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Epigraph

" Discoveries, small or great, are never born of spontaneous generation. They
always suppose a soil seeded preliminary knowledge and well prepared by labor,
both conscious and subconscious.”

- Henri Poincaré -
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Preface

This project is at the interface between Nonlinear Functional Analysis, Con-
vex Analysis and Differential Equations. It concerns one of the most powerful
methods often used to solve optimization problems with constraints; namely the
Variational Method involving Isoperimetric conditions. As applications the exis-
tence of infinetely many periodic solutions of some 2"¢ order dynamical systems
will be proven in the line of M.S. Berger|!].

Variational methods refer to proofs established by showing that a suitable
auxilliary function attains a minimum or has a critical point (cf. Definition ...).
In the former case, this can be viewed as a mathematical form of the princi-
ple of least action in Physics and justifies why so many results in Mathematics
are somehow related to variational techniques as they have their origin in the
physical sciences. Their applications cover numerous theoretic as well as applied
areas including optimization, Banach space geometry, nonsmooth analysis, eco-
nomics, control theory and Game theory. But we shall focus on a branch linking
minimization and periodic differential equations.

My interest in this subject has been steadily fascinated by the successive
lectures delivered at the African University of Sciences and Technology by Prof.
C. Chidume (Functional Analysis)|2], Dr. N. Djitte (Sobolev spaces and lin-
ear elliptic partial differential equations)|3], Dr G. Degla ( Topics in Differential
Analysis)|[1] and Prof. Thibault (Conver Analysis)|?].
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0 Introduction and Motivations

The exploitation of nature’s propensity offers us ample opportunities to achieve
or deal with an optimal objective concerning constrained shape, volume, time,
velocity, energy or gain. This vivifies the need to study Optimization Theory
and related topics.

In order to make the concepts clear, let us recall some keywords. Given a
nonempty set X and a function f: X — R which is bounded below, comput-
ing the number

i&ff = inf{f(z) : x € X} (F1)
represents a minimization problem posed in X: namely that of finding a mini-
mizing sequence, i.e. (vy)r C X such that
lim f(z) = inf f
The number i§f f is often called the wnfimal value of f or more simply the

infimum of f over X. The function f is usually called the objective function or
also infimand. By analogy we have the concepts of supremal value (supremum)
and supremand.

An optimal solution of (F}) is an element a € X such that

fla) < fz), Yo e X;

such an element a is usually called a minimizer, a minimum point or simply a
minimum of f on X. We shall also speak of global minimum.
Let us emphasize that the notation

min{ f(z) : z € X}
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holds at the same time for a number (when there exists a solution to F}) and a
problem to solve.

Likewise one can meet maximization problems but they are all equivalent to
minimization problems since for any real valued function g defined on a set X,

one has
sup{g(z) : x € X} = —inf{—g(z) : z € X}.

When X has a topological structure, another problem related with (F}), is to
know whether a giving minimizing sequence (xj) converges to an optimal solu-
tion when k tends to +00. Two conditions are essential to guarantee a positive
answer to the above problem. A topological criterion on the structure of X (e.g.,
compactness) and a topological criterion on the behavior of the function f (e.g.,
continuity).

When X is an open set of a real normed linear space (respectively a mani-
fold) and f is Fréchet differentiable or just Gateaux differentiable (respectively
differentiable in the geometric sense), a necessary condition for a point a € X
to be a minimizer (according to Euler) is to be a critical (or stationary) point
of f; this means that, f'(a) = 0 on X (respectively df(a) = 0 on T,X, the
tangent space of the manifold X at a). We say that a real number c¢ is a critical
value of f if there exists a critical point @ € X such that f(a) = c. In the case
of a Hilbert space X = H endowed with a scalar product (-,-), and thanks to
the Riesz representation theorem, the gradient V f of a Gateaux differentiable is
defined by setting

(h,Vf(x)) = fi(z)(h).

And so in this case, a critical point of f is just a solution of the equation
Vi) = 0.
The following surjectivity result illustrates well variational arguments.

Proposition 0.1 Every continuous function f : R — R with a superlinear
anti-derivative at infinities (i.e., ‘llim Jg f@)dt/|z| = oc), is surjective.
r|—00

The proof follows immediately from the fact that for each arbitrary r € R
fixed, the function ¢ : R — R defined by ¢(z) = [ f(t)dt —ra has a minimum
point which is a critical point since this function is lower semi-continuous (in
fact continuous), coercive (in the sense that its level sets {z € R : ¢(z) < t}
are relatively compact) and furthermore differentiable. [
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An interesting example which also illustrates well variational arguments (with
differential analysis and ordinary differential equation tools) is the following:

Proposition 0.2 Let X be the Banach space consisting of all continuously
differentiable function w on [0, 1] satisfying the homogeneous Dirichlet boundary
condition u(0) = u(1) =0, that is, X = {u € C'0,1]; w(0) =u(1) =0},
and equipped with the norm defined by

— !
fuller = ma fu(a)] + ma [o/(z)].

Consider the functionals E and G defined on X respectively by:

1 1
E(u) = / |/ (z)*dz  and G(u) = / lu(x)|*dx .
0 0
Then the constrained minimization problem
min {E(u); Gu)=1, ue X}

15 equivalent to the unconstrained minimization problem

min {% uEX\{O}}

and has an optimal solution ¢ : [0,1] — R defined by p(x) = sin(nx).

Note that in this Proposition 0.2, any critical point v of the functional J
defined by J(u) = E(u)/G(u) for u # 0, is a solution to the eigenvalue problem

E'(v) = M\G'(v)
where X is a Lagrange multiplier which in this case is explicitly A = J(v) since

1

7= )

(E'(v) = J(v)G'(v)) = 0.

Furthermore, a regularity argument from Distribution theory shows that the
above eigenvalue problem is equivalent to

v = v, veX\{0}.

Furthermore, based on elementary notions from differential analysis, distri-
bution theory, and convex analysis (or simply, calculus of variations), it is not

10



Introduction
11 and Motivations

hard to get the following inspiring

Proposition 0.3 Any critical point of the functional
J:H'((0,7),R) — R
defined by
) = [ lits)as

subject to the constraints

/ lu(s)]*ds = 1 and / u(s)ds = 0,
0 0

extends to a nonzero even periodic solution on [—m, 71| of the ordinary differ-
ential equation (ODE)
u+u = 0.

Abstractly, many boundary value problems are equivalent to
Au =0 (E)

where A: U C X — Y isa mapping from a nonempty open set U of a Banach
space X into a Banach space Y. The problem is said to be wariational, if there
exists a differentiable functional ¢ : U C X — R such that

A=, (see Definition... ).

In this case, the space Y correspond to the dual X’ of X and Equation (E)
is equivalent to
o' (u) =0, ie,
(h, @) = 0, VheX (2)
where (,) holds for the duality pairing of X and X’. This means that the

critical points of ¢ are the solutions u of (2) and their images ¢(u) are the
critical values of .

Besides given a C! functional g defined from a Banach space X into a Banach

space Y, if a point a is a minimizer of a C! functional f : X — R constrained
to the condition ¢(z) =0,, then a solves the problem

fila) = N og'(a),

11
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where \* € Y™ is called a Lagrange parameter. (Cf. ...)

The aim of this dissertation is to stress the importance of the direct method
of the Theory of Calculus of Variations -which deals with the existence and
regularity of minimizers of functionals- through the study of the minimization

of i
JAECIRE
0

/Ow U(x(s))ds = R, and /07T gradU (z(s))ds = 0;

subject to the constraints :

which yields nonzero even periodic solutions of the dynamical system
Z(t) + gradU(z(t)) = 0 (0.0.1)

where z = z(t) = (z1(t), -+ ,an(t)) e RN, t e [0,7], @) = ‘%”(t) and U
is a C?(RY) real-valued function such that

(i) 0<U(x) forz € RN and U(0) =0,

(ii) U is convex and U(z) — oo as |z| — oo.

(iil) U € C*(RY) and the quadratic form XU;;(2)(¢; is positive definite for
every x € RV,

We divide this work into three chapters:

- In the first chapter, we present some preliminaries from Functionnal Anal-
ysis and the basic Optimization Theory.

- In the second chapter, we review minimization and variational principles and
then consider some auxilliary constrained minimizations in the aim to solve our
differential system .

- The third chapter is an application of the abstract.

We conclude this work by some important remarks, showing how the calculus of
variations is related to equilibrium configuration of physical systems.

12



CHAPTER 1

Preliminaries:
Notations, Elementary notions and Important facts.

1.1 Banach Spaces

Definition 1.1.1 Let X be a real linear space, and ||.||, a norm on X and d,
the corresponding metric defined by d, (x,y) = ||z —y||, Vz,y € X.
The normed linear space (X, ||.||;) is a real Banach space if the metric space
(X,d,) is complete, i.e., if any Cauchy sequence of elements of space (X, ||.| )
converges in (X, ||.||y). That is, every sequence satisfying the following Cauchy
criterion:

Ve > 0,3ng € N:p, g >ng = d,(xp,x,) <e

converges in X.

Definition 1.1.2 Given any vector space V over a field F ( where F =R or C),
the topological dual space (or simply) dual space of V is the linear space of
all bounded linear functionals. We shall denote it by V*.

Vi={p:¢:V—TF, ¢ linear and bounded }

Remark 1.1.1
1)The topological dual space of V' is sometimes denoted V',
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2)The dual space V* has a canonical norm defined by
ey @)

b
zeV,||z||#0 [| ]|

/1

Vfevr.

vE T

3)The dual of every real normed linear space, endowed with its canonical norm
15 a Banach space.

In order to define other useful topologies on dual spaces, we recall the following

Definition 1.1.3 (Initial topology)

Let X be a nonempty set, {Y;}icr a family of topological spaces (where I is an
arbitrary index set) and ¢; : X — Y;i € I, a family of maps.

The smallest toplogy on X such that the maps ¢;,1 € I are continous is called
the wnitial topology.

Next, we define the weak topology of a normed vector space X and the weak
star topology of its dual space X* which are special initial topologies.

Definition 1.1.4 (weak topology)
Let X be a real normed linear space, and let us associate to each f € X* the
map

¢, X — R

given by
¢, (r) = f(x) Vo e X.

The weak topology on X is the smallest topology on X for which all the ¢; are
continous.
We write w — topology for the weak topology.

Definition 1.1.5 (weak star topology)
Let X be a real normed linear space and X* its dual. Let us associate to each
x € X the map
p,: X*—R
given by
¢.(f) = flz) VfeX"
The weak star topology on X* s the smallest topology on X* for which all the

¢ are continous.
We write w* — topology for the weak star topology.
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Proposition 1.1.6 Let X be a real normed linear space and X* its dual space.
Then, there exists on X* three standard topologies, the strong topology given by
the canonical norm ||.|| . on X*, the weak topology (w —topology) and the weak
star topology w* — topology such that :

(X7, w") = (X7, w) — (X7, ]|

xe) -

The following part of this section is devoted to reflerive spaces.
For any normed real linear space X, the space X* of all bounded linear function-
als on X is a real Banach space and as a linear space, it has its own corresponding
dual space which we denote by (X*)* or simply by X** and often refer to as the
the second conjugate of X or double dual or the bidual of X.
There exists a natural mapping J : X — X™** defined , for each z € X by

J(z) = ¢,
where
o X" —R
is given by
¢.(f) = f(z)

for each f € X*.
Thus
(J(z), f) = f(z) for each f € X™.

J is linear and ||Jz|| = ||z|| for all x € X, (i.e.) J is an isometry embedding.
In general, the map J needs not to be onto. Since an isometry is injective,we
always identify X to a subspace of X**.

The mapping J is called canonical embedding. This leads to the following
definition.

Definition 1.1.7 Let X be a real Banach space and let J be the canonical em-
bedding of X into X**. If J is onto, then X is said to be reflexive. Thus, a
reflexive real Banach space is one for which the canonical embedding is onto.

We now state the following important theorem.

Theorem 1.1.8 (Eberlein-Smul’yan theorem)
A real Banach space X is reflexive if and only if every ( norm ) bounded sequence
in X has a subsequence which converges weakly to an element of X.
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1.2 Hilbert Spaces

Definition 1.2.1
A map ¢ : E x E— C is sesquilinear if:

D) ¢z +y, 2 +w) = oz, 2) + oz, w) + ¢y, 2) + y, w)
2) ¢(ax,by) = abp(x,y) where the “bar” indicates the complex conjugation
forall x,y,z,w € E and all a,b € C.

A Hermatian form is a sesquilinear form ¢ : E x E — C such that

3) ¢(z,y) = oy, ) ;

A positive Hermitian form is a Hermitian form such that
4) ¢(x,x) >0 for all z € F ;

A definite Hermatian form is a Hermitian form such that
5) ¢(z,2) =0=2=0.

An nner product on E is a positive definite Hermitian form and will be
denoted (. ,.) == ¢(. ,.). The pair (E,{.,.)) is called an inner product space.

We shall simply write E for the inner product space (F, (. ,.)) when the inner
product (. ,. ) is known.

In the case where we are using more than one inner product spaces, specifica-
tion will be made by writting (. ,.), when talking about the inner product space

(B, ()

Definition 1.2.2 Two vectors x and y in an inner product space E are said to
be orthogonal and we write x L y if (x,y) = 0. For a subset F' of E, then we
write x L F if x 1Ly for everyy € F.

Proposition 1.2.3 Let E be an inner product space and v,y € E.
Then

(2, y) > < (z,2).(y,y)
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For an inner product space (E, (. ,.)), the function |.||, : £ — R defined
by
el = v/ (2, 2)
is a norm on E.

Thus, (E,||.]|,) is a normed vector space, hence a metric space endowed with
the distance d, : E x E — R defined by d_(z,y) = ||z — y||,, -

Definition 1.2.4 (Hilbert Space)
An inner product space (E, (. ,.)) is called a Hilbert space if the metric space
(E,d,) is complete.

Remark 1.2.1

1)Hilbert spaces are thus a special class of Banach spaces.

2)FEvery finite dimension inner product space is complete and simply called
Euclidian Space.

Proposition 1.2.5
Let H be a Hilbert space. Then, for all u € H, T,(v) = (u,v) defines a
bounded linear functional, i.e. T, € H*. Furthermore ||u||,, = ||T.]

H* "

Theorem 1.2.6 (Riesz Representation theorem)
Let H be a Hilbert space and let f be a bounded linear functional on H. Then,
(i) There exists a unique vector yo € H such that

f(z) = (x,y0) for each x€ H,
(i) Moreover, ||f]l = |lyol|-

Remark 1.2.2 The map T : H — H* defined by T(u) = T, is linear, (anti-
linear in the complex case) and isometric. Therefore the canonical embedding is
an isometry showing that “any Hilbert space is reflexive”.

At the end of this part, we state this important proposition which is just a
corollary of Eberlein-Smul’yan theorem.

Proposition 1.2.7 Let H be a Hilbert space, then any bounded sequence in H
has a subsequence which converges weakly to an element of H.
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1.3 Differential Calculus in Banach spaces

In this section, we define the derivative of a map defined between real Banach
spaces.

Definition 1.3.1 ( Directional Differentiability)

Let f be a function defined from a real linear space X into a real normed linear
space Y and let o € X and v € X\{0}.

The function f is said to be differentiable at xy in the direction v if the function
t — f(xo + tv) is differentiable at t = 0. i.e.

f<550+tv)_f<37).

t— ; ; t#£0,
has a limit in Y when t tends to 0. This limit, when it exists is denoted f'(xq,v)
%
or 5-(xo).

Definition 1.3.2 ( Gdteaux Differentiability)

A function f defined from a real linear space X into a real normed linear space
Y is Gateaux Differentiable at a point xo € X if :

1) f is differentiable at xq in every direction v € X\{0} and

2) there exists a bounded linear map A : X — 'Y such that f'(xg,v) = A(v); in
other words, the map

v— f'(z0,v)

s a bounded linear map from X into Y.
In this case the map f'(xo,.) is called the Gateauz differential of f at xo and is
denoted by Dg f(xo,.) or fi(xg).

Definition 1.3.3 (Fréchet Differentiability)

Amap f: U C X — Y whose domain U is an open set of a real Banach
space X and whose range is a real Banach space Y is ( Fréchet ) differentiable
at x € U if there is a bounded linear map A : X — Y such that

jim M@+ w) = fla) = Aul] _

lul]—0 ]|

0,

or equivalently

[l +u) = f(z) = Au = of[|ul)) -

Proposition 1.3.4 If f : U C X — Y s Fréchet Differentiable, then f is
Gateaux Differentiable.
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Proof. Indeed by taking u = tv, in the definition of Fréchet Differentiability we
have
tv) — t
flz+tv) — f(z) _ (A(U) Lol UH))
t [£v]]
by the Fréchet Differentiability. And since as t — 0, u — 0, so
t —
i L) = 1)

t—s0 t

and we are done.

Proposition 1.3.5 Let X be a real Banach space and'Y be a real normed linear
space. Then
1) The set of Gateauz differentiable mappings from X into Y is a linear subspace
of the linear space of all the mappings defined from X intoY space is contained
in B(X,Y),
2) The set of Fréchet Differentiable mappings from X into Y is also a subspace
of B(X,Y).

Theorem 1.3.6 (Mean Value Theorem in Banach Spaces) Let X andY be Ba-
nach spaces, U C X be open and let f: U — 'Y be Gateaux differentiable. Then
forall 1,29 € X, we have

[f(z1) — flz2)|| < tzl[épl] Do f(zy + t(wy — x1)| - lzn — 22|

provided that sup ||Deaf(x1 + t(ze — x1)| s finite.
t€[0,1]

Proof. Suppose that the assumptions of Theorem 1.3.6 hold. Let g* € Y* (the
dual of Y') such that ||g*|| < 1. Then the real-valued function ¢ : [0,1] — R
defined by

o(t) = g"o f(xy + th) where h = x9 — x4

is differentiable on [0, 1] in the usual sense. Moreover we see that
¢'(t) = g"(Daf(ar + th)(h)), Vvt €(0,1).

It follows from the classical mean valued theorem that

(1) = (0)] < sup |¢'(t)],

0<t<1
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that is
g% 0 f(z1) — g"o flz2)| < sup |¢'(2)].
o<t<1
Moreover for all ¢ € (0, 1), we have
1) = |g"(Daf(ar + th)(h))|

< gl 1Def (1 + th)[| [|R]]

< ||[Daf(zy + th)| ||h]]

And so
I9*(Fan) = Fe)ll = la'of e = g"ofal < (sup, 1S s + e} I

But it is well known as a consequence of the Hahn-Banach theorem that
lyll = sup{u’(y), v € Y™, [u’| <1}
Therefore we finally have

[ f(z1) = fla2)| < Sl[lp] | Daf(zy + t(ze — x1)[| - [lzr — 2. O
tefo,1

Remark 1.3.1 : The intereted reader is refered to [5] for another approach of
the proof.

Sufficient conditions for the Fréchet Differentiability is given by the following

Theorem 1.3.7 Suppose that f : U C X — Y is a Gdteaur Differentiable
function defined from an open subset of a real Banach space X into a real Banach
space Y. If the Gateaux derivative fl, : U C X — B(X,Y) is continous at
x € U, then f is Fréchet Differentiable at x and f'(z) = fj(x).

Proof. Let x € U. Since U is open, there exixts 6 > 0 such that B(z,d) C U.
Now for h € B(z,0), we define

r(h) = f(z 4+ h) — f(x) — f&(2)h. (1.3.1)
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The Gateaux Differentiability of f at x implies that r is also Gateaux Differen-
tiable, and

ra(h) = fo(z +h) = f6(x).
Applying theorem 1.3.6 on the segment line connecting 0 and h, we have that

lr(R)[| < M(R)||A],

where
M(h) = sup [[rg(th)].
0<t<1
The continuity of the Gateaux Differential of f at z implies that M(h) — 0 as
h — 0, s0 r(h) = o(h). Relation 1.3.1 assures that f is Fréchet Differentiable at

z, and so f'(x) = fi(z).

1.4 Sobolev spaces and Embedding Theorems

We recall the following notations and basic results from Distridutions Theory.
Let © C RY be an open subset of RV,

A multi-indezx « is a vector (o, -+ ,a,) € NV. The length of « is

lal =a, +-- + a,.

Let u € L,,.(Q), where L,,.(Q) is the set of functions which are integrable on

every compact subset of Q. If « is a multi-index, we set

Dlel

= « «
al’ll al’NN

We also recall that we denote by D(2) the set of C* — functions defined on
Q) with compact support in ).

D™ :

Definition 1.4.1
We say that the function v is the a-th weak partial derivative of u if :

1) v E Llloc(Q>7

2) v = D%u in the sens of distribution , i.e.

/Qu(x)Do‘w(x)d:r = (1)l / v(z)Y(x)de, V¢ € D(Q).

Q
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Definition 1.4.2 Let f, g € L;OC(RN). We define the convolution product fxg
of f and g by

(fxg)(x) = /RN flz —y)g(y)dy

Theorem 1.4.3 Let (p,), be a sequence of functions such that :

— 1
p eD®Y). sy o, =BO.). [ pdi=1 pz0 o B
n RN
(Such a sequence of smooth functions is called Friedrich mollifier ).

If f € L, (RN) then the convolution product

Frn)= [ 1=y

exists for each v € RV,

Moreover

1. f*p, €C®RYN),

2. If K 1s a compact set of points of continuity of f, then fxp, — f uniformly
on K as n — o0.

Proof. Since supp p, = B(0,1), ( which is compact ), and using f € Lj,.(R")
we get

@) = 1(F0,) @) = [ 1, @y < o

B(Ofﬁ)

/B( flxz—y)p,(y)dy

Further, since

sup (522) €BO.5) and 5 (oo =) = 25 p1)

we get
9p, (z —y)

and using a corollary of Lebesgue dominated convergence theorem, we have :

o sty = [ D gy = [ O gy = P

axi RN RN RN 81‘1 €T;

<y>\ < M fw)lx.

(0,4)

10
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Let us prove now that f, — f as n — oo, uniformly on compact subsets of
RV,
Let K be a compact set of points of continuity of f,. So, for any n > 0, there
exists 0 > 0, such that for =,z € K

[ = zll <0 = [[f(x) = f(2) <n.

Now,

fulw) = 1) = [ (e =9~ o, (),

B(0,1)

because

f@) = f@1 =1 [ pdy= [ f@ody  and [ oty =1

Hence, for n > n, with n, = [5] + 1,
ful@) = 1@ < [ 1@ =g)— f@le, )y
B(0,57)

< n/ p,(y)dy =n for each z € K.
RN

Indeed

— — <4

S|

| =

n>n,=—nz=

so that ]
e —9) =l = Iyl < = <3

and the result follows from the uniform continuity of f,.
We then conclude that f * p, — f uniformly on each compact.

Definition 1.4.4 Let 1 < ¢ < 400, m € N. The Sobolev space W™P(Q) is
defined by

WmP(Q) = {u € LP(Q),| D% € LP(Q) for all |a] < m}.

Clearly, W™P(Q) is a real vector space .
The case p = 2 will play a special role. The Sobolev spaces W™2(Q)) are denoted
by H™(Q2), i.e.
H™(Q) = W™*(Q).

11
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The spaces H™(2) have a natural inner-product defined by

(U, V) o = ‘ |§<] /Dau(x)Dav(:E)dx, Vu,v € H™(2)
al<m Jq

and are Hilbert spaces with the inner-product defined above. We will be more
interested in our work by H'(Q).

Concerning Sobolev spaces, we will give here two important results, Rellich-
Kondrachov compact embedding theorem (which is crucial in regularity
analysis) and the Poincaré Inequality.

Theorem 1.4.5 (Rellich-Kondrachov)
Let Q be a C*'—bounded open subset of RN, 1 < p < 0o and p* := NN—Q.
The followings embeddings are compact:

a. If 1 < p < N then W'(Q) C LY(Q),Vq € [1,p*[,
b. If p= N then W'?(Q) C LI(Q),Vq € [1, 00|,

c. If p> N then WLP(Q) C C(Q).

We have D(Q) C W™P(Q) Vm € N,Vp > 1, and we define W (Q) := D(Q).

Proposition 1.4.6 (Poincaré Inequality)
Let1 < p < oo and 2 a bounded open subset of R™. Then there exists a constant
C = C(p,Q) such that

lull,ppy < ClIul,,,. Yu e WP(Q)

If Q is connected and satisfies a C* boundary condition, then there exists a con-

stant C' = C(p, ) such that

lu —

1,
SCIVUl,,,, Yue WHR(Q)

P

where

i = ﬁ /Q w(z)dz.

12



Basic notions of
13 Convex analysis

1.5 Basic notions of Convex analysis

Definition 1.5.1 Let X be a real normed vector space, x, € X and

f: X —R=RU {—00,4+00} an extended real-valued function. One says
that f is lower semicontinuous (lsc) at x, when for any real number r such
that r < f(x,), there exists some neighborhood V' of x, such that for all x € V,

r < f(x).

We next connect the lower semicontinuity to some geometric concept. For an
extended real-valued function f : X — R, we define its epigraph ep: f by

epi fi={(z,r) e X xR: f(z) <r}.

We also introduce the concept of lower level set for r € R by {f(.) < r}
where for r € R,

(J()<r}={reX: f(z) <r}.

We therefore give the following characterisation ;

Theorem 1.5.2 Let X be a real normed vector space and f : X — R an
extended real-valued function. The following assertions are equivalent

a) f is lower semicontinous (lsc) ;

b) The epigraph epi [ of f is closed in X xR ;

c)For any r € R, the lower level set {f(.) <r} is closed in X.

Definition 1.5.3 Let C be a nonempty subset of a real normed vector space X.
One says that the set C' is convex provided that for xz,y € C, and X € [0,1], one
has Az + (1 — Ny € C.

Through the epigraph of an extended real-valued function over a real vector
space, one can define the concept of convex function as follow:

Definition 1.5.4 Let f : X — R an extended real valued function. Ones says
that the function f is convex provided that its epigraph is a convex set in X xXR.

13



Basic notions of
14 Convex analysis

We also give the following important results.

Proposition 1.5.5 Let X be a real normed vector space. If f: X — R is lsc
at T € X and {x,} is a sequence in X which converges (strongly) to T then ,

liminff(z,) > f(2).

Proposition 1.5.6
Let f: X — R be any map.
Then , f is conver and lsc <= f s convex and weakly lsc.

And we obtain the following corollary

Corollary 1.5.7 Let f : X — R be a convez and weakly lsc mapping. Suppose
{z,} is a sequence in X which converges weakly to z. Then,

ligg}ff(xn) > f(2).

Definition 1.5.8 Let X be a real normed vector space and C' a nonempty convex
subset of X. A function f: C — RU{+o0} is said to be convex relative to C,
provided for all X €)0,1], z,y € C

fOz+ (1= Ny) <Af(2) + (1= N f(y),

and f s said to be strictly convex relative to C if for x,y € C with x # y and
f(x), f(y) finite, we have

Oz + (1 =XNy) <Af(z) + (1= A)f(y).

Lemma 1.5.9 (Slope inequality for convex functions)
Let I be an unterval of R and h : I — RU{+o0} be a proper convex function.
Let r1,r9,r3 € I such that ry < ry < rs and h(r1) and h(rg) are finite. Then

h(rz) = h(r) < h(rs) — h(r1) < h(rz) — h(ry)

T — 1T o rg—1T1 o r3 — T2

Furthermore, these inequalities for all such ri,r9,73 € I characterizes the con-
vexity of f relative to I.
If we have
h(ra) — h(r1) - h(rs) — h(r) - h(rs) — h(rs)
To —T1 r3s—"n r3s — T2
for all ri,ro,r3 € I such that ry < ro < ry and h(ry), h(ry) and h(rs) are finite,
we obtain a characterisation of the strict convezity of f relative to C.

14
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Through the above lemma, we can characterize the convexity of differentiable
functions of one real variable as follows.

Proposition 1.5.10 Let I be an open interval of R and h : I — R be a real-
valued differentiable function on I. The following assertions are equivalent :
(a) h is convex on I,

(b) the derivative function h' is nondecreasing on I;

(¢c) W(r)(s—r) < h(s)—h(r) forall ;s € I.

Similarly, the following are equivalent

(a’) his strictly convez on I;

(b’) the derivative function h' is increasing on I;

(¢’) W(r)(s —r) < h(s)—h(r) for all r,s € I with r # s.

Proof. (a) = (b) Let r <t in I. According to the above lemma, we have

() = 1) =00 PO —hE) RO = hls) o B6) = B

slr S—Tr - t—r sTt t—s sTt s—1t

= h/(t)v
which ensures the nondecreasing property of the derivative A’ on I.

(b) = (c¢) Fix r € I and set ¢(s) := h(s) — h(r) — h'(r)(s —r) for all s € I.
The function ¢ is differentiable on I and ¢'(s) = h'(s)—h'(r). By the assumption
(b), taking s € I, we have that ¢/(s) > 0if s > r and ¢'(s) < 0if s < r. We
then deduce that ¢(s) > ¢(r) =0 for all s € I and we are done.

(¢) = (a) For s fixed in (c), we
h(s) < sup (1) (s = ) + h(r)] < bl

that is
h(s) = sup [W(r)(s —r) + h(r)]

rel

Further, setting H(s) = [W/(r)(s — 1)+ h(r)], for 51,50 € I and « € [0, 1], we

have that

H(as;+ (1 —a)sy) = B(r)(asi+ (1 —a)sy —r) + h(r)

= NW(r)(asi+ (1 —a)ss—ar+ (1 —a)r)+ah(r)+ (1 — a)h(r)
alh'(r)(s1 =r)+h(r)]+ 1 —a) [I'(r)(s2 = ) + h(r)]
aH(s1) 4+ (1 — a)H(s)

15
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that is, H is convex and hence, h is convex on [ as the pointwise supremum of
a family of convex functions on I.
The case of the strict convexity of A follows the same arguments.

Proposition 1.5.11 Let I be an open interval of R and h : I — R be a real-
valued differentiable function on I.

If the function h is twice differentiable on I, then h is convex on I if and only if
R'(r) >0 for allr € 1.

Similarly if h is twice differentiable on I and h"(r) > 0 for all v € I, then h is
strictly conver on I. The converse does not hold, that is, the strict convezxity of
a twice differentiable function h on I does not entail the positivity of h” on I.

Proof. Since h is twice derivable, we have
R'(ry>0 Vrel = h' is nondecreasing = h is convex

and we are done.
The case of the strict convexity of A follows the same arguments.

We will consider now the more genaral case of differentiable functions on an
open convex set of a normed vector space .

Theorem 1.5.12 Let U be an open set of a real normed space (X, ||.||) and
f:U — R be a function which is (Fréchet) differentiable on U. Then the fol-
lowing assertions are equivalent:

(a) f is conver torelative U;

(b) (f'(y) = f'(x),y —x) 2 0 for all x,y € U;

(¢) (f'(x),y —x) < f(y) — f(x) for all z,y € U.

Similarly, the following are equivalent :

(a’) [ is strictly convez relative to U

(b°) (f'(y) = f(z),y —x) >0 for all z,y € U with x # y;

(¢) (F(2),y —x) < f(y) — F(x) for all 2,y € U with = £ y.

Proof. For fixed x,y € U with x # y, consider the open interval
I'={seR:zx+s(y—z) U}
and set h(s) := f(x + s(y — x) for all s € I. Observing that 0 € [ and 1 € [

with h(0) = f(x) and h(1) = f(y). we have
f is convex relative to U if and only if the function h is convex relative to I.

16
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Indeed, since 0 € I and 1 € I and I is an interval, then [0,1] C U,
soforall € [0,1] C U

flay+ (1 —a)zr) = [flz+aly—1)
h

= h(a.l+(1—a).0)
< ah(l)+ (1 = a)h(0)
= af(y) + (1 —-a)f(z)

We then apply proposition 1.5.10.

Theorem 1.5.13 Let U be an open set of a real normed space (X, ||.||) and
f:U — R be a function which is (Fréchet) differentiable on U.

If f is twice differentiable on U, f is convex relative to U if and only if for each
x € U the bilinear form associated with f"(x) is positive semidefinite, i.e.,
(f"(x).v,v) >0 for allv e X.

Similarly assuming the twice differentiabilty of f on U, a sufficient (but not nec-
essary) condition for the strict convezity of f on U is for each x € U the positive
definiteness of f"(x), i.e., (f"(x).v,v) >0 for all v € X with v # Ox

Proof. It follows the same arguments as in the proof of the above theorem, but
in this case, we apply proposition 1.5.11

17



CHAPTER 2

Minimization and Variational methods

Here, we give some minimization and variational principles.

In fact, we prove the existence of minimum points ( hence critical points) for
a functional subject to some contraints and to this end, we will use the direct
method of the calculus of variations.

Before we move further, let us recall the following:
The calculus of variations deals with functionals 7 : V' — R, where V is some
function space. The main interest of the subject is to find minimizers for such
functionals, that is, functions v € V such that

J(v) < J(u) for every u € V.

But seeking a minimizer among the functions satisfying these may lead to false
conclusions if the existence of a minimizer is not established beforehand.
The functional J must be bounded from below to have a minimizer. This means

inf{J(u) :u eV} >—o0.

It is not enough to know that a minimizer exists, but it shows the existence
of a minimizing sequence, that is, a sequence (u,) in V' such that

J(up,) — inf{J(u) : u € V}.
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The direct method may be broken into the following steps :
1. Take a minimizing sequence (u,), for 7,

2. Show that (u,), admits some subsequence (u,, ), that converges to an el-
ement u* € V with respect to a topology 7 on ,

3. Show that J is sequentially lower semi-continuous with respect to the topol-
ogy T.

To see that this shows the existence of a minimizer, consider the following defi-
nition of sequentially lower-semicontinuous functions.
The function J is sequentially lower-semicontinuous if

liminfJ (u,) > J(u*) for any convergent sequence u, — u* in V.

n—oo

The conclusion follows from ,

inf{J(u) :u eV} = limJ(u,) = ]}LIEOJ(UT%) > J(u*) > inf{J(u) :ueV}

n—oo

in other words

J(w*) =inf{T(u):ueV}.

We first give the following very important existence theorem.

Theorem 2.0.14 Let K be a nonempty closed and convex subset of a reflexive
real Banach space X. Let F' be a convexr and lower semicontinuous function on
K.

If K is bounded or F is coercive (i.e. lim F(x)= 400),

[l]|—+o0
then there exists a minimum of F' over K.
Moreover, if F' is strictly conver on K, then the minimum is unique.

Corollary 2.0.15 (The projection Theorem,)

Let H be a Hilbert space and M a closed subspace of H. For arbitrary vector
x € H, there erists a vector m* € M such that ||x — m*|| < ||z — m]| for all
m € M. Furthermore, m* € M is unique if and only if (x —m*) L M.
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We also recall the following concepts.

Definition 2.0.16 Let Q2 be an open set of a real Banach space and F be a
real-valued function defined on ) and differentiable on €.
x € Q s a critical point of the function F' without constraints if

F'(z) = 0.

Definition 2.0.17 Let X,Y be two real Banach spaces and f : X — Y a
differentiable map. Let M C X be a manifold. One says that x € M 1is a
critical point of the function f constrained to M if

Tz M C ker [Df(z)]
where Tz M is the tangent plane of M at .

Remark 2.0.1 We know that when the manifold M is described by g(z) = 0, i.e.
M={z€X:9(2)=0,} where g : X — Y is a submersion, then

T.M = ker [Dg(z)].
So that T is a critical point of the function f constrained to M if
ker [Dg(z)] C ker [Df(z)].

This inclusion between “ kernels” implies ( from Algebra ) that there exists a
linear form A 1Y — R ( called Lagrange multiplier) such that

Df(z) = Ao Dg(x).

In the case now where Y = R™, the manifold (or constraints set ) M takes the
form M ={g,(z) = 0,1 < i < m} and the linear form X\ can be represented as a
row-vector X := (A, -+, \p) S0 that

m

Df(@) = (M, Aw)-(Dg1(2), -, Dgu(@))" = Y XiDgi(%).

i=1

2

The reals A\;; 1 <1 < m are by extension called the “Lagrange multipliers
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This yields then to the following proposition

Proposition 2.0.18 Let Q be an open set of a real Banach space and F be a
real-valued function defined on ) and differentiable on €.

Let g;: QQ — R™  ¢=1,--- n be differentiable functions on €.

The point x € Q is a critical point of the function F subject to the con-
straints ( gm,(x) =0, i =1,--- ,n ) if there exists a nonzero vector

Aoy Ay o 5 Amy,) €E RXR™ x -0 x R™ . such that

and
gm,(Z) =0, for i=1,--- ,n.

Since we will be interested in minimization problem subject to constraints, we
will add in the above proposition that A\g > 0.

It will be convenient for the rest of our work to prove the following useful
results.

Consider now the space H'(]0, 7[,RY) that we shall write simply H'. We know
that H' is also the set of absolutely continuous N-vector-valued functions x
defined on [0, 7] such that € Ly := Ly(]0, 7[,R") and is a Hilbert space with
the norm induced by the inner product.

(w2 = [ )i+ als)a(e)ds

Lemma 2.0.19 Let x € H' such that foﬂx(s) ds = 0, then there is a constant
K independent of x such that

mafﬁ{ ]l S%p]\x(8)| } < K|z, (2.0.1)
se |0,
Furthermore
if ¥, — x weakly in H', then x, — x  uniformly on [0,7]. (2.0.2)
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Proof. We recall that for an absolutely continuous function, the fundamental
theorem of analysis is true.
Therefore, for z € H', and for any [ fixed in [0, 7] we can write

x(s) —x(l) = /ls (v)dv Vs € |0, 7]

and this implies that

ja(s) — ()] = | / (o)l

/ |(v)|dv, i.e.
0

™ 1/2
< gt/ {/ |9'U(v)|2dv} for all sin [0, 7] .
0

IN

So

2(s) — z(1)] < 7'/2 {/07r |93(U)|2dv}1/2 for all s in [0, 7]. (2.0.3)

But we know ( by the theorem of the mean ) that there exists sq € [0, 7] such
that

2(s0) = + /wa(v)dv —0,

T

so for [ = sg the inequality 2.0.3 becomes

|z(s)| < 7t/ {/07r |i(v)]? dv}1/2 Vs € [0, 7] (2.0.4)

Now, we square the members of the inequality 2.0.4 and integrate them over

[0, 7] to obtain
{/OW |ac(s)\2ds}l/2 < K, {/OW ]9’5(3)|2ds}1/2. (2.0.5)

Using 2.0.4 again, by taking the supremum over [0, 7] of both sides ,we obtain

supla(s)| < K { /0 ' \x’(s)|2d5}1/2. (2.0.6)

(0,7]
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Combining 2.0.5 and 2.0.6 and taking K = max{K;, K5} we get the desired
inequality 3.0.1

To prove the point 2.0.2, we will proceed by the way of contracdiction.
So, assume that we don’t have the uniform convergence of (z,), to x, that is,

there exists g > 0 and a subsequence (z,, ), of (x,), such that

[0, — 2|0 > €0 (2.0.7)

Since (z,), C W% = H' using the Rellich-Kondrachov compact embedding,
there exists a subsequence (%kj )j of (x,,), that converges uniformly (and there-
fore converges weakly) to some z* € H'. The uniqueness of the weak limit assures
us that = = z*. The inclusion (xnkj)j C (xn,), implies that (mnkj)‘j satisfies 2.0.7
So we have ||z,, — | > € and z,, — x uniformly . Contradiction.

J J

Lemma 2.0.20 Lel x, be a given element of H*. Let U € C*(RY) a real-valued

and strictly convex function.
Then there erists a unique constant vector a, € RY sucht that

/Ow U(z,(s) + a,)ds = min /07T Ulz,(s) + a)ds.

a€RN

Furthermore a, is characterised by
/w grad U(z,(s) +a,)ds = 0.
0
Proof. We want to find a minimum for the function @ : RV — R, defined by
Q(a) = /07r U(z,(s) + a)ds.

Since U is C! and strictly convex on RY, then @ is C! and strictly convex on
R¥ hence strictly convex and lower semicontinuous on R,

Moreover, the coercivity of U implies the coercivity of (). So by theorem 2.0.14
the function @) has a unique minimum a,.

The Euler condition gives us that VQ(a,) = 0, i.e.

/ grad U(z,(s) + a,)ds = 0.
0
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Lemma 2.0.21 Let U be a CY(RY) real-valued and convex function such that :
1) 0=U(0)<U(x) VreRY

2) U(x) — oo as |z| — oo.

The set

Sr = {:1: tx € Hl,/o7T U(z(s))ds = R, /Oﬂ grad U(z(s))ds = O}

is nonempty for any R > 0, and is weakly closed in H'.

Proof. Let {z,} be a sequence of elements of S such that x, — = in H'. We
want to show that = € Si.

Since z,, — x in H', then x, — x uniformly in H! by 2.0.2 . The sequence
(n)n is a sequence of bounded functions that converges uniformly, so (x,), is
uniformly bounded , i.e. there exits a constant M independent of n such that
|z,(s)] < M for any n € N and s € [0, 7].

Let K be the closed ball B'(0, M), K is compact and since U and VU are
continous, there exists M; and M, two constants independent of n such that

\U(xn(s))] <My and |VU(zn(s))| < My forallneN and s€]0,7]

Hence, by Lebesgue’s dominated convergence theorem

/07r U(zn(s))ds — 7rU(m(s))ds,

n—oo 0

and

/07r VU (x,(s))ds — 7rVU(:I;(S))dS.

n—oo 0

Thus, = € Sg and Sg is weakly closed.
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To show that Sk is nonempty for any R > 0, we consider the function
z(s) = (sin2s,0,--- ,0) which obviously belongs to H'.
For all t > 0, tz(s) € H' and by the lemma 2.0.20, for each t, there exists a

constant N—vector ¢; such that z;(s) = tz(s) + ¢; and f grad U(z(s))ds = 0.
Further, the fucntion

A:[0,400) — RY defined by At) =tx(s) + ¢

is continous on [0, 4+00) so that the function
B:[0,400) — R, defined by B(t) :/ U(zi(s))ds = / U(A(t))ds
0 0

is continuous and satisfies

™

B(0)=0, lim U(xi(s))ds = o0

t——-+4o00 0

So by the intermadiate value theorem, for any R > 0, there exists {5 > 0 such
that

/Oﬂ Uy, (s))ds = R .

This completes the proof .

We now state the following theorem that gives us the exitence of a minimum
point for a constrained functional.

Theorem 2.0.22 Let U be a C*(RY) real-valued function such that

(1) 0=U(0) <U(x) for v € RY,

(¢7) U is conver, and U(x) — 0o as |z| — oo.

(*) U € C3(RY) and the quadratic form SU;;(x)¢:(; is positive definite, where
Uij(x) = 525 ().

Then for every number R > 0,

—mf/ 12(s)[?ds > 0
zESR

and 1s attained on Sg.

Proof. We begin by showing that

= inf / 2(s)*ds is attained .

TESR
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Set i
T(x)= / |2(s)|*ds.
Since Sk # & then there exists a sequ:e)nce {z,} of elements of Sp with
T(x,) = /7r |2, (5)|?ds — 3 and T(x,) <[+ 1.
0
Note that z,, can be written z,(s) = x,,(s) + &, where z,, has mean value

zero on [0, 7] and x,,, is the mean value of z,, over [0, 7].
We want to show that

[Es is uniformly bounded.
H
Observe first that
z,, (s) = (x;n(s), ,xévn(s)) eRY, andz,,(s)= (a:}nn, 2N ) e RN
so that
Hanil = ||x0,n 3{1 + ﬂ-’xm,n‘2 + 2 |:/0' (:t‘O,vL(S)'j:m,n + x0,7L<S>xm1n)dS

= HxO,an_Il +7T":Em:n’2 I

because x,, has mean value 0 and x,,, is a constant vector.
By the relation 2.0.1 of lemma 2.0.19, we have that
0,2 = [ (0, + s < (14 K) [, s < (1+ K)(E+ 1),
0 0
that is {]|z,,[?,} is uniformly bounded.

We next show that |x,,,| is uniformly bounded. Suppose by the way of contra-
diction that z,,, — oc.

Since {HxMHil} is uniformly bounded; the relation 2.0.1 of lemma 2.0.19 im-

plies that < sup |x0n(s)|} is uniformly bounded; so that if |z,, | — o0, then
s€[0,7]
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||xn]| — oo and _
/ U(x,, + Tmpn)ds — 00,
0

which is a contradiction because

/ U(z,, + Tmn)ds = R ( since x,, € Sg) .
0

Hence |[2p,l| ., is uniformly bounded so, by Eberlein-Smul’yan Theorem
has a weakly convergent subsequence {z,, } with weak limit z € H'. As the set
Sr is weakly closed by lemma 2.0.21,we conclude that € Sg.

We then show that T'(z) = (.
First observe that since T is convex and C!, T is convex and lsc, and hence
convex and weakly lower semi-continuous in H!.

Therefore we have
liminf T'(z,,) > T'(Z).

k—oo

On the other hand,

g = limT(x,) = klim T(xy,) > lilgn inf T'(x,,) >T(z) > ir}gf T(x) =0,
n—oo —00 —00 TESR

ie.
T(z)=p.
Hence, 7 is the desired minimal point .
Finally, we show that 5 > 0.
Since for all z € H' T(z) >0, f = ir}sf T(z) > 0.
TEOR

We write & = Z, + &, where z, has mean value zero over [0, 7] and z,, is the
mean value of Z over [0, 7].

If W
g /0 |z(s)["ds

then, [J|Z,(s)[*ds = 0, so Z, = 0 and by lemma 2.0.20, Z,, = 0 implying z = 0,
which is a contradiction to the fact that

/7r U(z(s))ds =R >0

This completes the proof B
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CHAPTER 3

Existence Results of Periodic Solutions of some Dynamical
Systems.

We now state the problem we want to solve, give its variational formulation,
treat the obtained variational problem and show that its critical points are the
desired solutions of the Dynamical System .

The Problem : to prove the following theorem,

Theorem 3.0.23 Let U be a CH(RY), real-valued function such that:
(i) 0<U(x) forx e RN and U(0) =0,

(i7) U is convez, and U(zx) — o0 as |z| — 0.

Then there exists a family of distinct periodic solutions for the system.

Z(t) + grad U(z(t)) =0 (3.0.1)

where x(t) = (x1(t), -+ ,an(t)) € RN, te (0,7, Z(t) = diififgt) :

The Method : We minimize a measure of the kinetic energy of the N-vector-
valued function x subject to appropriate constraints.
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We begin by demonstrating that periodic solutions of 3.0.1 can be found as
critical points of a certain isoperimetric problem.
To this end, we introduce the period X\ of periodic solutions of 3.0.1 by making
the change of variables ¢t = As in 3.0.1 and considering 27 —period solutions of
the resulting system

i + A2grad U(y) = 0. (3.0.2)

Because, if the function z is a solution of 3.0.1, then the function y defined by
y(s) = z(As) is a solution of 3.0.2 and inversely, if y is a solution of 3.0.2, then
 defined by x(t) = y(%) is a solution of 3.0.1.

Furthermore, for y given , 2w — periodic solution of 3.0.2, z(t) = y($) is a
2w A — periodic solution of 3.0.1 and for x given, 2w\ — pertodic solution of 3.0.1,

y(s) = x(As) is a 2w — periodic solution of 3.0.2.

Tndeed
2(t+270) = @ <)\ (%) + 27r> —y G + 2#) —y G) — 2(#)
" y(s +27) = G(As + 2m)) — 2(As +272) = 2(M) = () .

Lemma 3.0.24 FEven 2m—periodic solutions of 3.0.2 may be obtained from the
solutions of 3.0.2 together with the boundary conditions

(24) y(0) = y(r) = 0.

Proof. Given a solution y of 3.0.2 with the condition (2i), we define an even
extension of y to [—m, 7| by

B (s) ifsel0,n],
Y(s) = { y(y—s) if s € [—m,0].

The extension Y satisfies 3.0.2 on [—m, 0]. Indeed, for s € [—m, 0]

T = g0 = v = i (10 ) = Ten

And since §(0) = 0 the solution y is smooth across s = 0. Similarly, since

y(m) = 0, we may extend Y to a 2r—periodic solution on (—oo, 00) by setting
Y(s+2kr) =Y(s),k € Z.
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We now state the variational problem for periodic solutions of 3.0.1.

Theorem 3.0.25 Let U be a C*(RY), real-valued function such that:
(i) 0<U(x) forz e RN and U(0) =0,

(¢7) U is conver, and U(z) — oo as |x| — oo, and

(*) the quadratic form XU;;(x)(;(; is positive definite, where

Uy(x) = 524 ().

Then, any critical point of the functionnal

T:H' — R, z+—T(z /\x )|*ds

subject to the constraints :

F(z) = / U(x(s))ds = R (a positive constant ), and / grad U(xz(s))ds =0
0 0

s a nonzero even periodic solution of 3.0.1.

Proof. Consider the following optimization problem

(P) - Minimize T'(z) = [ |%(s) |2ds ,
"1 Subject to the constraints : = [y U(z(s))ds = R, G(z)= [ vU(x(s))ds =0 .

The functions T, F and G are C! in Hl.
So we can write for a critical point x, that there exists a nonzero vector
(AN, B) € RT x R x RY such that

AT () + A fl(x) + B.G'(x) =

The computation of the Gateatix derivatives of T, F, and G gives us :
T'(xz)(h) = VT(z).h= 2/ i(s).h(s) ds for all h € H*
0
Fla)(h) = VF(x)h= / VU(x(s)h(s) ds  for all h € H

GG (z)(h) = PVG(x / V(B.VU(x(s))).h(s) ds for all h € H'.
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Indeed,
1) For the function 7', we have :

T(x + th) — T(z) ™ |i(s) 4+ th(s)]? — |i(s)]?

lim = lim ds
t—0 t t—=0 [, t
= lim {/ 2&(s)h(s) ds + t/ |h(s)\2ds]
t—0 0 0

= 2 /07r i(s).h(s)ds

because / |h(s)|?ds is finite ( since h € H' ),
0

T'(x) is clearly linear and continuous. (since |T"(x)(h)| < 2[|z|,.||A],, for all
h e H').

T is therefore Gateaiix differentiable.

Further, the map

D¢ : H' — (H")* defined by z — T'(z).

is continous.
Indeed, for x,y € H',h € H', we have

(T"(z) = T'(y)) ()] ‘2 /Oﬂ(fv —9)(s)-h(s)ds

<
< 2 —ill, - Iall,
< 2~ gl P, forany he H'

i.e.
(T (@) = T" W) e < N1E =Gl -
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2) For the function F, we have :

limF(x +th) — F(x) — lim "U(x +th) —U(x)

t—0 t t—0 0 t

ds .

Firstly, we observe that, since U is differentiable

é@gU(:p +th) —U(x) _ ) (h)

Secondly, by the Mean value theorem, we can write
Uz +th) —U(x) = U'(c)(th) = tU'(c)(h)
for a vector ¢ = ax + (1 — a)(x +th),a € (0,1) so that

U(x +th) — U(x)
t

= U'(x)(h)

which is bounded on [0, 7] because h is continous and U is C'.
The Dominated convergence theorem gives us that
F(x+th) — F(x) /7T . U(x+th)—U(x)
lim
0

lim =
t—0 t t—0 t

ds

and like for the case of T, we have

I(F'(2) = F' @)l . < VU (z) = VU(y)

||Hl‘

The continuity of VU gives us the desired result .

3) For the function G, ,since it is a vectorial function we define first :

T ouU
0 al‘z

Gi(z) = (x(s)) ds

and for each G; corresponds a [3; € R.
So using the same reasonning as in the case of F' and since U is C?, we get that

Gia)(1) = [ grad (G a(e)) ) o) ds.
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N

B.G (x)h = Y BiGi(x).h
i=1
N ™
= Zﬁz/ grad (aU(x)> h ds
i=1 0 a ¢

= /7r grad (B.grad U(x)).h ds .
0

We apply at each G; the same reasonning as in the case of F' to get that G; is
C? for each i so that G is C.
So, for a critical point x, we have

™

2)\0/ i(s)h(s) ds+A, / VU (z)h ds—i—/ grad (B.grad U(z))h ds =0, for all h € H".
0 0 0
(3.0.3)
In particular, 3.0.3 is true for all h € D(Q) C H!, i.e.
2)\0/ i(s)h(s) d5+)\1/ VU (x)h ds+/ grad (B.grad U(z)) h ds =0, for all h € D(Q).
0 0 0

(3.0.4)
But for h € D(Q),

/x’.hds:—/ i.h ds = —(i,h),
0 0

in the sense of distribution.
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So that, 3.0.4 can be written as :
(=2, + M VU (x) + grad (B.grad U(zx)) ,h) =0, for all h € D(Q), (3.0.5)
and this implies that
=2\, + M VU (x) + grad ((.grad U(z)) = 0. (3.0.6)

in the sense of distribution.

At this step, we will prove that A\g #£ 0.
If we assume by the way of contadiction that \g = 0, the relation 3.0.6 becomes,

MVU(z) 4+ grad (B.grad U(x)) = 0. (%)
Integrating (s) over [0, 7] and using [ VU (z(s))ds = 0, we obtain

/07r grad (B.grad U(xz(s)))ds =0,

Zﬁz/ Z] )S:O (]ZlaﬂN)

since

/07r grad (B.grad U(xz(s)))ds = / grad Zﬁz 8U ds

>>) ds

- Z@/o 92, (gg( )) o

Since U satisfies (*), the quadratic form

by {/ Ul-j(x(s))ds} GG is positive definite
0

thus, det| fo ii(x(s))ds| # 0, implying that 5 = 0.

Hence (3¢) is reduced to A VU( ) =0.

We observe that \; # 0, for otherwise (Ao, A1, ) = 0 which is a contradiction.
Now, since A\; # 0, we have that VU(z) = 0, i.e. U is constant, which is again
a contradiction because U is coercive.
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Conclusion: \; # 0.

The fact that Ao # 0 and the relation 3.0.6 imply that

= M VU (x) + grad (B.grad U(x))
N 2o ’

and the critical point z is a C>—function because U is C2.

Therefore the differential of the function 7" takes the following form

T'(2)(h) = 2 /O " i(s)(s) ds — —2 /0 " ds + 2 [(m)h(x) — #(0)h(0)]

(using an integration by parts) and the relation 3.0.3 becomes

Ao {—2 /OW #h ds + 2 [i(m)h(r) — :b(O)h(O)]} + /W A\ VU (z)hds

0

+ / grad (B.grad U(z)) hds = 0, for all h € H*,
0

/7T [—2), % + M VU(2) + grad (8.grad U(z))] .hds+2X, [@(7)h(7) — #(0)h(0)] = 0 for all h € H".

And by 3.0.6, the above relation is reduced to
N [&(m)h(m) — #(0)R(0)] = 0, for all h € H".
By choosen h in H' to be respectively h(z) = z and h(x) = z — 7 we obtain ,
A 2(m) = A,2(0) = 0.
Hence, we find for a critical point x,
— 2\, + M VU (x) + grad (5.grad U(z)) =0, (3.0.7)
with the boundary conditions

A #(m) = A#(0) =0 . (3.0.8)
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We now show that the constants 3; (¢ =1,---,N) are in fact zero.
To this end, we integrate 3.0.7 over [0, 7]. Using the boundary conditions and
the fact that [ VU (x(s))ds = 0, we find

;@/Oinxw(s»ds:o =1 .N),

since

/07r grad (B.grad U(x)) = /07T gmd(z ﬁigU (x)) ds

Z;

B /0”;::@ (9%(25 (r))) ds

= 2] o (@)@

=1

Hence 3 = 0 provided that we guarantee
det|/ Uij(x(s))ds| # 0.
0

Since U satisfies (*), the quadratic form
X {/ Ui-(x(s))ds} GG is positive definite .
0

Thus, det| [ Uij(2(s))ds| # 0 as required and 3 = 0.

Next we demonstrate that the constants —\g and A; are both nonzero and of
the same sign. Indeed, since 5 = 0, the relation 3.0.7 can be written

—2\i + M VU (z) = 0. (3.0.9)

Multiplying 3.0.9 by x, integrating over [0, 7] and using the conditions 3.0.8, we
find

- o /07r 12(s)|ds = A\ /07r VU (z(s)).x(s)ds. (3.0.10)
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The strict convexity of U allows us to write that
U0) > U(x) 4+ vU(x(s))(0 — x) for all z(s) # 0 and integrating this inequality
over [0, 7] we obtain

O0<R< /O7r VU (z).x(s)ds.

Also,
/ i (s)[2ds # 0,
0

for otherwise z(s) = ¢ is a constant,
but

z(s)=c = /07r grad U(c) =0 by /07r grad U(z(s))ds =0

= m.grad U(c) =0,

i.e. ¢is a minimum for U. Since U is strictly convex and has a minimum at 0,we
conclude that ¢ = 0, and this contradicts

/7T U(z(s))ds = R > 0.

Thus 3.0.10 implies that — Ay and \; are both of the same sign and both nonzero.
Hence,without lost of generality, we may write 3.0.7 and 3.0.8

P+ NVU(@@)=0  (A\2#0) (3.0.11)
i(m) =2(0) =0 . (3.0.12)

Now the lemma 3.0.24 implies that the critical points x(s) may be extended to an
even 2w —periodic solution of 3.0.2, and thus correspond to an even 2w A—periodic
solution of 3.0.1 after reparametrisation .

This completes the proof.
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Corollary 3.0.26 Let U be a C*(RY), real-valued function such that:
(i) a=U(a) <U(z) for v € RN,

(i7) U is conver, and U(z) — 00 as |x| — oo, and

(*) the quadratic form XU;;(x)(( is positive definite, where

Then, any critical point of the functionnal

T:H'— R, 2|—>T(Z):/ |2(s)|*ds
0

subject to the constraints :
F(z)= / U(z(s))ds =r = R+am (where r > am), / grad U(z(s))ds = 0,
0 0

s a nonzero even periodic solution of 3.0.1.

Proof. Since the function U is convex, C! and coercive,it has a minimizer, i.e.
there exists a € RY and o € R such that

a=Ula) <U(x) for xRN

We define now the function V' by V(x) = U(z + a) — a.. Then, the function V'
satisfies :

1) Visa C*RY) real-valued function ,

2) 0<V(z)forzeRY and V(0)=0,

3) Vs convex, and V(x) — oo as |z| — oo, and

(*) the quadratic form Zajje;;j (x)(;¢Cj is positive definite.

We then apply theorem 3.0.25 with the function V.

So, if , is a critical point obtained, we know that x,, is a 2w A—periodic solution
of 3.0.1, i.e. &, 4+ grad V(z,) = 0.

Now, setting 2, = z,, + a, it is obvious that 2 is a 2rA—periodic and satisfies

Z, +grad U(z,) =0,

i.e. z, is a solution of 3.0.1.
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In this part, we give the last step in the resolution or our problem.
We start by the following proposition.

Proposition 3.0.27 Let V be a CY(RY) real-valued and convex function such
that :

x lim V(x) = +o0,

|| =400
Then there ezists a sequence {Vi} of functions such that :
1) Vi is a C3(RY) real-valued functions and the Hessian of Vi is positive defi-
nite for all x € RV,
2) Vi — V and grad Vi, — grad 'V as k — oo, uniformly on any compact subset
of RY,
3) lim Vi(z) = 400 uniformly in k.

|| —+o0

Proof.

Let
|z ?

Velw) = (V * p)o) + B
By theorem 1.4.3 the function Vj, is well defined, C*°, and V * p, — V uni-
formly on each compact subset of RY. Moreover the Hessian of Vj, is positive
definite.

Furthermore, for any compact K, there exists M > 0 such that

z? <M VreK,
so that

, t.e. —— — 0 uniformly on K.

o M el
k k

So, given € > 0, there exists :

N :VE>N, VeeK  |Vap,(z)—V(a) gg
z[* _ €
Taking N = max{N;, No}, we have that for k > N
|z z|? e ¢
Vixp ()= V(e)+ —| <|Vxp (z) = V(@) +—< -+ = =c¢,
k k 2 2
1.e. Vi — V uniformly on K.
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The same reasonning applies for grad V.

We finally show that lim Vi(z) = +oo uniformly in k.

|| —+o00
V' is coercive, so

VB>0, 3C>0: |z]>C=1U(z)|> B.

But

Vep)e) = [

RN

V(z —y)p(y)dy = / V(z = y)p(y)dy
B/(0,1)

since supp p, = B'(0, 1) C B'(0,1).

For ||z|| > C'+ 1, we have ||z —y|| > ||z — ||y|| > C+1-1=C

( because ||y|| < 1), and we obtain

Vep)a) = [

RN

V(z—y)p, (y)dy = /

V(z—y)p,(y)dy > B / p.(y) = B.
B/(0,1)

B'(0,1)

The proof is then complete.

Theorem 3.0.28 Let U be a CH(RY) real-valued function such that
(1) 0=U(0) <U(x) for z € RY,

(i1) U is convez, and U(z) — oo as || — oo.

For every number R > 0, there exists some

e Sn— {x cH', /Oﬂ Ulx(s)) = R, /Oﬂwms)) _ o}

which gives a solution to the differential system 5.0.1.

Proof. For the function U, by using the above proposition, we get a sequence
{Ux} of functions such that

%1) Uy € C*(RY) and the Hessian of U}, is positive definite for all x € RY,
x%9) Uy — U and grad Uy — grad U as k — oo, uniformly on compact subsets
of RV,

*3) | ‘lin;l Uk(z) = 400 uniformly in k.

Applying theorem 2.0.22 and theorem 3.0.25, we find a sequence {x;} of even
21 — periodic elements of H' and a sequence {\,} of real numbers with

/ i (s).h(s) ds = )\Z / grad Uy(z,(s) +a,).h(s) ds for all h € H' (3.0.13)
0 0
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and such that

T(z,) :/OW |x’k(s)|2ds:inf/07r i (s)[2ds

over the set
Sk = {:U tx € Hl,/ Uk(z(s))ds = R+ Oékﬂ',/ grad Ug(z(s))ds = O} :
0 0

where

a, = Ui(a,) = minUg(z)

k
z€RN

We know that by setting Vi (z) = Ux(z +a,) — «,, we obtain a sequence {z, } of
solutions of 3.0.1 satisfying

/ % (s).h(s) ds = )\i/ grad Ug(z;).h ds for all h € H'
0 0

and such that

T(z,) :/OW|2k(s)|2ds:inf/ow|2k(s)|2ds

over the set
Sk.r = {1: X € Hl,/ Vi(z(s))ds = R, / grad Vi(xz(s))ds = 0} :
0 0

Claim:

Lemma 3.0.29 The sequence
{[ ks
0

Proof. Let z(s) = (sin2s,0,---,0).Then, using the result on the nonvacuity of
Sk.r for each Vi, ( cf the proof of Lemma 2.0.21 )there exists a number ¢, > 0
and a vector ¢, € RY such that

s uniformly bounded .

y.(s) =t x(s) +c, €Skr,

that is - -
/ grad Vi(y,(s))ds =0, / Vi(y,(s))ds = R;
0 0
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The condition
‘ |lim Uk(z) = 400 uniformly in &
x|——+00
implies that
| ‘lim Vi(x) = 400  uniformly in £,
x|—-400
so that there exists C' > 0 such that
2R
2| > C = Vi(z) > — for k=1,2,---
™
By setting
Ep:={s:0<s<m]ly.(s)>C} ,

we have that Ej C [0, 7] and so

M is< [ vituons < [ Vitw (s

E, T

le.
2
28 mes(Ey) < R
7r

so that
mes(E;) =mes{s:0<s<m, |y (s) <C}>

Y

N[N

where Ef = [0, 7] \ Ek.
Thus, there is an interval [a,b] C [0, 7] on which |y, (s)] < C, b—a > 7 and
0 = | sin 2b — sin 2a| > 0.
And since,
t,0 =1, |sin2b—sin2a| = |y, (b) — y,(a)| <2C,

it follows that

20
<5

v, (s) =t @(s) =1t,(2cos2s,0,---,0) = / |y'k(s)|2ds = ti/ () [ds,
0 0

and since

/ 2(s)|*ds = 4/ (cos 2s)%ds < 4,
0 0

[ ioas < (%)24%

42
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Consequently, the sequence

T . 2C\°
1z, (s)|ds is also bounded by - 47r.
0

Consider now the sequence {z,} of even 27 — periodic elements generated by
the sequence {V}} given above.
As in the proof of the theorem 2.0.22, we can write 2z, as the sum of its mean
value and a function having mean value 0, i.e

2 = Zo,k + Zm,k‘
Using the fact that

/0 Vilz,(9))ds = R

and the above lemma, the property 3) of {Uy} implies that the sequences

{sup|zoyk(s)|} and {||z, ||} are uniformly bounded.

0,7
In fact z, = x, + a, where Ui(a,) = «
We show that {a, } is bounded.
Assume by the way of contradiction that there exists a subsequence (g, — 0.

Let C > min U and M = {z e RN : U(z) < C}.
RN

M is compact, so U, — U uniformly and mj\}nUk — rr]lti{nU.

P

The uniform coercivity of the sequence {Uy} implies that
VB,3k, e N, JA: |z| > A= Ui(z) > B Vk > k,.

So that a, — oo = Fj, : [ax|> A Vj 2= .
Hence, for j large enough, Ukj(ak.j) > B so that limsup U, > B.

One the other hand lim sup mIiVnU;€ < lim sup m]vi[nUk <C.
R
So for B=C+1, we have C'+ 1 < limsup U, < C, contradiction.

Therefore, the sequence {ay} is bounded.
Hence {z, } has a weakly convergent subsequence {xkj} such that z;, — 7.
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Furthermore, since z, — Z uniformly and each z, is C* — function ( by
J

construction ), then z is continuous .
We now show that

/ U(z(s))ds =R >0, and / VU(z(s))ds = 0.
0 0
Observe first that the implication :
there exists ¢ > 0 and ky € N such that
|z >q¢ = Ug(x)>C Vk>ky

gives us that ay, € B'(0,C) Vk > ko and since B’(0, C') is compact, the uniform
convergence of Uy to U on B'(0,C') implies that aj, — 0.
( Because the uniform convergence on a compact K implies that m}én U, —

m}}n U on the compact K ).
Let K;={Z(s):s€[0,7]}, K, = U {xk(s) s € [O,ﬂ} and K = K,UK,.
JE J

Since Z is continous, then K is a compact of RY, and due to the uniform
convergence of {xkj}, K, is also a compact of RY, so that K is compact. We

then have
| Wit ) -vaens < [
+t[

< [ sl = U] ds+ [0 () - Ulae))] s

CeK

Us, (z,, (5) — Uz,

The uniform convergence of Uy to U on each compact gives that:
sup|U, (¢) — U(¢)] — 0.
(eK
Moreover the continuity of U and the Lebesgue dominated convergence theorem

imply that
J

and this gives us the desired result,i.e.

/Oﬂ U((s))ds = R.

Uz, (s)) —U(z(s))| ds — 0,

J
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Similarly, we obtain
/ grad U(z(s))ds = 0.
0

We show next, that  is not constant.

Assume by the way of contradiction that Z(s) = ¢, then by [ VU (Z(s))ds = 0
we have grad U(c) = 0.

Since U is convex, we can write U(0) > U(c) + VU(c)(—c), i.e. U(0) > U(c) .
It follows that U(c) = 0 ( since U(0) < U(c) ) which is a contradiction because
Jo U(z(s))ds = R > 0. Thus Z(s) # constant.

Furthermore, if we set h = T, +a, in the equation 3.0.13 , we get

i, ()2ds =X [ grad Uy (o, (5) + 0, )-(z,,(5) +a, )ds
I %

The condition [ Vi(z,(s))ds = R > 0 ensures us that Vi(z,(s)) > 0 and then
that the inner product (grad Uy, (z, (s) +a, ), . (s) + a, > > 0 (cf proof of

Theorem 3.0.25) so that

N2 fo |x s)[*ds
b fy grad Uy, (x, ,(s) —i— a,,)-(z,,(s) + akj)ds'

The sequence {a, } being bounded,we have up to a convergent subsequence that
we relabel (akj), that

| tarad Ui (o, ) +a,). (o )0, s — [ (FUG(s)+a). (a(s) +a))ds,

where a, — a uniformly.
J
Since

| 1o, @Pds —700)

and
/0 Ngrad Uy, (s, (s)+a, ), (2, () +a,,))ds — /0 (VU (E(s) +).(3(s)+a))ds,

we obtain that the sequence {/\i} is convergent with limit A > 0.
J

If we rewrite the equation 3.0.13 for the convergent sequence )\i_, we obtain
J
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J

/ t, (s).h(s) ds = )\: / (grad U(z, (s)+a, ),h(s)) ds forall he H"
0 J 0 J J

In particular, for h € D(0, 1)

/07r ikj(s)'h(s) ds = — /OTr xkj(s)ﬁ(s) ds

and -
_/O mkj (S)h(5> ds — — j;(s)h(s) ds.

k—oo 0

In addition, for h € D(0, ),
—/ z, (s).h(s) ds = — (&, h) in the sens of distribution .
0 J

and

A, /0 “(grad UL, (, (s)Fa,,), h(s))ds — A? /0 " grad U(#(s)+3).h(s)ds = N2{grad U(7+3), h)

j k—o0

so that
—(%,h) = \(grad U(Z +a),h) forall heD(0,n).

Consequently, T satisfies
T+ Ngrad U(z +a) =0,
and Z = ¥ + a is a solution for the problem.

Theorem 3.0.30 The system 3.0.1 possesses a one parameter family of distinct
solutions T ,(t) where the parameter R varies over the positive real numbers.
Furthermore the average potential energy of ,(t),

TiR / UG (0)dt,

over a period Tg 1s proportional to R.

Proof. By virtue of the threorem 3.0.28, we have the existence of critical points
x,(s) of the variational problem and they correspond to even 2w\ — periodic
solutions 7, (t) = z,, (£) of 3.0.1.

For two positive real numbers R; and R, such tha R; # R, because of the
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equality condition in S we obviously get that z, (s) # z,_(s).
In

we make the change of variables ¢ = As to get

AT 2AT
;/0 U(jR(t))dt:R:% UG

so that
2\
2\R = / Uz

0

(1))dt

R

It means that the mean value of U(Z,(t)) over the period 27\ is proportional
to the parameter R.
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Remark 3.0.2

le A general model for the function U is given , for v = (x1,...,2y5) € RY,

by
Uz) = ||z|* = Zw

(Cf. also Propostion 0.2).

20 We proved in lemma 3.0.24 that a solution of 3.0.2 can be extended to an
“even® function, which is still solution of 3.0.2. We now observe that for somme
additional conditions on the function U, for instance that U s even, we can also
obtain, for our solutions, “odd“ extensions which are still solutions.

3e We can give a physical interpretation to the problem through the second law
of Newton.
If & designes the body’s acceleration, m the mass of the body, we have

mz = F

where F' s the net force on the body.

When F' derives from a potential U, it has the form F = grad U, or
F = —grad U.

So, for a given potential, we look for the possible orbits of the body.

4e The functional T involved in the variational formulation is just the kinectic
enerqy of the system and since the solution are parametrized by the average po-

tential energy 5~ f2’\7r ))dt, by setting

E.(z) = T(x) = kinetic energy and E,(z) =
we can define another optimization problem by :

2T

2\

o U(x,(t))dt = potential energy,

where
F(x) = E.(z) + E,(z) denotes the total energy of the system and

K a suitable constraints set .

48



Bibliography

[1] Melvyn S. Berger; Periodic Solutions of a Second order Dynamical Systems
and Isoperimetric Variational Problems,
American Journal of Mathematics, Vol. 93, No 1 (Janv 1971), pp. 1-10.

[2] C.E. Chidume; Applicable functional analysis, International Centre for The-
oretical Physics Trieste, Italy, July 2006.

[3] N. Djitte; Lecture Notes on Sobolev spaces and Linear Elliptic Partial Dif-
ferential Equations, African University of Science and Technology, 2010.

[4] G. Degla Lecture notes on Differential Analysis,African University of Sci-
ence and Technology, 2010.

[5] L. Thibault; Lecture Notes on Convexr Analysis, African University of Sci-
ence and Technology, 2010.

[6] N. Djitte; Lecture notes 2005-2006 on Optimisation en dimension finie-
Calcul des Variations- Controle Optimal: Principe de Pontryagin, Univer-
sité Gaston Berger,Senegal.

[7] R. Tyrell Rockafellar and Rogeo J-B Wets; Variational Analysis , Volume
317, Springer-Verlag, Berlin 1998.

[8] H. Brézis; Analyse Fonctionnelle- Théorie et Applications

[9] L. Todjihounde; Calcul Differentiel-cours et exercices corrigés.
Editions Cépadués, 2004.

49



	Epigraph
	0   Introduction and Motivations
	Preliminaries: Notations, Elementary notions and Important facts.
	Banach Spaces
	Hilbert Spaces
	Differential Calculus in Banach spaces
	Sobolev spaces and Embedding Theorems
	Basic notions of Convex analysis

	Minimization and Variational methods
	Existence Results of Periodic Solutions of some Dynamical Systems.
	Bibliography

