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Epigraph

"If people do not belicve that mathematics is simple, it is only
because they do not realize how complicated life is.”

John Louis von Neumann
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Preface

This project lies at the interface between Nonlinear Functional Anal-
ysis,

unconstrained Optimization and Critical point theory. It concerns
mainly the Ambrosetti-Rabinowitz’s Mountain Pass Theorem which
is a min-max theorem at the heart of deep mathematics and plays
a crucial role in solving many variational problems. As application,
a model of Lane-Emden equation is considered.

Minmax theorems characterize a critical value ¢ of a functonal f
defined on a Banach spaces as minmax over a suitable class A of
subsets of X, that is :

¢ = REmIE
Variational methods refer to proofs established by showing that a
suitable auxilliary function attains a minimum or has a critical point
(see below). Minimum Variational principle can be viewed as a
mathematical form of the principle of least action in Physics and
justifies why so many results in Mathematics are related to varia-
tional techniques since they have their origin in the physical sciences.

The application of the Mountain Pass Theorem and more gen-
erally those of Variational Techniques cover numerous theoretic as
well as applied areas of mathematical sciences such as Partial Dif-
ferential Equations, Optimization, Banach space geometry, Control
theory, Economics and Game theory.
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Introduction

Let us first introduce some keywords that will enable us to specify
our principal objective.

Given a nonempty set X and a funct ion f : X — R which is
bounded below, computing the number

i&ff = inf{f(z) : x € X} (F1)

represents a minimization problem posed in X: namely that of find-
ing a minimizing sequence, i.e. (z;)r C X such that

Jim f(zy) = mff.

The number infx f is often called the infimal value of f or more
simply the infimum of f over X. The function f is usually called
the objective function or also infimand. By analogy we have the
concepts of supremal value (supremum) and supremand.

An optimal solution of (F}) is an element a € X such that

fla) < f(z), Ve € X;

such an element a is usually called a minimizer, a minimum point
or simply a minimum of f on X. We shall also speak of global
Let us emphasize that the notation

min{f(z) : z € X}

holds at the same time for a number (when there exists a solution
to F1) and a problem to solve.

Likewise one can meet maximization problems but they are all equiv-
alent to minimization problems since for any real valued function g



defined on a set X, one has
sup{g(z) : x € X} = —inf{—g(x) : x € X}.

When X has a topological structure, another problem related
with (F}), is to know

(Q1) whether a giving minimizing sequence (zj) converges to an
optimal solution when £ tends to +oo.

Two conditions are essential to guarantee a positive answer to (Q1).
A topological criterion on the structure of X (e.g., compactness)
and a topological criterion on the behavior of the function f (e.g.,
continuity).

When X is an open set of a real normed linear space (respectively
a manifold) and f is Fréchet differentiable or just Gateaux differ-
entiable (respectively differentiable in the geometric sense), a nec-
essary condition for a point @ € X to be a minimizer (according to
Euler) is to be a critical (or stationary) point of f; this means that,
f'(a) =0o0n X (respectively df(a) =0 on T,X, the tangent space
of the manifold X at a). We say that a real number c is a critical
value of f if there exists a critical point @ € X such that f(a) = c.
In the case of a Hilbert space X endowed with a scalar product (-°),
and thanks to the Riesz representation theorem, the gradient V f of
a Gateaux differentiable is defined by setting

(h,Vf(x)) = f(z)(h).

And so in this case, a critical point of f is just a solution of the
equation

Vi) = 0.

For instance the following simple surjectivity result illustrates well
the variational argument.

Proposition 0.1 The derivative of a differentiable function f :
R—R

satisfying

|l‘im f(z)/|x| = oo is surjective.

The proof follows immediately from the fact that for each ar-
bitrary r € R fixed, the function ¢ : R — R defined by ¢(z) =
f(z) — ra has a minimum point which is a critical point since this
function is lower semi-continuous (in fact continuous), coercive (in
the sense that its level sets {z € R: ¢(z) < t} are compact) and



furthermore differentiable.

The interested reader can also see another interesting and illus-
trative example by checking (with differential analysis and ordinary
differential equation tools) the following:

Proposition 0.2 Let X be the normed linear space consisting of
all continuously differentiable function u on [0,1] satisfying the ho-
mogeneous Dirichlet boundary condition u(0) = u(l) = 0, that is,

X = {ue C'0,1]; u(0) = u(l) =0},
and equipped with the norm defined by

fuller = max fu(@)] + max u/(z)].

Consider the functionals E and G defined on X respectively by:

1 1
E(w) = / W(2)Pde  and  G(u) = / () [2dz
0 0
Then the minimization problem
min {E(u); Gu)=1, ue X}

18 equivalent to the minimazation problem

min {% ueX\{O}}

and has an optimal solution ¢ : [0,1] — R defined by p(z) =
sin(mx). See Appendix for the proof.

Many boundary value problems are equivalent to
Au =0 (E)

where A: U C X — Y is a mapping from a nonempty open
set U of a Banach space X into a Banach space Y. The problem
is said to be wariational, if there exists a differentiable functional
p: UCX — R such that

A=, (see Definitionl.2 ).

In this case, the space Y correspond to the dual X’ of X and
Equation (F) is equivalent to



(h, '(u)y = 0, VheX (2)

where (, ) holds for the duality pairing of X and X’. Hence the
critical points of ¢ are the solutions u of (2) and their images ¢ (u)
are the critical values of . A critical point of ¢ is a solution u of
(2) and the value of ¢ at u is a critical value.

Now how to find critical values in general?

When ¢ : X — Y, defined between Banach spaces, is bounded from
below, its infimum over X; infx ¢ is a natural candidate accord-
ing to Euler condition. In this case, Ekeland variational principle
(Theorem 3.4) implies the existence of a sequence (u,,), such that

o(u,) — «a:= info  and ¢'(u,) — 0.

Such a sequence is called Palais-Smale sequence at level a.

Given ¢ € R, the functional ¢ is said to satisfy (PS). condition, if any
Palais-Smale sequence at level ¢ has a comvergent subsequence. If
¢ is continuously differentiable, bounded below, and satisfies (PS).
at level ¢ :=infy ¢, then c is a critical value of ¢.

There are many theorems regarding the existence of local extrema
(minima or maxima) but very few concerning saddle points (i.e.,
critical points which are neither local minima nor local maxima).

The aim of this disertation is mainly to study the Mountain Pass
Theorem which is an important tool from the Calculus of Vari-
ations that provides certain sufficient conditions on functionals to
have saddle points. From a geometric point of view, one could say
that the Mountain Pass lies along the path that passes at the Lowest
elevation through the mountains. The Mountain Pass Theorem is
extensively used to solve variational problems in Partial Differential
Equations (for short PDEs). Here we shall focus our attention on
the Lane-Emden equation

—Au = u«? in €
u > 0 in £
v = 0 on 0N

where Q) is a nonempty bounded subset of RY and p > 1.

The organization of the project is as follows:

- In chapter 1 we review the notions of differentiable maps and crit-
ical points in Banach spaces.



- In the 2nd Chapter, we introduce the Nemytskii operators (de-
fined between function spaces) and study some of their possible
properties such as continuity and differentiability.

- In Chapter 3, we consider some variational principles and we state
and prove the Mountain Pass Theorem.

- Finally we use the Mountain pass Theorem to show the existence
of positive solutions to the Lane-Emden equation (mentioned
above) in the case that the exponent p satisfies

1 <p<

N+2’ if N >3, otherwise 1 < p < oo when N =1,2.



CHAPTER 1

Differentiability in Banach Spaces

We will define here two types of differentiability in Banach spaces
as generalizations of the concept of differentiability in R.

1.1 GAateaux Derivative

Let us denote by B(X,Y") the space of all bounded linear maps from
X to Y where X, Y are Banach spaces.
Recall that a bounded linear map means a continuous linear map.

Definitionl.1

Let f:U +— Y be a mapping and x € U ; where U C X open. We
say that f is Gateaux differentiable at x, if there exists A € B(X,Y),
such that

Vh € X\ {0}, the map t — w has a limit as t — 0
equal to A(h); that is,

t—0 t

or equivalently

flzo +th) — f(xg) =tA(h) +o(t) VheX

where o(t) holds for the remainder r(t) = f(zo+th) — f(xo) —tA(h)

6



satisfying
N G
t—0 t
For simplicity we will write Ah instead of A(h).

Ah is called the Gateaux derivative of f at xg in the direction of
h denoted g—£($o)-

The bounded linear operator A, depending on z, is denoted by
D¢ f(x,) or fi.(z,) and called the Gateaux differential.
Remarks.

- In Definition 1.1, one can simply require that ¢ — 0%.

- Whenever h # 0 and the ratio M has a limit in Y as
t — 0, we say that f is differentiable in the direction of h at z,,
and we call Pr% f(@o + th) = f(av)

f at z, in the direction h.

the directional dérivative of

Example 1.1:
The function f : R? — R defined by

flay) = a® + 4

is Gateaux differentiable at every point (zg,vy) € R
Indeed: Let ug = (zo,40) and h = (hy, hy). Then

Flug+th) — flug) = 2t(zohy + yohe) + t2(R2 + h2), vt € R.
It follows that

11_{18 f(uo + thg — f(UO) = 2(1’0}11 + yohg) = 2<UQ,h>

et since the map h ~— 2(ug, h) is linear and continuous from R?
to R, we conclude that f is Gateaux differentiable and

Daf(uo)(h) = 2(ug, h) VR

Moreover by regarding R? as a euclidean space, we can derive the
gradient of f at wu, as

Vf(u,) = 2u,.

which is actually linear and bounded with respect to h as the inner
product( since R is an inner product space).

7



Theorem 1.1: (Euler necessary condition for extrema)

Let X and Y be real Banach spaces, f: U — Y be a mapping and
x € U where U C X is open. If f is Gateaux differentiable at an ex-
tremum point zp (maximum or minimum point), then D¢ f(z9) = 0

Proof: Under the hypothesis of this theorem, suppose without loss
of generality that xy is a minimum point (otherwise consider the
function — f instead of f).

Since z, € U and U is open, there exists a positive real num-
ber r such that the open ball B,(x,) is contained in U. Now let
h € X \ {0}. Then for every ¢ such that |t| < r/||h||, we have,
f(x, +th) > f(x,) and so by the Gateaux differentiability of f at
Z,, we have

Def(zo)(h) = lim L8t = J(uo)

>0
t—0+ t -

It also follows that D¢ f(z,)(—h) > 0, i.e. Dgf(z,)(h) <0 by lin-
earity of D¢ f(x,). Therefore D¢ f(z,)(h) =0 for all h € X indeed.
Thus D¢ f(z,) =0. O

Theorem 1.2: (Mean Value Theorem in Banach Spaces)
Let X and Y be Banach spaces, U C X beopenandlet f: U —Y
be Gateaux differentiable. Then for all 1 zo € X, we have

[f(z1) = flz2)| < tzﬁlﬁi] |Daf(rr + t(we — z1)|| - [Jz1 — 22

provided that the sup ||Dgf(z1 + t(x2 — 21)| is finite.
te(0,1]

Proof. Suppose that the assumptions of Theorem 1.2 hold. Let
g* € Y* (the dual of Y') such that ||g*|| < 1. Then the real-valued
function ¢ : [0,1] — R defined by

o(t) = g"o f(xy + th) where h = xo — x4
is differentiable on [0,1 in the usual sense. Moreover we see that

J(t) = g"(Daf(as + th(h), ¥t € (0,1).
It follows from the classical mean valued theorem that

(1) = (0)] < sup [¢'(t)],
0<t<1
that is
lg™ o f(1) = g" o f(wa)| < sup |£'(2)].

0<t<1



Moreover for all ¢ € (0, 1), we have
'O = |g°(Daf(x1 + th)(h))]
< g7l 1Pef (1 + th)]| Al

< Daf(wy + th)l [|]]-

And so
9" (Fan) = fla)l = lg'oster) =g f el < ((sup, 1Dasar + )] ) ]

But it is well known as a consequence of the Hahn-Banach theorem
that
[yl = sup{u(y), v €Y, [’ <1}

Therefore we finally have

(1) = flw2)| < sup [[Daf(er + tzy — x1)]|-[ler — 22 . O

te(0,1]
Remark. If f satisfies the assumptions of Theorem 1.2 and has a
continuous Géateaux differential, then one can prove the conclusion

of Theorem 1.2 by using the notion of Riemann integration in Ba-
nach spaces following the next lemma.

Lemma. (Cf. ) Let X be a Banach space and ¢ : [a,b] — X
be continuous, where —oco < a < b < +00. Then the sequence of
partial sums

n—1

—a
Z <a + k:—) converges as n — 00,

k=0

n

and its limit is called the Riemann integral of f over [a,b] and is

denoted by
b
/ o(t)dt.

/abw(t)dt Tim kzl(wrkb_a).

It is easily seen that

/abw(t)dtH < /abngo(t)ndt.

That is




Furthermore if ¢ is continuously (Géateaux) différentiable on [a,b],
then

o(b) = ola) + / S(t)dt

Whenener the convergence in (1.2) is uniform for h, there arises
an interesting stronger type of differentiability called the Fréchet
differentiability.

1.2 Fréchet Differentiability

It is a refined notion differentiabilty of which concept is implicitly
closer to that of the standard notion of differentiability known in R

Recall: A function f : R — R is said to be differentiable at
xo € R if and only if the mapping defined on R\ {0} as

f(wo+h) — f(wo)

h
'_’ h

has a limit a € R as h — 0; that is,

hmf(370+h) — f(@o) — a4 cR.
h—0 h

Obeserve that this condition is equivalent to “the existence of a real
number a € R such that

f(zo+h) = f(xo) + ah + o(h).

Now, how can we extend this notion to operators defined between
Banach spaces? The answer is in the following definition.

Definition 1.2:

A function f: U — Y; where Xand Y are Banach spaces and U
open in X, is said to be Fréchet differentiable at a point xy € U, if
there exists a bounded linear map A : X — Y such that:

. |[f(wo +h) = f(zo) — AR _

lim 0, 1.1
Ial—0 17| -

or equivalently
f(@o +h) = flxo) = Ah + o(||A]]); (1.2)

10



where
r(h) == f(zo+h) — f(xo) — Ah = o(h)
in the sense that
[r(h)]]

lim = 0.
Inli—=0 |[A]]

Such an operator A is unique and called the Fréchet differential
of f at xy and is denoted by D f(xzg) or f'(xo) (somtimes it is also
denoted by df (x,)).

The function f is said to be Fréchet differentiable (or simply dif-
ferentiable) on U, if it is Fréchet differentiable at every point of U.

When there is no ambiguity about the domain of f, we just say that
f is differentiable.

Definition 1.3:
Let X and Y be Banach spaces, U open in X and let f: U — Y
be Fréchet differentiable on U. The Fréchet differential of f on U is
the mapping
Df . U — B(X,)Y)
r — Df(z).

We say that f is continuously differentiable on U or a mapping of
class C! (or simply a C''-mapping) if D f is continuous as a mapping
from U into B(X,Y).

Examples (Fréchet differentiable functions).
Let H be a real Hilbert space. Then the function F' : H — R

defined by
1
F(z) = Sl
is Fréchet differentiable on H and its Fréchet differential is defined
by:
DF(z)(h) = (x, h) = (h, z).

Thanks to the Riesz representation we can write

VF(z) = x.

11



Indeed let us fix z, € H arbitrarily. Then for every h € H, we have
F(zo+h) — Fz,) = 5(llzo+hl* = [lzo]?)

= 1({mo+h, o+ h) — (T, To))

= L (@0, 20) + w0, h) + (R hY — (30,2,))

_ (h,h)
= (@, h) + 5+
= (h,z,) + H@P

Now define the operator A : H — H by A(h) = (h,z,). Then
A is linear (since the real inner product is bilinear) and bounded
(according to Cauchy-Schwarz inequality). Moreover it is clear that
o+ h) = Flxo) = AW _

lim = lim ||hl||/2 = 0.
||a]|—0 |12l 1] =0 Ill/

Next we present some properties of the Fréchet differential.

Proposition 1.1: Let X and Y be Banach spaces and U C X
open.

1. If F: U —Y is Fréchet differentiable at some point zo € U,
then F is continuous at xg.

2.1t F: U —Y is Fréchet differentiable according to a norm in
X’
then it is also Fréchet differentiable according to any norm
equivalent to the first norm.

3. (linéarity)
If F,G: U — Y are Fréchet differentiable at some point z, €
U,
then for any a,b € R, alF' + bG is Fréchet differentiable at z,
and
D(aF + bG)(x,) = aDF(x,) + bDG(x,) .

4. (Chain rule).
Let also V' be an open set of a Banach space Z and consider
two mappings F' : U — Y and G : V — Z such that
F(U) c V. If F is Frechet differentiable at some point x, € U

12



and G : V — Z is Frechet differentiable at y, = F(z,) € V,
then G o F' is Fréchet differentiable at =, and

D<GOF>(Q70) = DG(Z/0>ODF<$0)'

Proof:

1. Suppose that f is Fréchet differentiable at o € U. Then there
exists a bounded linear map A : X — Y such that:

f(xo+h) — f(xo) = Ah+o(||R]]) -

It follows from the continuity of A and the definition of o(h)
that

lim || f(zo +h) = f(zo)]| = 0,

[|h][—0
that is
]llin%] (f(mo+h)— flzg)) = 0 inY

or simply }llir% f(zo+ h) = f(xg).

2. Let ||.||1 and ||.]|2 be two equivalent norm in X. Then there
exist constant a > 0 and # > 0 such that

allzlly < flzllz < Bllzfh, Yz eX.

There a mapping ¢ is defined from an open neighbourhood of
0in (X, ||.|l1) into Y if and only if is defined from an open
neighbourhood of 0 in (X, ||.||2) into Y. Moreover for any h # 0
in the domain of g, we have

lgI Mgl _ g _ Bllg(r)]

By = Ikl = okl T ok
which implies that
lgm)l o le®ll
Ihh—o ||All; Ihlla—0  ||R]]2

3. Let ¢ > 0. Then by the Fréchet differentiability of the two
functions F' and G at z, € U, we get (indeed) the existence of
d > 0 such that for every h € X satisfying ||h|| < 0, we have

|F (2o +h) — F(zo) — DF(x,)(h) s lAl

I =< 2(|a|—|—1)

13



and

|G (2o +h) — Gxo) — DG(xo)(M)|| < s 1Al

(Ibl +1)
Thus we have

|(aF4+bG)(xo+h)—(aF+bG)(z,) —aDF(z)(h) —bDG(x)(h)|| < el|h]|.

4. We know that

F(x,+h) — F(z,) = DF(z,)(h) + o(h) (i)
and
G(yo+h) = Glyo) = DG(yo)(h) + o(h) (ii).
Therefore
GoF)(z,+h) — (GoF)(z,) = G(F(x,+h))— G(F(z,))
= G(F(xo) + DF(x,)(h) + o|[h]])) —
= G(F(z,)) + DG(yo)((DF(xo)(h) + o
= (yo)DF(xo)( ) DG(yo)(O(h>>
= DG(yo) DF(x,)(h) + o(h)
which gives the result since DG(y,)DF(x,) is a bounded linear
map and

o) < [[DG (o )ll - [lo(R)]].

Theorem 1.3:
Every Fréchet differentiable function is Gateaux differentiable and
the differentials coincide..

Proof: Let f: U — Y; where Xand Y are Banach spaces and U
open in X, be Fréchet differentiable at a point g € U. We show
that f is Gateaux differentiable at z,. Fix any v € X \ {0}. Then
we have f'(z,) € B(X,Y) and

[ [eotto) — f(wo) g g J(ottv) = f(xo) = /(o) (tv)
T (Lot fla)w) = lim [ =
To+h) — f(xo) — f'(zo)(h
—  lim HUHf( +h) fl(lhll) f'(xo0)(h)
(=
= 0.

Therefore f is Gateaux differentiable at x, and moreover D¢ f(x,) =

[ (o). U

14



Remark: The converse of Theorem 1.2 is false as it can be seen
by the example below.

Example 1.2 :
The function g : R?> — R defined by

2 4
(%) it y#o.
g9(z,y) =
0 if y=0
is Gateaux differentiable at (0,0) but not Fréchet differentiable at

this point.
Indeed, let h = (hy, hy) € R%. Then for ¢ > 0, we have

CIRS i by A0,

g(th) —g(0,0) (t2hi+h3)*
- —
0 if hg - O,
and so " 0.0
o 900 =9(0.0) _

t—0t t
yielding the Gateaux differentiability of ¢ at (0,0) with ¢’(0,0) = 0.
But it is seen that g is not Fréchet differentiable at (0,0), according
to Theorem 1.3, by considering the perturbations H = (hy, h?) as

follows : (h h2) (O 0) .
. g 1, 1 _g )
1 — — £,
ot ||(h1, B2)]| %7

The next theorem gives a useful sufficient condition under which
Gateaux differentiability implies Fréchet differrentiability.

Theorem 1.4:

Let X and Y be Banach spaces, U open and nonempty in X and
let f: U — Y. If f has a continuous Gateaux differential, then f
is Fréchet differentiable and f € C'(U,R).

Proof:
Let € U and choose € > 0 such that B(z,e¢) C U. Let h € X such
that ||h|| < e. Consider the function ¢ : [0,1] — R defined by :

p(t) = f(z +th) — f(z) — tDa f(z)(h)

Since f is Gateaux differentiable, it follows that ¢ is differentiable
and

¢'(t) = Daf(x+th)(h) — Daf(x)(h).

15



By applying the Mean Value Theorem to ¢ we have :
[p(1) = ¢(0)] < sup [¢'(t)],
o<t<1

that is,
1f(z+h) = f(z) = Daf(z)(B)]| < sup ||Daf(x+th)(h) — DaF(z)(h)||

te(0,1)

< sup ||Dgf(x+th) — DaF ()| ||A|]-

te(0,1)

By continuity of the mapping Df : U — B(X,Y), we have

=0 \ te(0,1)

lim ( sup ||Dg f(x + th) — DGf(l")H) = 0,

and so
f(x+h) — f(x) = Daf(x)(h) = o(h)
with Df(z) € B(X,Y). O

Definition 1.2:
Let H be a Hilbert space equipped with inner product (., .) and
f: X — R be Fréchet differentiable. Then the mapping

Vf: H — H

r = Vf(z),

(where V f(x) is the gradient of f at x) is called a potential operator
with a potential f: H — R.

1.3 Second order derivative

Let X and Y be real Banach spaces, U open and nonempty in X,
and let f: U — Y be differentiable. If

U — B(X,)Y)
is differentiable, then for every x € U,
()(x) € L(X,B(X,Y))
and is simply denoted by f”(x) or D?f(x). In this case we say that

f is twice differentiable at x and f”(x) is called the second order

16



differential of f at x.
Observe that in fact

() : X xX — Y
is bilinear and bounded (i.e., continuous) .

We recall that a mapping ® : X x X — Y is a bounded bilin-
ear map if:

1. V(x1,29) € X x X, Vy € X and Va,p €R,
(a4 frs, y) = a®(zy, y) + 6P(x2, y)
Oy, awy + fry) = a®(y, 11) + SP(y, 2)
2. 3K € (0, co) such that

1D (21-2)lly < K[| fl2]x -

The norm of such a bounded bilinear map is given by:
|| = sup {[|®(z1, z2)ly, [le1]lx <1 and [lzo] <1}

Note that, more generally, if F1, F, and E3 are given three normed

linear spaces, we can define a bounded linear map from E) X Fs into
Es.

The space of bounded bilinear maps from X x X into Y is isometric
to B(X, B(X,Y)). Indeed the map

j: B(X%Y)) — B(X, B(X,Y))
A — Jj(A)

where j(A) is such that for all x € X and for all y € Y,

(((A)@)(y) = Alz,y).
Moreover [[7(A)[| = [[A]l.

Going back to the setting of the definition of the second order
differential, if f : U — Y is twice differentiable, then " : U —
B(X?%Y)). And if f” is continuous, we say that f is of class C?
and we write f € C*(U,Y).
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Furthermore we have the following Taylor formula for x € U and h
sufficiently small :

fle+h) = fx) + f(=)(h) + %f”(fﬁ)(h, h) +o([[al%) (1.5)

that can be established by using a notion of Riemann integration in
Y such as

flx+h) = f(z) + f'(x)(h) +/0 (1 —1t)f"(x+th)(h,h)dt.

These Taylor expansions give the simplest sufficient conditions
on a critical a C? functional to be a local extrema.

Proposition 1.4

Let X and Y be Banach spaces, U openin X and let f: U —Y
be twice continuously differentiable. Suppose that z, is a critical
point of f.

1. If there exists a positive real number \ such that
D?f(z,)(h,h) > M|R||*, Vh €X,
Then z, is a local minimum point of f.

2. If for every x in a neighbourhood of z,, D?f(x) is positive
semidefinite (in the sense that

D*f(x)(h,h) > 0, Yh e€X),
then z, is a local minimum point of f over U.

3. If U is convex and for every z € U, D? f(z) is positive semidef-
inite (in the sense that

D*f(z)(h,h) > 0, VYh e€X),

then x, is a minimum point of f over U. Observe in this case
that f is convex on U.

For instance if H is a real Hilbert space and b € H is given then,
the critical point x, of the the functional ¢ defined on H by

_ el

QO(ZE) - 9 + <b7 l’>,

is the minimum point (i.e., z, = —b) .
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Note.

Let H be a Hilbert space and f : H — R be twice continu-
ously differentiable. Then for every x € H, there exists (according
to the Riesz Representation Theorem) a bounded linear operator
A: H — H which is symmetric and satisfies

DQf(l’)(hl, hg) = <Ah1, h2>
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CHAPTER 2

Nemytskii Operators

They take their name from the mathematician Viktor Vladimirovich
Nemytskii.

Let n and m be positive integers and 2 be a nonempty subset of
R"™.

2.1 Definition of a Nemytskii Operator

Given a function f defined from QxR™ into R, denote by F (2, R™) =
(R™)? the set of m-vector valued functions defined on €.
Then the Nemytskii Operator, associated to f, is the operator,

N,: FQR") — F(QR)

u — N,u
where N, u is the function defined for x € Q by:
(Nyu)(z) = flz,u(z))

. For simplicity we shall write N u ()

Example 2.1:
The Nemitskii operators associated to the maps

f: RxR — R and g¢g: RxR — R

S
9

(x,s) +— |s] (x,s) +— xe

20



are respectively defined, for any function v:R — R, by N,u and
Nyu with the following expressions:

(N,u)(z) = |u(z)] and (Nyu)(r) = ze@

Observe, by continuity of f and g, that both N, and N, map the
set of real-valued continuous functions on ; C(Q2), into itself. More-
over they map the set of real-valued measurable functions into itself.

Example 2.2.

Let © C RY be a measurable set. Then the Nemitskii operator
which assigns to each extended real-valued function on €2 its square,
induces an operator

L2(Q) — LY(Q)

u — u?

also called Nemitskii operator.

More generally, given any real number p € (1, +00) and setting
p

q = t5; (the conjugate of p), the following map
LP(Q) — L4Q)
u = |uP?
is a Nemitskii operator.

Because of the obvious usefulness of measurable functions, we in-
troduce a notion called the caratheodory condition .

2.2 Carathéodory condition

Definition 2.2 (Caratheodory Condition):

A function f: Q x R™ — R is said to satisfy the Carathéodory
conditions if

(i) f(x,-) is a continuous function for almost all z € €;

(ii) f(-,u) is a measurable function for all u € R™.
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Theorem 2.1

Suppose that €2 is measurable. Let f : QxR — R be a Carathéodory
function and u : Q — R™ be measurable.

Then the function

Nou : x — f(z,u(z))

is measurable.

Proof:
It is well-known that every measurable function is the limit of a
sequence of simple functions; i.e., functions having the form:

p

Z i 1Ai

=1

where the coeflicients a; are constant real numbers and the subsets
A; are measurable.
By assumption, u measurable, and so

u = lilgn Uy,

where every wu, is a simple function. And since f satisfies the
Carathéodory condition, f is continous with respect to its second
argument for almost every first argument fixed. Therefore,

liin flz ug(x)) = fx,u(x)), fora.e. z.

For each k, set f, (x) = f(x,ux(z)) for a.e. x. By the first Carathéodory
property of f, each f; is measurable as a sum of products of mea-
surable simple functions. In fact by writing u, on its canonical form
we have

ng
up(z) = Z @iy la,, (x), fora.e. x,
ip=1
and so .
fi(z) = Z f(zya;,)14,(z), fora.e. x.
in=1

It follows that the function z +— f(z,u(z) is measurable as a pin-
twise limit of the sequence of measurable functions (fx)r. O
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2.3 Continuity and Differentiability of Nemytskii
Operator

The following theorem gives us sufficient conditions under which a
measurable Nemytskii operator is continous

Theorem 2.2
Let f: 2 xR — R be a Caratheodory function. If 2 is a bounded
domain and f satisfies the growth condition

|f(z,s)] < als|P"' +b(x), forae x and for all s,
with p > 1, @ > 0 and b(-) € L9(Q2) nonnegative a.e.; where 1/p +

1/g = 1, then the Nemytskii operator Ny : LP(Q2) — L9(Q) is
continuous.

Proof:
e We show that N, maps LP(Q2) into L9(Q) .

INul? = [f(z,u(@)]? < aju(z)[P~ + b(z)]
< 2(alu() 0D + o))
= (@@ + b))
But we know that b € L9 and that v € L” Hence :
/Q!NfU\q < (2)'mes(Q)(a”||ullzs + [1blIZe) < o0
since (2 is a bounded domain. Therefore N, maps LP(Q2) into L9(2)
e We show that IV, is continuous.

Suppose on the contrary that N, is not continuous at some ug. then
there would exist ¢y > 0 and a sequence (u,),>1 C LP such that

u, s g (1)
and
”Nfun—NfUQHLq > £qg. (2)

But (1) implies that there exists a subsequence w,, of w,, and a
function ¢ € LP(2) such that

pointwise (3)

Up,, Ug a.e.
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and
un, | <g VEk. (4)

It would follow from (3) and the continuity of f(z, -) for a.e. x, that

pointwise a.e.

Ny, N, ug. (5)

Moreover, (4) implies
(@, uln, (@) < alun, 7+ b(z) < alg(@)l”™" + b(z)  (6)

with al|g|P™' + b € LY since g € LP(Q) and b e LY(Q).
Thus, (5), (6) and the Dominated Convergence Theorem would
imply that
F@n, (2)) = (o, u0(x))
that is,
N tn, — Nyugllpa — 0

contradicting (2).
Example 2.3
If pe (1, +0) and g := % ; (the conjugate of p), then the Nemit-
skii operator
Lr(Q) — LYQ)
w oo Jufpt
is continuous. The proof follow readily from Theorem 3.2 by putting

a=1 and b=0.

Theorem 2.3
Let ©2 a bounded domain and f : 2 x R — R a Carathéodory
function satisfying the growth condition

|f(z,8)] < alsP"' +b(x), forae x and for all s,

with p > 1, a > 0 and b(-) € L(2); where 1/p+1/q = 1.
Define

F(z,s) = / f(z,t)dt for a.e. x € and all s € R.
0

Then F : Q@ x R — R is a Carathéodory function and the
associated Nemitskii operator

Nr : LP(Q) — LYQ)
u — Npu = F(-, u(-))
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is continuous.
Moreover the functional F : LP(Q2) — R defined by

is continuously Frechet differentiable and F'(u) = Ny .

Proof:
Step 1. Show that F'is carathéodory.

The function f(x,.) is continuous for almost all z € Q , Hence
F(z,.) is continuous for almost all x € Q since it is the antideriva-
tive of a continuous function over a bounded interval .

For every s and for almost every x € 2, F(x,s) is a Riemann
integral. Without loss of generality, by supposing s > 0, we have

F(z,s) = /08 f(z,t)dt = lim F,(x, s)

n—oo

where

Clearly F,(-, s) is measurable as a result of the Carathéodory prop-
erties de f, and it follows that F'(-, s) is measurable as the point-
wise limit of a sequence of measurable functions.

step 2. Continuity of Ng.

For all w,v € LP(Q)) and for a.e. x € Q

[Npu(z) — Npo(r)| = [F(z,u(z)) — F(z,v(z)|

< (27 Ma(ju(@)Pt + (@) P + b)) [u(z) — v(2)] .
Thus

[ 1P @) -Fao@)l < [ a2l ool [ a2 op- ol [ du-ol
Q Q Q Q

Using Holder’s Inequality we have :
oy 1F (2, u(z)) —F(a,v(@)] < a2?/9)ul7 lu—o]| 2o + a22/ 0|25 fu—
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UHL:D +
Ibllzellu = vllee = (@22/2(full 2 + ol %) + [1bllo)llu = vl|o

Since the the term &2p/q(||u||ﬁ/q + ||v|]p/q) + ||b||ze is bounded by
the fact

that w,v € L? and b € L? we have that our function Np is lo-
cally Lipschitz and so continuous.

step 3. Differentiability of F.

We prove that F is Fréchet differentiable by showing that it is
Gateaux differentiable on LP(€2) and has a continuous Gateaux dif-

ferential.
Let us fix arbitrarily w,h € LP(Q2) and define

o(t) == Flu+th) = /QF(x,u(x)—i-th(x))dx.
Set
G(z,t) = F(z,u(z)+th(x)).

Then

(i) The function G(-, 0) is integrable on €.

(ii) For ae. z € Q, G(z,-) is differentiable according to the
definition of /' and we have:

Ww,t) = 2(F(z,ulz)+th(z)))
= (e u(a) + 1h(x) £(u(z) + )
= f(z,u(x) + th(z)) h(z).

Moreover, it follows from the assumptions on f that

‘aa?(x t)’ < g(z) forae xe€Q andall te(—1,1)

where
g = <2p-1a<|u|p-1+rh|p-1> +0)H € L)

Consequently ¢ is differentiable on (—1,1) and in particular at 0
and aG
O /fxu (@) d.
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Therefore F is differentiable at u in every direction h # 0, with

directional derivative
/fxu )dx:/Nfuh.
9]

And since N,u € L9(Q2) by Theorem 3.2, it is clear that F'(u; -)
is a bounded linear map from LP(Q2) into R . Thus F is Gateaux
differentiable at wu,

DeF(u) € (L(Q)) = L)

and
DgF(u) = N,u.

f

It follows that
DcF = Ny .

Moreover N, is continuous (by Theorem2.2) which means that
D F is continuous.

The Gateaux derivative of F being continous, we conclude by
Theorem 3.2 that F is Frechet differentiable with Frechet derivative

F = Ny

Example 2.4
Let Q be a non empty bounded measurable subset of RY. Then the
functional

T: I2(Q) — R

U = [qui(z)de

is Frechet differentiable and
T'(u) = 2u Yue€ L*(Q);
in the sense that

T'(u)(h) = 2/Qu(x)h(x) e Vhe Q).

The proof follows from Theorem2.3 by considering

flz,s) = s, z€Q, seR,
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CHAPTER 3

Variational Principles and Minimization

3.1 Lower Semicontinuous Functions

Definition 3.1 Let X be a Banach space and f : X — R a func-
tional bounded from below. A sequence (a,), of elements of X is
said to be a minimizing sequence if

lim f(a,) = inf f(z).

The functional f : X — Ris said to be semi-continuous (respectively
weakly lower semi — continuous) if whenever lim x,, = x strongly
n

(respectively weakly), it follows that

liminf f(x,) > f(x).

n

Or equivalently , f is lower semi-continuous if its epigraf is
closed. Where

epigraf(f) = epi(f) ={(z,y) |z € X,y e Rand y > f(r)}
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Some Properties of Lower Semicontinuous functions

Proposition 3.1

1. The sum of two lLs.c (w.ls.c.) functionals is a Ls.c (w.l.s.c.)
functional.

2. The product of a positive constant and of a l.s.c (w.Ls.c.) func-
tional is a l.s.c ( w.l.s.c.) functional.

3. If (f;); is a family of Ls.c (w.l.s.c.) functionals, then the func-

tion sup f; is a Ls.c (w.Ls.c.) functional.
J

Proof.
Let (z,), be a sequence of elements of X such that z,, — x strongly
in X.

1. Let f and g be two l.s.c functionals defined on a Banach X.

liminf, (f + ¢)(z,) liminf, (f(x,) + g(xy))
liminf, f(z,y + liminf, g(z,) (by subadditivity of liminf),

f(x) + g(x) (by lLs.c. of f and g).

2. Let f be l.s.c and ¢ > 0. Then by the property of liminf we
have

VIV

lin%inf(cf)(xn) = c(limninff(xn)) > cf(x)

and so ¢ f is l.s.c.

3. Let {fj}jes be a family of Ls.c functions. Then

sup fj(xz,) > fi(xz,) foralli e J and all n.
jed

Thus, for each ¢ € J, we have

liminf (sup fj(z,)) > liminf f;(z,)

> liminf f;(z) (by Ls.c. of f;).
And so

lim inf (sup f (xn)) > sup fi(x).
n j ieJ
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Theorem 3.1:

Let f : X — R be a functional on a Banach X. If f is convex
and strongly lower semi-continuous, then f is weakly lower semi-
continuous.

Theorem 3.2:

Let f: X — R be a weakly lower semi-continuous functional on
a reflexive Banach space X with a bounded minimizing sequence.
Then f has a minimum on X.

Proof:

Suppose that f is lower semi-continuous and has a bounded mini-
mizing sequence (z,),. Then by the reflexivity of X and according
to Eberlein-Smulyan Theorem, (z,), has a weakly convergent sub-
sequence (x,, ); which converges weakly to some ¢ € X. And by the
lower semi-continuity of f, we have that

fimint f(a,) > f(a) 0
Moreover, since (z,), is a minimizing sequence of f, we have
liminf f(z,) = m)f(f(x) < f(a).
n e

It follows that
fla) = inf f(x).

zeX

O

Theorem 3.3:

Let f : X — R be a weakly lower semi-continuous functional
bounded from below on on the reflexive Banach space X. If f is
coercive, then f has a minimum on X.

Proof:

According to Theorem 3.2, it suffices now to prove that f is bounded
below and has a bounded minimizing sequence.

Since f is coercive, we have

lim f(x) = oo.

l[x([—o0

Besides in}f( f(z) € R since f is a real-valued functional which is
xe

bounded below. Moreover by property of the infimum, there exists
a sequence (z,), of elements of X such that ( f(z,)), converges
to inf f(x) as n — 400, which means that (x,), is a minimizing
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sequence.
We show that this minimizing sequence is bounded.
Suppose on the contrary that (z,), is not (norm) bounded. Then

Vk e N, dng such that ||z, | > k.
It would follow that
liin |z, || = +o0
and so
lilgn f(zn,) = +oo (by coercivity of f)
in contrast to the fact that

lim f(x,) = 12)16(f(x) eR O

3.2 Ekeland Theorem in Complete metric space

Let M be a complete metric space and ® : M — R a lower semi-
continuous functional, bounded below. If (u;); is a minimizing se-
quence, then
Ve >0, 350 : VJi>Jjo, CD(uj)<in£(I>(x)+5.
xe

This fact motivates the definition of an e-minimum point u of P,

as a point satisfying :
O(u) < inf ®(z) + €.

zed

Theorem 3.4: ( Ekeland Principle, strong form, 1979).

Let M be a complete metric space and ® : M — R be a lower
semi-continuous functional which is bounded from below. Let k& >
l,e > 0and v € M be an e-minimum point of ®. Then there
exists v € M such that:

(1) < D(u) (L.7)

d(u,v) < (1.8)

I =

O(v) < ®(w) + ekd(w,v) Yw #v. (1.9)
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Proof:
Denote for simplicity dy(u,v) := kd(u,v) and define a partial order-
ing in M by :

W< v e o) < o) — edi(u,).
Therefore we have

u<u, YueM (reflexivity)
(u<wvandv <u) = wu=v (anti— symmetry)

(u<wvandv <w) = u=<w (transitivity).

We prove only transitivity:
(i) = d(u) < ¢(v) — edy(u,v)
(i") = d(v) < o(w) — edy(v,w)

Substituting (i’) in (i) we get
¢(v) — edy(u,v)

< o(w) — e (di(v,w) — di(v,u))
< ¢(w) — edg(u,w) by triangular inequality.

¢(u)

ANV

Now define a sequence of subsets (Sy,), s.t.:
Let u; = u and
Si i ={weM: w<u}.
Construct inductively a sequence (uy), as follows :
, £
us € 1, Puz) < lgllféb T 5
S = {weM: w=<uy},

£
on+1 '

Un+1 Esna ¢(un+1) S lgf¢+

Sp = {weM:w=<u,}.

Then we have :

S1 D08 D..D08,D ..
UL ™= U ™ oo ™ Uy ™ ...

(x1) Each S, is closed: Indeed
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let v; € S, and lim;v; = v € M which means
P(vy) < P(un) — edy(vj, un) -
Letting 7 — o0, by the lower semicontinuity of ¢ and continuity of
the distance dj, we get
o(v) < ¢(u,) — edg(v,uy,) , which means that v € S,

(x2) lim diamsS,, = 0.

n—oo

Indeed, let w € S, then ¢p(w) < ¢(uy,) — edy(un, w)
Alsow € S,, C S,,_1 so

buy) < inf ¢ + — < P(w) + — and
Snfl 2” 2n
€

Bn) = 5= < D) < Gfun) — edi(un,w)

which implies that d(u,,w) < Q%Vw S

For wy and wy € S, and triangular inequality we have :

dip (w1, wy) < di(wy, un) + di(ws, up) < z=r — Oasn — 0o

From (x)and(*;) and the Nested Interval Property,3 a unique
veMs.t.

() Sn = {v}

We prove that v satisfies (1.7)-(1.9).
Since v € S and v < u; = w it follows that

o(v) < o(u) — edi(u,v) < ¢(u) which is) (1.7).

Let w # v. [f w < v it follows w € ﬂSnandthenw:v.
n=1

Therefore w 4 v that is

o(w) > ¢(v) — edi(w,v) , which is (1.9).

Finally, by lim,, u,, = v and

n—1

-1
ke (U, u Z g (W), wjtr) §2%<1

: J:
which irnplies that dy(u,v) <10



Corollary 3.1: (Ekeland principle, weak form).
Let (M,d) be a complete metric space and ¢ : M +— R be a lower
semi-continuous functional bounded from below. Then Ve > 0 there
exists an € ‘'minimum point of ®,v € M such that:

Q(v) < O(w) +ed(w,v), Ywe M, w #wv.

Proof:

We show that there exists an € -minimum point v.

Let € > 0 and set
: 1,
€y = m1n{§,5}

so that 0 < e, <1 and ¢, < e. Then by the property of the
infimum

Ju, € X suchthat f(u,) < igl(ffb + €2,

And so u, is an e2-minimum point of ®. Let

1
Ko = — > 1,
€o
swe can apply Theorem 3.4 (1.9) to get the existence of some v € X
such that

d(v) < ®(w) + 2kod(w,v), Vw#uv. (1)
— O(v) < P(w)+ e, d(w,v), VwH#wv, since k, = =
= O(v) < P(w)+ed(w,v), YwFwv, since gy < ¢
Also from Theorem3.4 we have that

P(v) < D(uy) < irxlfCI)(x) + (20)? < irxlfCI)(x) +e€

which implies that v is an epsilon minimum point of & [

Corollary 3.2: Let (M, d) be a complete metric space, ® : M — R
be lower semi-continuous functional bounded from below. Let € > 0
and u € M be an ¢ minimum point of ®. Then there exists v € M
such that:

d(v) < D(u)
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d(v,u) < +/e
P(v) < P(w) + ved(v,w),Yw # v

Proof:
It follows from theorem 3.4 by taking x = \/%: fore <1

3.3 Palais—Smale Conditions and Minimization

Minimizing sequences for differentiable functionals are convergent
under cer- tain compactness conditions. We shall use later the so
called PalaisaSmale ( (PS) for short) conditions.

Let X be a Banach space, f : X — R be a differentiable functional.

Definition 3.2: (3. Palais)
A (Cl-functional f: X — R satisfies the PalaisSmale (PS) con-
dition if every sequence (z;); in X such that

f(z;); is} bounded and lim f'(x;) = 0in X
i)i ! y

J

has a convergent subsequence.

From (PS) condition, it follows that the set of critical points for
bounded functional is compact. A variant of (PS) condition, noted
as (PS)c , was introduced by Brezis, Coron and Nirenberg [BCN].

Definition 3.3: (Brezis, Coron, Nirenberg, 1980).

Let ¢ € R. A C'-functional and f : X — R satisfies the (PS)c

condition if every sequence (x;); in X such that lim f(z;) = ¢ and lim f'(z;) =
j j

0 in X has a convergent subsequence.

Note: PS condition implies (PS)c condition since in R every con-
vergent, sequence is bounded.

Theorem 3.5: Let f : X — R be a C' functional bounded be-
low. Then for each ¢ > 0 and = € X such that f(z) < i&ff + €
Jy € X such that

(1) fly) < f(z)

(2) llz—yll < Ve

B) Wl < Ve

Proof:
Apply Corollary 3.2 with M = X and f = ®. Then we get the
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existence of y such that

f(z) > fly) = Vely—zll.Vz #y

let z =y + thand h € X with ||h|| =1, ¢t > 0.Then we have
fly+1th) = f(y) > —v/et.

Letting t — 0 we get f'(y)(h) > —+/e.

Applying the above inequality to —h, we have f'(y)(h) < \/e.
Combining this with the other inequality, we have |f'(y)(h)| < /.
Thus

1)l = sup{|f'(W)(R)], |yl <1} < Ve, O

Corollary 3.3: Let f : X — R be a C*! functional bounded from
below and (z;); be a minimizing sequence. Then there exists an-
other minimizing sequence (y;); such that

fy) < f(xy),

li]m |25 —ysll =0,
i /)] = 0.
Proof:

f bounded below implies that inf f = ¢ € R.lim; f(z;) = ¢ implies
by property of infimum and definition of limits that , 3 jpsuch that. 57 >
jg — f(uj) < IIlff + j%
So by Theorem 3.4 3 v; s.t.

fvy) < fluy)

luj — vyl < 5 (1)

LF @Il < 5 (2)
Taking limit as j tends to infinity on both sides of (1) and (2) we
get the result.

Theorem 3.6:

Let f : X — R be C! bounded below , X a Banach space, and let
¢ = inf f.Assume that f satisfies (PS). then c is achieved at some
zo € X and f/(fo) =0

Proof:

f bounded below implies that ¢ = inf f € R and by definition of
infimum 3 a minimizing sequence.

By corollary 3.3 3 another minimizing sequence (), s.t.

(1) fyn) < flan)
(2) thn Hxn _ynH =0
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) tim 7l = 0
Thus hr{n flyn) = ¢ ...(x) and lim || f'(y,)|| = O

So by (PS)c condition we have that (y,), has a convergent subse-
quence y,, which converges to say zp € X

Now by (3) and continuity of f” and of ||.|| we have that

| f(x0)|]| = 0 <= f'(z9) = 0 by properties of norm.

By (%) and the continuity of f we have that f(zg) = ¢ O

3.4 Deformation Theorem and Palais-Smale Con-
diton

Let f € C'(X,R) be a functional defined on the open subset X in
the Banach space E. We introduce the following notations

K={veE: f(z)=0} K ={reK(f): f(z)=c}
fe={zeE: flz)<c fo={z € E: f(x) =},
fo={r€Era< fla) <b} = fun f
B,={x € E: |z <p},S,={x € E:|jz|]| = p}.and

d(z,F) = inf{||z —y|,y € F},Fs={x € E :d(z,F) <} , where
F is a closed set in E.

Definition 3.4

A continuous mapping n(t,z) : [0,1] x X — X is said to be a
homotopy of homeomorphisms if for all ¢ € [0, 1]

(1) n(t, -) : X — X is a homeomorphism,

(2) n(0,z) =2z,Ver e X

The homotopy 7 is f-decreasing (respectively f-increasing) if when-
ever 0 <t; <ty <1 then

f(n(tlux» > f(77(752795))7 (f(n(thI)) < f(n(t%x))) VreX.

Theorem 3.7

Let f € CY(X,R) and F and G be closed disjoint subsets of X.
Let c € R, e and d > 0 be numbers such that Fbs; NG = @ and
re fHe—ectelNFy = ||f(x)] =45
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Then there exists a f-decreasing homotopy of homeomorphisms
n:[0,1] x X — X such that :

(1) n(t,z) = x if either z € G or |f(x) — ¢| > 2¢,

52) n(, fENF) C f7F N Fs
3

) An(t, x) — || < 26t
Proof: Consider the sets :
A=A{x:|f(x)—c| > 2} U{z: f(z) < 25—5}UG,

B := fc—e,c+e|N Fys,

Define the function
B d(z, A)
X0 = oD T dw B

Claim. There exists a locally Lipschitz mapping (called a pseudo-
gradient vector field of f) V : X \ K +— FE with the property:

(@) V(@) < 2[ ()],
(@) [f' (@) < (f'(z), V(x))

. Proof of the claim.
Given x € X \ K, there exists, by definition of the canonical norm
in F, w, € F such that |w,|| =1 and

(Fawd > SIf @]
Let V, = 5 [|f'(2)]| ws Then:
Vel < B1F @)
(F@LV) > I @IP.

Since f’ is continuous there exists an open neighborhood U, of x
such that for every y € U,,

IVall < 20 ()l (1)
('), Va) = If (@)1 (2)
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The family {U, : x € X\ K} is an open covering of X \ K and let
{W;}; be a locally finite refinement of {U,}, and p;(z) = d(z, X \
W;). For each i, let z; be such that W; C U,, and put V; =V, .
The function p;(x) is Lipschitz continuous and p;(x) =0 if z € W; .
The sum ), p;i(x) is locally finite and ), p;(x) > O for all z € X\ K.
Define for z € X \ K

Vi) = = 3oV,

The mapping V : X \ K — FE is a locally Lipschitz continuous and
since V(z) is a convex combination of vectors satisfying (1) and (2)
we have

1
Zi pi
1
>iDi

Now we are ready to prove Theorem 3.7.
Let g(z) = x(x)V(z) and consider the Cauchy problem:

V()| < > willVill < BlIF @)l

i

(f'(z), V(x)) = Zm(f’(fﬂ% Vi) = allf' ()|

o'(t) = gla®), o(0)=z  (3.7.1)

for every x € X. We have g(z) = 0if x € A If = ¢ A and
x € X \ K, then

2 _ 9
1f" (@) — &

By the fundamental existence-uniqueness theorem for ordinary dif-
ferential equations in Banach spaces the problem (3.7.1) has a unique
solution o(.,z) : RT x X — E and o(t,.) : X — X is a homeo-
morphism.

[e9)

lg(@)] < V()] < (3.7.2)

The homotopy o(-, -) is f-decreasing because:
alflo(t,2)) =< f(o(t,2)),0'(t, ) >

=—x(o(t,x)) < fl(o(t,x)),V(c(t,x)) >
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< —X(O‘(t,l’)) < 0.
Let
n(t,x) = o(2et,x).
If x € A, we have x(z) = 0 and so we have g(z) = 0. Thus
the Cauchy problem has solution o(t,z) = x and it follows that
n(t,z) =x if € G or |f(z)—c¢| > 2. Hence (1) is proved.
We get (3) by (3.7.2)

In(t, ) — || = [lo(2¢t, 2) — o (0, )]
< Jo e (s)llds =[5 Nlg(o(s)) 1 ds
< 22et = 26t

Next we prove (2).
From(3) it follows that n(t, F') C Fys for all ¢ € [0,1]. Let x €
fete N F. If there exists to € [0, 1] such that f(o(2eto, z)) < ¢ — &,
then

flo(2e,2)) < f(o(2ety,x)) <c—c¢

since o is f-decreasing, and the assertion follows.

If otherwise f(o(2et,x)) > ¢ —¢e for every t € [0,1], then by
using the fact that ¢ +¢e > f(x) = f(0(0,2)) > f(0(2¢,2)) > ¢ — ¢,
we get 0(2e,x) € fHc—¢e,c+¢e| N Fys = B. Then

flo(2e,2) = f(z) = [}7 L f(o(s,2))ds
= 025 < f'(o(s,x)),0'(s,x) > ds
= — [ < fo(s,2)),V(a(s,x)) > ds < —2¢

and so c—e < f(o(2¢,2)) < f(x) —2e < c+¢e—2e =c—¢, which
is a contradiction. []

Corollary 3.4:

Let f satisfies (P S)c condition and K, = @ Then there exist ¢ > 0
and

an f -decreasing homotopy of homeomorphisms 7 : [0,1] x X — X
such that:

) o) =x if |fx)—c > 2,

@) n(l, ) C fo.
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Proof:

By (PS)c condition there exist g, § > 0 such that |f(z) —c| <
g0 = ||f'(x)|] > B. Otherwise, there exists a sequence (z;); such
that

| =

) — s% and |If'(z;)]] < 2

<

By (PS)c condition it will follow that ¢ is a critical value, which
contradicts to K. = &.
Let 6 >0 and € € (0,min(eo, %‘5)).
So [f(z) —c| <e=|f(2)| =8> 7.

The assertion follows from Theorem 4.6 taking G = @ and F =
X.

3.5 Mountain-Pass Theorem

In critical point theory, minimax theorems characterize a critical
value c of a functional f : X — R as a minimax over a suitable class
of sets A

— inf
°= Rl

Theorem 3.8: (Ambrosetti and Rabinowitz, 1973).

Let X be a real Banach space and f € C*(X,R). Suppose that f
satisfies (PS) condition, f(0) = 0 and

(i) there exist constants p > 0 and « > 0 such that f(z) > a if
2]l = p,

(i) there is e € X, ||e]| > p, such that f(e) <O0.

Then f has a critical value ¢ > « which can be characterized as

= inf t 8.1
c ;grtrél[%f(v( ) (3.8.1)

Where
I'={yeC([0,1],X) : v(0) = 0,7(1) = e} (3.8.2)

41



Geometrically, when X = R? the assumptions (i) and (ii) mean
that the origin lies in a valley surrounded by a amountaina

Iy ={(z, f(z)) e R’ : x € R?*}

So, there must exist a mountain pass joining (0, 0) and (e, f(e))
that contains a critical value.

Note that (PS) condition is essential in Theorem 3.8 as the following
example shows.

Example 4.1 The function h(z,y) = 2? + (z + 1)3y? satisfies as-
sumptions (i) and (i) of Theorem 3.8 but does not satisfy (PS)
condition and its unique critical point is (0,0) .

Proof.

The point (0,0) is a strict local minima and the unique critical point.
If (PS) condition is satisfied then (PS)c , with ¢ > 0 defined by
(3.8.1), is also satisfied. Let (z;,y;); be a sequence such that:

lijrrlx? + (z; + 1)3yj2- =c>0 (1.40)
lim 22; + 3(a;+1)%y7 =0
lim 2(z; + 1)%y; = 0.

J

Suppose that lim;(x;,y;) = (o, y) = (0,0) . Passing to the limit
in (1) we obtain:

3+ (xo+ 1)%y2 = ¢ > 0,
220 + 3(zo + 1)%yg = 0,
2(1‘0 + 1)3y0 = O,

which is a contradiction.

Proof of Theorem 3.8
Suppose by contradiction that K. = . Take ¢ such that 0 <e < 3.
From (i) and (ii) we have ¢ > a > 2¢ and let v € I be such that

2
trg[%f(v(t)) <c+te (2)
By (PS) , the condition (PS)c with ¢ defined by (3.8.1), holds.

42



Let n : [0,1] x X — X be a f -decreasing homotopy according
to Corollary 4.4 and v; = n(1,7).

Then 0 and e belong to {z : |f(z) — ¢| > 2¢} because f(0) =0,
fle) <0and c> 2e.

By Corollary 4.4 (1) it follows that

(1) =n(L,y(1) =n(le) =e,

which means that ; € I'. By Corollary 4.4 (2) and (2) we obtain

) <ec—
tem[%f(%())_c e<c

which is a contradiction to the definition of ¢. O
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CHAPTER 4

Application: The lane Emden Equation

Let N be a positive integer. We shall focus our attention on the
exponents 1 < p < E]Nvfgg, if N >3,and 1 < p < oo provided that
N=1,2.

Consider the nonlinear elliptic boundary value problem

—Au = uP in
u > 0 in (P)
u = 0 on 09,

where  is a nonempty subset of RV,

This equation is called the Lane-Emden equation.It is basic model
of nonlinear elliptic boundary problem .First formulated by Lane,
an astrophysicist, in the mid 19th. century, the role of this equation
and related elliptic PDEs is very broad outside and inside math-
ematics. The most interesting thing about solving this equation is
that the existence and structure of the solution set of this problem
is surprisingly complex, depending not only on the different values
taken by p
but also on the geometry of €2. For instance the following facts hold:

Proposition 4.1 The problem (P) has no solution if p > (N +
2)/(N —2) and if Q is a star-shaped domain with respect to a certain
point, e.g. the open unit ball.
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(the proof of this nonexistence result follows the Pohozaev iden-
tity, which is obtained after multiplication of the first equation of
(P) with x \7 u and integration by parts). [J

But in the case of an annulus © (a non star-shaped domain)
Kazdan-Warner [7] proved the result below that also follows from a
work by Degla

Proposition 4.2 The problem (P) has a solution for any p > 1.

Proposition 4.3 If p = (N +2)/(N — 2) then the energy func-
tional associated to problem (P) does not have the Palais-Smale
property.

If we let p take the value 1, then we would have a linear problem,
and the existence of a solution depends on the geometry of the do-
main: clearly if 1 is not an eigenvalue of the opposite of the Laplacian
operator; A, in H}(£2), then there is no solution to our problem (P).

Proposition 4.4 If 0 < p < 1, then there would exist a unique
solution (since the mapping u +— f(u)/u = uP~! is decreasing) and,
moreover, this solution would be stable. The arguments could be
done in this case by using the method of sub- and super-solutions.

For the proofs or details of these propositions, the reader is ref-
ered to Willem Michel...

We use the Mountain Pass theorem to prove the existence of a
solution (in the case p > 1 is appropriately chosen as specified at
the beginning of the introduction).
consider the functional

1 1
Fu)== [ |[Vu* = —— [ (u")P*, u e Hy(Q 3.165
W =3 [ 1vuP=— @) j©Q) (3.165)

Firstly we show that F(u) is a functional on H}(().
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Given that 1 < 2 < N and that p+1 < 2N/N — 2 (since p <
using the Rellich Kondradov Theorem, we have that H'(Q)) CC_,
LP ie. HY(Q) is Compactly Embedded in LPT!.

Hence u € H} = u € LPT!

Thus

7, < oo

1
F < —||IVul/?
\ (u)\_QH U\|L2+p+1

1. We show that F' € C' (H}(Q2), R) and F'(u) =0 if and only
if u is a solution of (P)

1: We show that F'is Gateaux differentiable.
Recall that H} is a Hilbert space endowed with the norm de-
fined by

lullzg = IVullZ + lullz:

a) It is not hard to check that the map 1 : s +— (s7)P™!is
differentiable at every point of R and its derivative is defined
by ¥(s) = (p+ 1)(s7)?. Indeed we have

s it s>0
st = max{s, 0} =
0 if s<0,

which shows clearly that ¢ is differentiable on R\ {0} and

/ (p+1)s? if s>0
V'(s) =
0 it s<0.

Furthermore, on the one hand we have

s = (o)

s—0~ S

=0

and on the other hand
lim M = lim s’ = 0 sincep > 0.
s—0t S s—0+

Thus ® is also differentiable at 0 and ¢’(0) = 0. Tt follows that

Y(s) = (p+1)(s")P, Vs €R.
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b) Given u, h € H} (), let us consider the map ¢ defined from
R into HJ(Q2) by o(t) = F(u+ th); that is,

o(t) = 3 Jo IV (u(z) +th(x))]? dr — S5 [, ((u(z) + th(z) ") dz

= 4 Jo|Vu(a) + 1Vh@)Pdr — Jhy y ((ul@) + th(@)) )" do.

1
p+1 JQ
We show that ¢ is differentiable at 0. To this end, let us set

Glz,t) = §|Vule) +tVh(@)? — 53 ((ul) + th(z)) )"

= 3Vu(@) + tVh(z)? — “5i(u(x) + th(z))

= Y(Vu(z) +tVh(z))* — p(u(z) + th(z));

p+1

where the power 2 denotes an inner square in R". Then we see
that G(-, 0) € L'(Q) and that G is differentiable with respect
to t with

L(z,t) = (Vu(z)+tVh(z), Vh(z)) + Zﬁz//(u(x) + th(x))h(z)
= (Vu(z) +tVh(z), Vh(z)) + ((u(z) + th(z))*) h(z),

and
‘%—f(m,t)‘ < g(z), V|t| <1 .andfor a.e.x € Q

where

9(z) = [Vu(@)| [Vh(2)|+[Vh(z)[* + 27| h(2)|(|u(z) "+ h(z)[") .

Using the Cauchy Schwarz Inequality ,the inequality (a+b)? <
2P(|al? + |b|P), and the Triangle Inequality.

Also, using Hélder’s inequality and the fact that H' cc_, LrH!
we have :

/ lg(@)lde < (Va2 VA2 + VA G2 + 222l o [Jull o +27] R[50 < o0
Q
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Hence ¢ € L', and by using the Theorem of differentiation
under the integral symbol, we have

¢'0) = fo5(2.0)da

= o (Vu-Vh+ (u")Ph).
For u fixed in H}(Q), the mapping

H: Hy— Hy, h — /(Vu-Vh+(u+)ph)
Q

is linear and continuous from Hj(f2) into itself.

Indeed: Linearity follows from the fact that integration and
laplacian are linear.

To prove continuity, we prove that the function H is bounded
in H}:

[H(W) < [Vullg2 [VAl2 + (1l zos [ull 70
< Vullzz ([Pl + Cullullppe 2]l
< Clhllm

according to the compact embedding H'(Q2) cc_. LPT(Q)
and the continuous inclusion LPY1(Q) C_ L?*(2). Using now
the fact that 2 is bounded, we have that differentiable at u and
Vh € H}(Q), we have

DeF(u)(h) = / (Vu- Vh+ (u®)?h).

Q

We prove that I is Fréchet differentiable.

Let h € H) and u, a sequence which converges to u in Hg.
We have that:

Vu, converges to Vu in H}(2) C L? (by definition of conver-
gence in H'(Q))) and wu, converges to u in LP™! by compact
embedding of H} into LP*,

Hence DgF(u,) converges to DgF(u), that is DgF is contin-
uous at u ,therefore F' is Frechet differentiable and is therefore
C! We have that

F(u)(h) = / (—Au — (W)
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Since D(Q) is dense in H} (), F'(u) is completely defined by
knowing just its action on D(2). But for every ¢ € D(Q2), we
have

/Vu Vo = — / ulA¢ (by Green formula)

Q 0

and so

F'w)(9) = — Jquld = [o(ut)"e
= —(Au, ¢) — ((u™)?, ) (inthedistributional sense)
= —(Qu + (u")?, ).

That is

F'(u) = —Au— (u")? (in the distributional sense).

So F'(u) = 0 if and only if w is a weak solution of the
—Au = (u™)P.

Moreover u € H{ also implies that u = 0 on the boundary of €.

Suppose that v < 0 in € then vt = 0 so that the equation
is reduced to :

—Au = 0 inf
u = 0 onof).

which has as only solution the zero solution. Hence u >0 on
Q

Therefore we have

—Au = u? in
v = 0 on 0f).

(which comes from the fact that u € H})

. F(0) = 0 follows directly from the definition of F.
Let us show that there exists p >0 and R such that

F(u) > p for |ullg = R.
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1 1
L < [t = izt < el

Using Poincare inequality :

[ull 2 < ClIVul|2

We get that
1
Flu) > Hllully — Slully
-1
>l (1- 2l
-1
= Juliz (5 - 2 lulry')
_ 2 (1 _ 2CRr!
= R (5 - W)
with
_ 1 2CRr 1
lim (= — =—->0
R—0+ \ 2 p+1 2
So for R > 0 sufficiently small, we have
1 2CRr - 1
2 p+1 4

which gives

R2
Therefore taking
2
p = Z >0

we get for |lul[gp = R, F(u) > p provided [lulg = R is
small enough.

3. Now we prove that there exists vy € H}(€) such that
lvollzg > R and F(vo) < 0.

To this end, choose wy € HJ(2)\ {0} such that wy > 0.
Thus

Fltwg) = 5§ o Vuol? = 25 f, ut™

1
= (e oIVl — ok foubt).,
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with
+1
lim / Va2 — — /w ol
t—-—+o00 tpfl Q p+1 0 0 p+1
Hence for ¢ > 0 sufficiently large,
tp+l W p+1
2 p+1

So it suffices to consider such a ¢t > 0 large enough and to take
v, = twy in order to have

F(v,) <0 with [lvpllgg > R.

. F satisfies the (PS) condition.

Let (u,), be a sequence of elements of HZ(€2) such that
(F(u,)), is bounded and F'(u,) — 0.
We show that (uy,), has a convergent subsequence.
The idea is to make use of the computation of F’(u,)(uy,).
F'(up)(un) = — [o (Vtn - Vu, — (uf)Puy)
= JolVun|* = Jqun(uf)?

- fQ |Vun’2 - fQ (Uﬁ)pﬂ

So
raf w)w) = 55 fo IVl = 5 fo ()
- ]ﬁfg Vu,|? + F(u,) — %fg Va,|?
= F(u,) — ﬁfQ]VunP.
Thus,
2p +1 2
1Vunlz = 22 D ey - 2 Fu,)u,
p—1 p—1
which implies that
(p+1)

2 2
IVuallze < | Gl + = [ ()

p—1
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and using Poincaré inequality we have,

2(p+ 1) 2C

IVunllz < [ (un)] + EIIF’(un)II V|2 -

But from the hypothesis, F'(u,) is bounded and F’(u,) — 0.
Then it follows from the above inequality that (||Vu,||2), is
bounded, and so (uy), is bounded in Hj () by Poincaré¢ in-
equality. To see this, suppose on the contrary that it is not
bounded. Therefore there would exist a subsequence (HVunj I Lz)j
that tends to +o0o0. We would then get a contrast with the fol-
lowing inequality

IV, [lz2 < |

2p +1) T
o= DV [ () 5y 7 )

while letting j tend to +o0o. Since HJ () is a Hilbert space
which is compactly embedded in LP™!(Q) according to Rellich
compactness theorem, it follows from the boundedness of (u,)s,
in H}(Q) that there exists a subsequence (u,,)r Of (up)n
and an element u € Hy () such that

(i) (un, ) converges weakly to u in Hj ().

(ii) (un, ) converges strongly to u in LPT(Q).

(iii) (un, )i converges almost everywhere to w on € and there
exists some nonnegative g € LPT1(Q) such that |u,, | < g.

From the convergences F'(u,,) — 0 (by assumption)

+ o 2
/unkunk —/ uy )T — / by (iii)

and the continuous embedding of LPT1(Q) into L?(£2). Thus it
follows from the convergence F'(u,, ) — 0 and the bounded-
ness of (u,, ) that F'(uy,, )(u,,) — .0 Thus

/(Vunk)2 () () +/ ~ /Vu 2 (c1)

and

/ (uf P — / (ut)PT ) as well. (C2)
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Besides since wu,, u in Hj we have

/VunkVu = (Up,, u) — /unku — (u, u) — /uz,
Q

that is,
/VunkVu — /\Vu\Q.
Q

Vi, — Vu € L*Q)

It follows that

because
Vi, — Vu|® = |V, |* —2(Vu,, , Vu) + |[Vul?.

Consequently, wu, — u in Hj and so F satisfies the PS
condition.

Concusion:

From the steps 1, 2, 3, and 4 , we have that our function sat-
isfies the hypothesis of the Mountain Pass Theorem due to
Ambrosseti and Ravinowitz, Hence F has a critical value ¢ > p
characterised by

— inf t
¢ = inf max f(y(t))

Where

['={y e C([0,1], X) : 7(0) = 0,7(1) = vo}

But F' having a critical value ¢ implies that it has a critical
point say u such that F(u) = ¢ and F'(u) = 0, which is the
solution of our equation as shown above.
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