lipschitz
constant L; = Itk Now, since k; € (0,1),i = 1,2, ..., setting k := sup;> k;, we

1-vk;
have,
1 1
e ) < (28 =] < Gl ol
Hence, T; is uniformly Lipschitz. n

6.2 Main Results

We now prove the following theorem.

Theorem 6.2.1 Let K be a nonempty closed and convex subset of a real Hilbert
space H, and T; : K — CB(K) be a countable family of multi-valued k;-strictly
pseudo-contractive mappings; k; € (0,1),4 = 1,2,... such that (\;2; F(T;) # 0; and
sup;>1 ki € (0,1). Assume that for p € ;2 F(T;), Ti(p) = {p}. Let {J/‘n}n:1 be a
sequence defined iteratively for arbitrary zo € K by

Tnt1 = AoTn + 3 Aitjh, (6.2.1)
=1

where yl, € Tyxn, n > 1 and N € (k,1); Y720\ = 1 and k := sup;>; ki. Then,
limy, o0 d(zp, Tizy) =0, =1,2,....

Proof We first show that {z,} is well defined for each n > 1. It suffices to show
that Y2, )\ZH%H < oo for each n € N. Indeed, for p € (;2; F(T;), we have,

lwi, = pl| < sup v, — p|| = H(Tiwn, {p}) < Lllwn — pl| := My
i>

Thus ||y || = |lpll < ||9f, = p|| < My. That is [|y},|| < M, + ||p|| Therefore, for each
n, {y!} is bounded. Hence,

ZA il < (M + [|PIl) ZA = (My, + || P|)(1 = Ao) <
=1 =1
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Using Lemma 6.1.4, the fact that T; is strictly pseudo-contractive for each ¢ =
1,2,... and the fact that \gp € (k, 1) we have:

00 2
lzni1 = o> = |Ao(@n —p)+ Y Ni(yh —p)

Zz ; 2 > i 112

= )\onn—pHQ*‘Z)\iHyﬁ—pH _Z)\i)\OHxn_y;H

. 'zzl - =1
= > Aflun -l
ij=Li]

= ; 2 > P12

< ollzn = 2l D Aiflwh =l = D Nidol|an — vl
zo—ol =1 . -

< Nollen = pI* + ) NH (T, Tip)® = > Xido||zn — vl
z;l =1 -

< ollaa = ol + 32 A (llen = I + Kllen — v

=1

= D Nidoflen = wll
i=1

= 3 Nillza —pl =D Ao — B) ||z — || (6.2.2)
=0 =1
= Jlzn = ol = 3" Ai(ho — )|z — 5" (6.2.3)
=1

Thus, lim,, o ||z, — p|| exists. Moreover,
- i||2 1 2 2
> Aiflen = 01”5 (ln = 2l = leass = I1).
i=1 Ao — k

which implies that

; 1
Mz = al* < 57— (Il = 2I> = llwass = pI)-

Ao —k

Therefore,

(0.9] 1 oo

23 Nlen =l < g 22 (e =l = llzwss = pl”) < oo

n=1 0~ ) n=1
Hence, lim,, Hxn — y,@” =0Vi=1,2,.. Since ¢, € Tywp,i = 1,2, ..., it follows
that

0 < d(n, Tizn) < ||n — y;LH

Thus, lim, o d(xy, Tizn) =0 Vi=1,2,.... m

The proof is complete.
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Theorem 6.2.2 Let K be a nonempty, closed and convex subset of a real Hilbert
space H and T : K — CB(K) be a countable family of multi-valued k;-strictly
pseudo-contractive mappings, k; € (0,1),4 = 1,2, ..., such that (\;=y F(T;) # 0.
Assume that for p € ooy F(T3), Ti(p) = {p}. Let {z,} be a sequence defined by
xg € K,

o]
Tnt1 = AoTn + ¥ Aitjh (6.2.4)
=1

where y', € Tixn, n > 1 and N\; € (k,1),i = 1,2,... such that Yoo =1 and
k :=sup;> k;. Suppose 3 ig € N such that T}, is semi-compact. Then, the sequence
{zn} converges strongly to an element of (=, F(T5).

Proof From Theorem 6.2.1, we have lim,,_,o d(zp, Tix,) = 0,i = 1,2, ... Since Tj,,
is semi-compact, there exists a subsequence {xy, } of {z,} such that xz,, — ¢ € K as
k — oo. Also, by continuity of Tj,¢ = 1,2, ..., we have d(zy, , Tizy, ) — d(q,T;q),i =
1,2,... as k — oo. Therefore, d(q,T;q) = 0,i =1,2,...,and so g € F(T;), i = 1,2, ...
Thus, from (6.2.2), we have that lim,_, ||z, — ¢|| exists; and since z,, — g, it
follows that limy, . ||zn — ¢|| = 0. So, {z,} converges strongly to ¢ € (2, F'(T3).
|

The following corollary follows from Theorem 6.2.2 and Remark 6.1.2

Corollary 6.2.3 Let K be a nonempty, compact and convex subset of a real Hilbert
space H and T : K — CB(K) be a countable family of multi-valued k;-strictly
pseudo-contractive mappings, k; € (0,1),i=1,2, ..., such that (;2, F(T;) # 0, and
sup;>1 ki € (0,1). Assume that for p € ;o F(T;), Ti(p) = {p}. Let {x,} be a
sequence defined iteratively for arbitrary zo € K by

)
=1

where yi, € Tyxp, n>1 and Ao € (k,1),i=1,2,...; > 2 N =1and k := sup;>q ki,
then the sequence {x,,} converges strongly to an element of (2, F(T5).

Remark 6.2.4 It is worth mentioning that the recursion formulas studied in this
chapter are of the Krasnoselskii-type which is well known to be superior to the recur-
ston formula of either the Mann algorithm or the so-called Ishikawa-type algorithm

(see [67]).

Remark 6.2.5 Our theorems extend the results of Chidume et al. [39] and Chidume
and Ezeora [41] from a single multi-valued strictly pseudo- contractive mappings
and a finite family of multi-valued strictly pseudo-contractive mappings, respec-
tively, to a countable family of multi-valued strictly pseudo-contractive mappings.
Furthermore, under the setting of Hilbert spaces, our theorems and corollaries im-
prove the convergence theorems for multi-valued nonexpansive mappings studied
in Sastry and Babu [101], Panyanak [90] to a more general class of multi-valued
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strictly pseudo-contractive mappings. Also, in our algorithms, y, € Tx, is arbitrary
and is not required to satisfy the very restrictive condition, “y, € Tx, such that
lyn — 2*|| = d(x*, Txy,)” imposed in [74] and [103].

All the results of this chapter are the results obtained in [35] which was published
in: International Journal of Mathematical Analysis.



CHAPTER [

Approximation of Solutions of Hammerstein Equations with
Strongly Monotone and Bounded Operators in Classical Banach
Spaces

7.1 Introduction

Let 2 C R™ be bounded. Let £: 2 x ) — R and f: QxR — R be measurable real-
valued functions. An integral equation (generally nonlinear) of Hammerstein-type
has the form

ulz) + /Q k(. 9) (g, u(y))dy = w(a), (7.1.1)

where the unknown function u and inhomogeneous function w lie in a Banach space
E of measurable real-valued functions. If we define F' : F(Q,R) — F(Q,R) and
K : F(,R) — F(,R) by

Fu(y) = f(y,u(y)), = € Q,

and
Kov(x) = /Qk:(x,y)v(y)dy, T €€,

respectively, where F(€,R) is a space of measurable real-valued functions defined
from €2 to R, then equation (7.1.1) can be put in an abstract form

u+ KFu=w. (7.1.2)
Without loss of generality we may assume that w = 0 so that (7.1.2) becomes
u+ KFu=0. (7.1.3)

In this chapter, we shall construct a coupled iterative process and prove its strong
convergence to a solution of the Hammerstein equation (7.1.3) in L, spaces, 1 < p <

93
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0o, where the operators F' : L, — L," and K : L," — L,, are strongly monotone and
bounded operators. Futhermore, our technique of proof is of independent interest.
Before stating the main results of this chapter we start with the following definitions
and lemmas that will be useful subsequently.

Lemma 7.1.1 (see e.g., [29], p. 55) Let E =Ly, 1 < p < 2, then the following
inequalities hold for all x,y in Ly, and some constant c, > 0.

lz+yl* > llzl* +2(y,j(2)) + cllyl1?, (7.1.4)

(x—y, J(z) = J(y) > (p— 1|z —yl*. (7.1.5)

Observe that this inequality yields
177 @) = T W)l < Ll = yll,
where L1 := ]ﬁ.
Let E =Ly, 1 <p<2. Define ¢,: E x F— R by
op(,y) = yl* — 2(z, j(y)) + cplla, (7.1.6)

where ¢, is the constant appearing in inequality (7.1.4). Then, from (7.1.4) we have
that

Iz = ylI> > dp(z,y). (7.1.7)

Also, following the pattern of proof of Lemma 2.2.3, the following inequality can
be established.

Vpla,a*) + 200 70" = 2,y%) < Vylar,a* + ) (7.1.8)

for all € E and z*,y* € E*, where V,,(z,2*) = ¢p(x, J 1x*). Moreover, it can be
easily seen that

$(x,y) = dp(z,y) + (1 — ) ]*. (7.1.9)
Thus, the following inequality follows from inequality (2.2.2).

ol </ @p(@,9) + (1= ezl + 2] ¥ 2,y € E. (7.1.10)
7.2 Convergence Theorems in L, spaces, 1 < p < 2

In the following we assume that R(F') = D(K) = E*.

Theorem 7.2.1 Let E =Ly, 1 <p<2. Let F:E — E* and K : E* — E be
strongly monotone and bounded maps. For (ug,vo) € E x E*, define the sequences
{un} and {v,} in E and E* respectively by

Uny1 = J VN (Juy — an(Fuy —vy,)), n >0, (7.2.1)
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Vp1 = J.H(Jwvn — an(Kv, +uy)), n >0, (7.2.2)

where {a, }22, C (0,1) satisfies the following conditions: Y oo iy = 00, Y oo a2 <
.

oo and Y 07 ap ' < oo, where q is such that 119 + % = 1. Assume that the equa-
tion u + KFu = 0 has a solution. Then, there exists y9 > 0 such that if a, < o
for all m > 1, the sequences {u,}52 ;1 and {v,}°2, converge strongly to u* and v*,
respectively, where u* is the solution of u + KFu = 0 with v* = Fu*.

Proof We first prove that the sequences {uy,}22; and {v,};2, are bounded. The
proof is by induction. For (uy,vy), (u*,v*) € L, x L, where u* is the solution of
(7.1.3) with v* = Fu*, set wy, = (up,vy) and w* = (u*,v*). Define ¢, : (E x E*) x
(Ex E*) > Rand ®: (E x E*) x (E x E*) - R by

Dy (w1, w2) = Pp(ur, uz) + d(v1, v2) (7.2.3)

and
O (w1, w2) = ¢(u1,u2) + ¢(v1,v2), (7.2.4)

respectively, where wy = (u1,v1) and wy = (ug,v2). Let E x E* be endowed with
the norm ||(u,v)|| = (||lul|% + H’UH%*)% Let 7 > 0 be such that

r > max {®,(w*,wy), 6q|lv*|*}. (7.2.5)

Since F' and K are bounded, define

My := Lysup{||[Fu—of|* : [Jul| < \/7"+ (1 = ep)llwrll + [l [ls floll < flo*ll +vr} +15

and

9
My i= mysup{|Kv+ul 7T s Jull  \/r+ (L= elfur s ol < ol +vH+1,

where ¢, is the constant appearing in inequality (7.1.4), m, (2 < ¢ < o0) is the
Holder continuity constant appearing in Lemma 2.2.3 (Chapter 3) and L; is the
Lipschitz constant of J~!. Define

wi= [gminl s ]

where k = min{ky, k2 }, k1 and ko are the constants of strong monotonicity of F' and
K, respectively. We claim that ®,(w*, wy,) < r V n > 1. Indeed, by construction,
we have ®,(w*, wy) < r. Suppose that ®,(w*,w,) < r for some n > 1. This implies
that

¢p<u*7u'fl) + ¢(U*avn) S T, V n 2 1.

So, from inequalities (7.1.10) and (2.2.2), we have:

[unll < 4/r+ (1 = ep)llu*|| + [[u”|| and [Jon]l < 0" + V7, ¥ 0 = 1,
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respectively. We now prove that ®,(w*,wp11) < r. Using the definition of w1
and inequality (7.1.8) with y* = a,(Fu, — v,) we obtain:

Op(u,unt1) = ¢p(u”,J” HJun = an(Fup — o)) = Vo(@™, Jup — an(Fup — vn))
< Vp(u', Jun) 2T N Ty — o (Fup — vp)) — u*, oo (Fug, — vp))
= Vp( Jun) = 200 (up — u*, (Fun — vp))

< Y Juy, — an(Fup — ) — T Y Jug), (Fun — vy)).
< qﬁp(u yUp) — 200 (uy — u*, (Fuy, — vy))

+2anHJ_1(Jun — an(Fuy —vy)) — J_l(Jun)HH(Fun — vp)||-
Observe that
(U, — u*, (Fup — vp)) = (up, — u™, (Fup, — Fu®)) + (u, — u*, (Fu* — vy,)).

Now, using the fact that A is strongly monotone and that J~! is Lipschitz we
obtain:

Pp(u” unt1) < gp(u”, up) — 200k flun — U*HQ + 2anan Ly || Fup — UnHQ
+ 2an(u, —u*, (v, — Fu™))

Using inequality (7.1.7), definition of M; and the fact that & = min{k;, k2} we have

Op(u upnt1) < (1 —2a5k)op(u", upn) + 200,00, My (7.2.6)
+ 2ap(up —u*, (v, — Fu™)).

Similarly, using Lemma 3.1.4 with y,, = ay,(Kv, + u,) we obtain:

¢(U*7 Un+1)

< o(v*,vn) — 2amklv, — v*|?
+ 2anHJ*_1<J*”n — an(Kvp +up)) — J;1<J*Un)HH(KUn + un) ||
+ 205 (v, — 0", —(Kv" + uy)).

Using the fact that J_! is Hélder continuous on bounded sets, the definition of M,
and Lemma 2.2.2 we have

1
(0 vng1) < (1= 200k)d(v*, vn) + 20mait " My + 2amgkl[o*||* (7.2.7)
+ 2an (v, — V", —(Kvp + up)).

Adding (7.2.6) and (7.2.7), we have

IN

O, (w*, wy) (1 =20, k)Dp(w™, wy,) + 2,00, My

1
+ 2apag Mo+ 2a,kq||v*|?
< (1= 20,k) P, (w", wy) + 200,70 M
+ 200 Mo 4 2a,kql[v*||?
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Using definition of v, induction hypothesis and inequality (7.2.5) we have:

nk nk nk
O, (w*,wy) < (1 —20k)r + a + a @

3 3 + 3
(1 —ank)r <r.

A

Hence, ®,(w*, wp+1) < r. By induction, ®(w*,w,) < r V n > 1. Consequently,
we have ¢p,(u*, ups1) < r and ¢(v*, vp41) < r. Thus from inequalities (7.1.10) and
(2.2.2) we have that {u,} and {v,} are bounded, respectively.

We now prove that ®(w*,wp4+1) — 0 as n — oo. If we set My = Ly sup{||Fu, —
vn||?}, following the same method of computation above with ¢(u*, u,11) instead
of ¢p(u*, up41) and using Lemma 2.2.3 obtain that

S(u uny1) < d(u* un) — 20mk|jun — ut||* + 202 My (7.2.8)
+ 20 (up —u*, (v, — Fu™))

Simillarly, we have

1
oW vp41) < (v vn) — 20kl||vn — U*H2 + 2apa”t My (7.2.9)
+ 20, (v, — 0", —(Kv), +uy))

Adding (7.2.8) and (7.2.9) we obtain:
Cp(w wnr1) < Bp(w”,wn) — 20mk([lun — u|* + flon —v*[*) (7.2.10)
.
+ 2()[72LM0 + 20[571 M.

By Lemma 2.3.5, we obtain that lim ®(w*, wy,) exists. Futhermore, using the con-
dition Y «a, = oo, we obtain that liminf(||u, — u*||*> + ||v, — v*||?) = 0. So,
there exist a subsequences {uy, } of {u,}, {vn,} of {v,} such that u,, — u* and
Up,, — v*. Using the definition of ¢ and the continuity of J, we have ¢(u*, uy,) =
lz*|| — 2(z*, J(un,)) + ||un,|| = 0 as k — oo. Simillarly, using the continu-
ity of J. we have ¢(v*,v,,) = ||z*|| — 2(z*, Ju(vn,)) + ||vn,|| = 0 as k — oo.
Thus, again by Lemma 2.3.5, we obtain that lim ®(w*,w,) = 0. Hence we have
lim ¢(u*, u,) = lim ¢(v*,v,) = 0. Therefore, by Lemma 2.2.1, we conclude that,
lim ||uy, — v*|] = lim ||v,, — v*|| = 0. This completes the proof. (]

7.3 Convergence Theorems in L, spaces, p > 2

In the theorem below, we assume R(F') = D(K) = E*. We now prove the following
theorem.

Theorem 7.3.1 Let E = L,, 2<p<oo. Let FF': E — E* and K : E* — E be
strongly monotone and bounded maps. For arbitrary (ug,vo) € E x E*, define the
sequences {un} and {v,} in E and E*, respectively, by

Uny1 = J N (Juy — an(Fuy —vy,)), n >0, (7.3.1)
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Vp1 = J.H(Jwvn — an(Kv, +uy)), n >0, (7.3.2)

where {a, }22, C (0,1) satisfies the following conditions: Y oo iy = 00, Y oo a2 <
_b

oo and Y 00 ot < co. Assume that the equation u + KFu = 0 has a solution.
Then, there ezists o > 0 such that if oy, < o for all n > 1, the sequences {un}o> 4
and {vp }22 | converge strongly to u* and v* respectively, where u* is the solution of
u+ KFu=0 with v* = Fu*.

Proof We first prove that the sequences {u,}2>; and {v,};2, are bounded. The
proof is by induction. For (uy,vy), (u*,v*) € L, x L, where u* is the solution of
(7.1.3) with v* = Fu*, set wy, = (up,v,) and w* = (uv*,v*). Define &, : (E x E*) x
(Ex E*) > Rand ®: (E x E*) x (E x E*) - R by

Dy (w1, wa) = ¢(u1, uz) + ¢q(v1,v2) (7.3.3)
and
P (wr, w2) = ¢(u1, u2) + ¢(v1,v2), (7.3.4)

respectively, where wy; = (ug,v1), we = (ug,v2) and ¢ is such that % + % =1. Let

E x E* be endowed with the norm |[|(u,v)| = (||ul|% + HUH2E*)% Let r > 0 be such
that
r > max {®g(w*, wp), 6p||v*|*}. (7.3.5)

Since F' and K are bounded, define

My = myp sup{[|Fu—ol|* « [Jul| < [Ju]| +v/r; o]l < \/7“+ (1 = cg)llorl+ v} +1;

and

9
My = Lysup{||[Kv+ul[=T : [Jul| < [lu®|[+/r; [[o]] < \/7’+ (1= eq)llv* [+ [0} +1,

where ¢, is the constant appearing in inequality (7.1.4), m,, is the Holder continuity
constant appearing in Lemma 2.2.3 and L; is the Lipschitz constant of J~!. Define

[1 . { kr  kr }]pfl
= |=mind ——, ——
0= 6M,’ 6Ms ’

where k = min{ky, k2}, k1 and ko are the constants of strong monotonicity of F' and
K, respectively. We claim that ®,(w*,w,) < r ¥V n > 1. Indeed, by construction,
we have ®,(w*, wp) < r. Suppose that ®,(w*, wy) < r for some n > 1. This implies
that

AU, up) + dg(v*,0p) <1, Vo > 1.

So, from inequalities (7.1.10) and (2.2.2), we have:

lunll < [Ju”[| + v/ and [jon]| < \/7“+ (1 =cg)lo*[[ + [lv*]l, ¥ n > 1,
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respectively. We prove that ®,(w*,wy41) < r. Using the definition of u,4; and
inequality (7.1.8) with y* = oy, (Fuy, — vy,), we obtain that:

d(u* uns1) = S, T (Juy — an(Fu, —vy))) = V(z*, Juy, — an(Fuy, —vy))

< V(u®, Juy) — 20T (Jup — an(Fuy —v,)) — u*, a (Fuy — v,))
= V", Juy) — 20, (u, — u*, (Fu, — vp))

—2an<J_1(Jun — an(Fuy, —vp)) — J_l(Jun), (Fuy, — vp)).
< p(ut, un) — 20 (up — u*, (Fuy, — vy))

+2ozn||J_1(Jun — ap(Fuy —vp)) — J_l(Jun)HH(Fun —up)|-
Observe that
(up —u™, (Fup —vn)) = (up — u*, (Fuy, — Fu®)) + (up, — u*, (Fu® — vy)).

Now, using the fact that A is strongly monotone and that J—! is Hélder continuous
we obtain:

L p_
P(u* uny1) < ou”, un) — 20k ljun — “*HZ + 20‘na7€71mp”Fun — Up||P1

+ 2ap(up — u*, (v, — Fu™))

Using Lemma 2.2.2, definition of M; and the fact that k¥ = min{k;, k2} we have

_1

d(u unse1) < (1= 2a,k)d(u*, up) + 2008~ My + Qankav*HQ (7.3.6)
+ 20 (up —u, (v, — Fu®)).

Similarly, using inequality (7.1.8) with y* = a,(Kwv,, + u,) we obtain:

< @p(v*, ) = 2akl|vy, — v*H2
+ QQnHJ*_l(J*”n — o (Ko +up)) — J*_l(J*“nWH(KUn + un) ||
+ 20 (v, — 0", —(Kv* + up)).

¢p(v*7 Un—f—l)

Using the fact that J, ! is Lipschitz, the definition of My and inequality (7.1.7) we
obtain:

bp(v* vng1) < (1= 2ank)dp(v*,v,) + 202 My (7.3.7)
+ 2an (v, —vF, —(Kvp + up)).

Adding (7.3.6) and (7.3.7), we have

IN

@, (w*, wp1) (1 = 200,k)Pp(w™, wy) + 20,00, Mo (7.3.8)

1
+  2anaid Tt My + 2akpllv*||?

< (1= 200k)Pp (W™, wy) + 20,70 Mo
+ 2apv0M; + 2ankav*H2.
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Using definition of v, induction hypothesis and inequality (7.3.5) we have:

ank  apnk  ank

O, (W wpg1) < (1 —2a,k)r + 3 + 3 + 3

< (1 —apk)r <r(7.3.9)

Hence, ®,(w*, wp+1) < r. By induction, ®(w*,w,) < r V n > 1. Consequently,
we have ¢, (v*,v,41) < r and ¢(u*, up41) < r. Thus from inequalities (7.1.9) and
(2.2.2) we have that {u,} and {v,} are bounded, respectively.

We now prove that ®(w*, wp41) — 0 as n — oo. If we set My = my, sup{||F'u, —

U] P%l}, following the same method of computation above we obtain:

P

d(u* unr1) < A(u*,un) — 2ank|u, — u*||* + 208 My (7.3.10)
+ 20 (up —u*, (v, — Fu™))

Simillarly, we have

d(v*vpt1) < (v, vp) — 200kl|vn — U*H2 + 20[3LM2 (7.3.11)
+ 20y (v, — 0", —(Kv), +up))

Adding (7.3.10) and (7.3.11) we obtain:

Op(w wns1) < Pp(w*,wn) — 20mk(||un — u¥|* + [Jon —v*?) (7.3.12)
_Db
+ 2087 My + 202 M.

By Lemma 2.3.5, we obtain that lim ®(w*, w,,) exists. Futhermore, using the con-
dition > a;, = 0o, we obtain that liminf(||u, — u*||?> + [Jv, — v*||?) = 0. So,
there exist a subsequences {uy, } of {un}, {vn,} of {v,} such that u,, — u* and
Up,, — v*. Using the definition of ¢ and the continuity of J, we have ¢(u*, uy, ) =
lz*|| — 2(z*, J(un,)) + lJun, || — 0 as k — oo. Simillarly, using the continu-
ity of J, we have ¢(v*,v,,) = ||z*|| — 2(«*, Ji(vn,)) + ||on, |l = 0 as k — oc.
Thus, again by Lemma 2.3.5, we obtain that lim ®(w*, w,) = 0. Hence we have
lim ¢(u*, u,) = lim ¢(v*,v,) = 0. Therefore, by Lemma 2.2.1, we conclude that,
lim ||uy, — v*|] = lim ||v,, — v*|| = 0. This completes the proof. []

Remark 7.3.2 Since every Lipschitz map is bounded, it is easy to see that our
theorems hold for Lipschitz ¢- strongly monotone operators in L, spaces, 1 < p < oo.

A prototype of the parameter in our theorems is the canonical choice a,, = %, n > 1.

All the results of this chapter are the results obtained in [32], which was sub-
mitted to the Proceedings of the American Mathematical Society for consideration
for publication.
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