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Abstract

Let E be a strictly convex real Banach space and let D C E be a non-empty
closed convex subset of E. Let {T};cz be a finite family of quasi-nonexpansive
multivalued map which are continuous with respect to the Hausdorff metric, where
T; : D — PB(D), for all i € Z. Suppose that the family has a least one common
fixed point, a Krasnolselskii-Mann-type sequence is shown to converge strongly to a
common fixed point of T;”s. Our result generalizes and complements some important
results for single-valued and multivalued quasi-nonexpansive maps. Futhermore, we
considered a countable family of quasi-nonexpansive multivalued map and proved a

similar result.

Keywords Multivalued maps, quasi-nonexpansive maps, strictly convex space, Haus-

dorff metric, finite family, countable family, Krasnoselskii-Mann algorithm.
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CHAPTER 1

General introduction

The content of this thesis fall within the general area of non-linear functional
analysis. Our attention is focused on approximating fixed points of quasi-nonexpansive
mappings. In this chapter, we give an introduction to the notion of fixed point of
multivalued mappings and state some motivations for the study of fixed points of
multivalued maps. Also, we collect basic definitions and some tools used in the

thesis.

1.0.1 Introduction

Let D be a non-empty set, the power set of D is denoted by 2”. Let B be
another non-empty set, a map that sends a point to a set, T : D — 28 is called
a multivalued mapping of D into B. The notation D(T) means the subset of the
domain such that Tz # () for every x € D(T). An example of a multivalued map is
the sub-differential of a convex functional: let f be a proper and convex map from a
normed space E to RU {oo}. The sub-differential of f, 9f: E — 2E" is defined
by 0f(z) :={z* € E*: (z*,y —x) < f(y) — f(x),Vy € E}, where E* is the dual of

E. For instance, for f: R — R, f(z) = |z|, we have

{-1}, x <0
ox)=4¢ [-1,1], =0
{1}, x > 0.



Remark 1.0.1 Every singlevalued map can be seen as a multivalued map by viewing

its 1mages as singleton sets instead of points.

The notion of a fixed point of a map, T': D — 28 makes sense if the intersection
of its domain and codomain is non-empty. For such a map, a point p € D(T) is
called a fixed point of T if p € Tp. When T is singlevalued, p is a fixed point
if Tp = p. Concerning fixed points (singlevalued or multivalued), two interesting

questions are:
(1) Does T have fixed point(s)?
(2) If T has fixed point(s), how to get one?

The second question is addressed by iterative methods for fixed points of maps
(singlevalued and multivalued) and this is the concern of this thesis.

The study of fixed points of multivalued maps has received the attention of
many researchers for over thirty years and continues to do so. This is, perhaps, as
a result of its applications in fields such as optimization, economics, game theory,

non-smooth differential equation and so on.

e Application to optimization: Let f be a convex function from a normed

space, FE to R|{J{oo}. The sub-differential of f,
of : E — 28
defined by
Of (x) :=A{a" € E": (z",y —x) < f(y) — f(x),Vy € E}, (1.0.1)

is a multivalued map having the property that 0 € df(v) if and only if v is a
minimizer of f over . If E = H, a Hilbert space, then

Of (@) :={2" e H: (a",y —x) < f(y) — flx),Vy € H}. (1.0.2)

Setting ' = I — Jf, we have 0 € df(v) if and only if v is a fixed point of T

Hence solving for a fixed point of T is equivalent to solving for a minimizer of

f.



e Application to game theory: The existence of equilibria for static non-
cooperative games has been shown using the multivalued Brouwer or Kakutani
fixed point theorem (see, e.g., [Nash, 1951]). In particular, under some condi-
tions, given a game, there always exists a multivalued map whose fixed point(s)
coincide with the equilibrium point(s) of the game (see, e.g., [Chidume et al., 2013a]
and references therein). This made Nash a recipient of Nobel Prize in Eco-
nomic Sciences. However, this theorem proves only existence and does not
indicate a method of constructing a sequence starting from a nonequilibrium
point which converges to an equilibrium solution. Hence, the need for iterative

schemes to construct such sequences.

1.1 Basic definitions

Definition 1.1.1 (Contraction, Non-expansive and Quasi-nonexpansive mappings)
Let My and M, be two metric spaces. A singlevalued map,

f:D(f) € My — M,
15 said to be

e a contraction mapping if there exists k € [0,1) such that
p2 (f(2), f(y) < kpr (2,y), Ve, y € D(f), (1.1.1)

e non-expansive if

Assume My = My, then f is called

e quasi-nonexpansive if for any p € F(f) :={q€ D(f):q= f(q)},

p2 (f(x),p) < p1 (z,p), Yo € D(f). (1.1.3)

Definition 1.1.2 (Convex hull) The convex hull of a set A is the smallest con-
vex set containing A and it is denoted by co(A). It consists exactly of all convex
combinations of elements of A, i.e.,

co(A) = {Z Aizi N €[0,1] and z; € A for each i, with Z)‘i = 1} )
i=1

i=1



Definition 1.1.3 (Closed convex hull) The closed conver hull of a set A, de-
noted by ¢o(A), is the closure of the convex hull of A, co(A).

Definition 1.1.4 (Uniformly convex space) A normed space E is said to be
uniformly convex if for all € € (0,2], there exists § := d(¢) € (0,1) such that

||””2ﬂ|| <1-9, for all x,y € Sg, with ||x — y|| > «.

Definition 1.1.5 (Proximinal Set) Let D be a non-empty subset of M, (M, p) a

metric space. D s called proximinal if for each x € M, there exists u € D such that
p(x,u) = inf p(x,y) = dist(z, D). (1.1.4)
yeD
In other words if for each x € M\ D, the set

Pp(x) :={y € D : p(z,y) = p(z, D)},
18 non-empty.

Concerning proximinality of sets, we have the following facts.
e A proximinal subset of a metric space is closed.
Proof Let @ be a proximinal subset of M. Let {g,},>1 be a sequence in @) such
that ¢, — ¢*. Since ¢* € M, proximinality of () implies that there exists ¢° € @
such that
plq*,q°) = dist(¢*, Q) = inf p(q",4) < p(¢7, 4n), ¥ 2 1.

Letting n go to infinity, we have p(q*,¢°) = 0. Thus ¢* = ¢° € Q and hence Q is

closed. -

Remark 1.1.6 The converse of the above fact is false in general. A counter example

15 given below.

Example 1.1.7 Consider (Co, ||.||) and A= {{a,}n € Co: Yo 2 =2} Ais

n=1 2n

a non-empty and closed subset of Cy but not proriminal.

Proof
Non-empty: {2"_1*1}n is in A.
Closure: Consider

fZCO—>]R



a={ay}n,— fla) = N %.

n=1
Clearly f is linear and bounded. In fact, || f(a)| < ||a|,, for all a = {a,}, € Co. We
note that A = f~'({2}). Hence, A is closed (as {2} is closed in R).
Let a = {an}, € A We have 2 = |3 | < 3>, lanl < J|a]| . Hence,

in}”1 |a]|c > 2. Consider the sequence {w,}, C Co where for each n,w, = {axn},,
ac -

is given by
4
4 k=
ag1 = 3
0, kE>1
and for n > 2,
2 | 2 (1\n1
s+3G)" . k=1
A p = %, 2 kgn
0 k>n

Clearly {ak’yl}kZI € Cy. For n > 2 we have

k=1 k=2
1 1 n—1 n—1 1 k
—Z|14(= -
1626
k=1
2
—Zvn>1
37 n_
Also, )
2 2 /1\"
=242 v
ol =3 +3(5) o2

which implies

2 2 /1\""
inf W< =+=1= > 2.
inflale <343 (3) ez

Letting n go to 0o, we have inf [|v||o < 2. Thus, dist(0, A) = inf ||v||ls = 3. However,
vEA veEA
there is no v € A such that [|v]|c = 2. Suppose for contradiction that such an a

exists. Then, v = {v,},, € A = v, — 0 and hence there exists N € N such that



la,| < %,Vn > N. Thus,

8

N
NE
¢|E

|8
3

n=1 n=1
S ol vl S
_ 18nl N Pl
n=1 n=N+1
N-1 00
2 (1 2 (1 1
< 2 = el (=
<)) 25 ()
n=1 n=N+1
N—-1 9]
2 /1 2 /1 2
< —_ _— —_ —_ —_ _—
()5 ()5 2 ()
n=1 n=N+1
2
=3
Thus,
2 |2 > a,| 2
_ — || = — | < =
= Bl= 2w <5
a contradiction. Therefore /A is not proximinal. n

e Let K be a compact subset of M, then K is proximinal.
Proof Let x € M be fixed. Consider the function

g - K — R

y = fo(y) == p(z,y).

Since f; is continuous (in fact, | f,(y1) — fo(v2)| = |p(z,11) — p(z, y2)| < p(y1,y2), for
all y1,yo € M), there exists y° € K such that f,(y°) = in}f< f2(y), ie., in}f{ p(z,y) =
ye ye

p(z,y°). Hence, K is proximinal. n

e Every non-empty and closed subset of a finite dimensional normed space is prox-
iminal.

Proof Let E be a finite dimensional space and let D be a non-empty and closed
subset of E. Let xy € E\ D be fixed. Let g := ing) |d—x]|. Then, for all € > 0 there
exists y. € D such that ro < ||zg — y:|| < ro + . In particular, for all n > 1, there
exists y, € D such that vy < [|zg — ynl| < ro+ % Hence D,, := B(zq;ro + %) NnD
is a non-empty and compact subset of F such that D, C D, for all n > 1.
Therefore, {D,}, is a family of closed subsets of a compact set D; such that

ﬂ;nzl D;, = D;y # 0,ig = 1r<njz?7{nij. Hence ()~ D, # 0. Let dy € (\,—; D,,. Then,



ro < |lwo — dol| < 7o + = which implies ||zg — do|| = ro. Therefore, D is proximinal.

We give an example of proximinal set which is not compact.

Example 1.1.8 Letr € R be fized and consider (—oo,r] C R which is a non-empty
closed subset of a finite dimensional space (R), hence proziminal. However, (—oo, 0]

18 not compact.

e Every non-empty closed and convex subset of a reflexive real Banach space F is
proximinal.

Proof We first collect the following lemma:

Lemma 1.1.9 (see, e.g., [Chidume, 2009]) Let E be a reflexive real Banach space
and [ : E — RU{oo} be a convex, proper and lower semi-continuous function.

Suppose lim  f(x) = co. Then, there exists x* € E such that f(z*) = ingf(m).
xe

[|z]|—>o00

Let E be a reflexive real Banach space and let D be a non-empty closed convex
subset of E. Let x € E '\ D be arbitrary, we consider the set D, = D — {z} :=
{d—2:de D}. Then D, is closed and convex. Indeed, for convexity, given u —
z,o—x € Dyand A € [0, 1, \N(u—z)+(1=N)(v—2) = u+(1—-ANv—x € D,. For
closedness, given {u, —x},, C D, such that u, —x — u € E. We have u,, — u+ux.
Since D is closed, u +z € D and (u+ x) —z € D,. Hence, u € D, and so D, is
closed. Let f: E— RU{occ} be defined by

lyll,  y €D,
00, y€ E\D,.

fly) =

f is convex, proper and lower semi-continuous. Indeed, as D # (), D, # () and so f
is proper. For convexity, let y;,y2 € E. If y; € E\ D,, then Af(y1)+ (1= X)f(y2) =
+oo > f(Ay1 + (1 — AN)ys). Also, if y1,y2 € D,, then the inequality follows from
triangular inequality of the norm. For lower semi-continuity, let yo € E. We show
that for every sequence {y,} C E, if y, — o, then f(yo) < lrlln:gff(yn) So,
let {y,} € FE such that y, — vo. If yo € E \ D,, then y, € E\ D,, for all
n > N, for some N € N (as D, is closed). So, f(y,) = ||yn||, for all n > N and
therefore, f(yn) — [lvoll = f(o)- Thus, f(yo) = lLiminf f(y,). Suppose o € D,
Let {yn,}; be a subsequence of {,}, such that {f(yn,)}; has a limit. If there are

7



infinitely many terms of {y,,}; in D, then f(yn;) — [lyoll = f(vo). If this is not
the case however, then there are infinitely many terms of {y,,}; in E'\ D,. In this
case f(yn,) — 400 > f(yo). In either case, f(yo) < f(yn,) for any subsequence of
{Yn}n. Hence, f(yo) < I}Lrilgoff(yn) Therefore, for any yo € E, f(yo) < l%rligff(yn)
for every sequence {y,}, C E such that y, — yo. It follows that f is lower semi-
continuous on E. Moreover, HyﬁiEl)oo f(y) = oo. Hence, we deduce from lemma 1.1.9

that there exists y* € D such that ||y*—z| = ing |ly—z||. Therefore, D is proximinal.
=

Corollary 1.1.10 FEwvery closed and convex subset of a uniformly convex real Ba-

nach space is proximinal.

Proof We invoke the Milman-Pettis theorem (which says uniformly convex Banach

spaces are reflexive, see, e.g., [Chidume, 2009]) and conclude. n

The following figure depicts the relationship between the families of closed sets,

proximinal sets and compact sets.

. compact
. proximinal

[]

closed

1.1.1 Hausdorff metric

Let D be a non-empty subset of a metric space M. We use CB(D), PB(D) and K(D)
to denote the families of non-empty closed bounded subsets of D, proximinal bounded

subsets of D and non-empty compact subsets of D, respectively.



Definition 1.1.11 (Hausdorff Metric) The metric dg : CB(D) x CB(D) — R
defined by

dy(X,Y) := max {sup inf d(z,y),sup inf d(z, y)} VX, Y € CB(D)

xeX er yEY zeX

is called Hausdorff metric.

Remark 1.1.12 The Hausdorff metric is defined on a family of closed and bounded
subsets of a given set not necessarily on the whole power set. We give examples

below to emphasize the importance of closure and boundedness in the definition.

Example 1.1.13 Toke M = D = R with the usual metric. We consider the fol-
lowing sets: X = [0,1] and Y = (0,1). Then X #Y and dy(X,Y) = 0. We note
that Y is not closed in D.

Example 1.1.14 Taoke M = D = R with the usual metric. We consider the fol-
lowing sets: X = {1} and Y =[0,+00). Then dg(X,Y) = +o00. We note that Y is

not bounded.

With the aid of the Hausdorff metric, analogues of contraction, non-expansive

and quasi-nonexpansive multivalued maps have been defined.

Definition 1.1.15 Let T be a multivalued map defined on a non-empty subset of
M with closed and bounded images. T 1is said to be a contraction if there exists

k€ 10,1) such that
dy(Tz, Ty) < kd(x,y),Vx,y € D(T). (1.1.5)
T is said to be non-expansive if
dg(Tz, Ty) < d(z,y),Vx,y € D(T). (1.1.6)
T is said to be quasi-nonexpansive if for any p € Tp,
dy(Tx, Tp) < d(z,p),Vz € D(T). (1.1.7)

Remark 1.1.16 FEvery contraction mapping is non-expansive and every non-erpansive
map s continuous and quasi-nonexpansive. However, the converses are false. We

give examples below.



Example 1.1.17 Consider (R,|-|). Let D = [0,1] and let T : D — CB(D)
be defined by Tx = [0,5]. For any x,y € D, if x < y, sup mf la — b = 0 and

a€Tz b

sup inf |a—b] = 5=, Also, if y < x, sup inf |a—b| = F~ and sup inf |a—b] =0.
beTyaGTx acTz bETY beTyaeTz

Thus,

dy (T, Ty) = max{wﬂ} - w,vx,y eD.

Hence, T is a contraction multivalued map.

Example 1.1.18 Consider (R,| - |), let D = [0,1] and let S : D — CB(D) be
defined by Sx = [0, z]. For any x,y € D, if x < y, sup mf la —b| =0,

acSxz bES
sup inf |a — b =y —x and if y < x, sup mf la — 0| —x—y,sup inf |a — bl = 0.
besyaESw acSz b be yae T

Thus,
dH(va’Sy) = maX{|x - y|70} = |ZE - ?/|aV$7y €D.

Hence, S is a non-expansive multivalued map but not a contraction.

Example 1.1.19 Consider (R,|-]), let D = [0,5] and let R : D — CB(D) be

defined by

0, |, T #5

I O

{1}, x = 5.

Then, F(R) = {0}. For any x € D, if v = 5, sup 1nf la—b] =1,sup inf l[a—0b| =1
a€R5 bER be RO @€ H5
and if x # 5, sup 1nf la —b| = £, sup inf |a—b] = 0. Thus, in both cases we have
a€Rz b be RO A€ R

dy(Rzx, RO) < |z| = |z — 0.

Therefore R is quasi-nonexpansive. However, R is not non-expansive since

dp(R5,R45) =1> 0.5 = |5 —4.5].

Definition 1.1.20 (Strictly convex space) A normed linear space E is said to
be strictly convez if for all x,y € Sgp with v # y and for all X € (0,1), we have
(1 =Nz + Ay|| < 1.

Proposition 1.1.21 Let E be a normed linear space, then the following are equiv-

alent.

(1) (1 =Ny + Mx|]| < 1,Va,y € Sg,x # y, VA € (0,1).

10



(2) ||(1 - )\)y+)\x|| < 1,V:17,y € BEwT #y,V)\ € (071)

(3) I3y + sz|| < 1,Vz,y € Sp,z #y.

Proof (1)==-(2). This follows since Bg \ Sg is convex.
(2)==(3). Since Sg C Bg and 3 € (0,1), (2)=(3).

(3)=(1). Let A € (0,1), without loss of generality, we assume A € [5,1) (if

A < 3, then we replace A with 1 — X € [3,1)). Then, |Az + (1 — ANy|| = |5z +
(@A =Dz +2(1—=Ny)|. Since z,y € Sp = [|(2A — D)z +2(1 = N)y[| < 1, we
have that |[A\x + (1 — N)y| < 1. u

Hence with proposition 1.1.21, we obtain two characterizations of strict convexity

of a normed linear space as follows:

(1) A normed linear space F is strictly convex if and only if for all z,y € Sg with

r#y, A€ (0,1), we have |[(1 — Ny + \z|| < 1.

(2) A normed linear space F is strictly convex if and only if for all z,y € Sg with

x #y, we have |3y + x| < 1.

We state another characterization of strict convexity of a normed linear space (see,

e.g., [Dotson, 1970]).

Lemma 1.1.22 A normed linear space E is strictly convez if and only if for all
z,y € E,x # 0,y # 0, we have that if |x + y|| = ||z|| + ||lyl|, then y = cx for some

c> 0.

Proof (=) Let z,y be in E, such that = # 0,y # 0. Suppose ||z +y| = ||z| + ||ly]|-

We set x* = HL;EHW* = ﬁ which are both in Sg. Also we let \g = ||:ﬂi|@|;|| which is
clearly in (0, 1). Observe that [[Aoz* + (1 — Ao)y*|| = 1. Hence, by strict convexity of
E we have that x* = y*, i.e., H_zH = ﬁ Hence y = cx, where ¢ = %

|z
(<) Let z,y € Sg,A € (0,1). Suppose [[(1 — Ny + Az|| = 1. We show that
r = y. Indeed, we note that [[(1 — N)y|| + |[Az|| = 1. Hence, ||(1 — Ny + Az|| =
|(1 = Nyl + || Az||. Therefore (1 — \)y = cAz for some ¢ > 0. Since x,y are in Sg,
(=)

we have that ¢ = —==. Thus y = x and so F is strictly convex. n

11



e Let E be a finite dimensional normed space, then E is uniformly convex if and
only if F is strictly convex.

Proof (=) See remark 1.1.25.

(<=) Suppose, for contradiction, that E is strictly convex but not uniformly convex.
Then we obtain that there exist €9 € (0,2], {xn}n>1, {Un}n>1 € Sg such that ||z, —
Ynll > €0 and nh_I)Iloo | £ || = 1. Since S is closed and bounded and E is finite
dimensional, we have that Sg is compact. Hence, we can obtain {z,, };>1 C {Zn}n>1

and {yn,}j>1 € {¥Un}n>1, such that x,, — 2* € Sg and y,;, — y* € Sg. Thus,

lim || 2 ;y"j = ||[=££||. This implies |3 || = 1, a contradiction to the fact
j—00

that F is strictly convex. n
Lemma 1.1.23 Let E be a normed linear space and || - ||s be a norm which makes
E strictly convex, then for any other norm, || - ||, on E the space (E, | -||s+ | 1) s
strictly convex.

Proof We prove by contradiction. Suppose (E, ||-||s+]|-||) is not uniformly convex.

Then, using lemma 1.1.22 there exist z,y € E,x # 0,y # 0 and y # cx for any
¢>0but [l +ylls+llz +yll = llzlls + [/l + lylls + [ly]l. Since (£, ]| - [|,) is strictly
convex we have that ||z + y||s < ||z||s + ||ylls, as y # cx for any ¢ > 0. Hence,
|z + yl| > ||z|| + |Jy|]| which is impossible. Therefore (E,|| - ||s + || - I|) is strictly

convex. | ]

Remark 1.1.24 Also, it is worthy of note that for any p > 0, the new space £, =
(E, u| - |ls) is also strictly convex. Indeed for any x,y € Se,,x # y, A € (0,1), we
have that pl|Az + (1 = Nyl = [[A(p2) + (1 = A)(uy)| < 1.

Remark 1.1.25 [t is straightforward from definition 1.1.J and proposition 1.1.21
above that every uniformly convex space is strictly convex. This gives a large class
of strictly convex spaces, since Hilbert spaces (in fact inner product spaces), L, and
l, are uniformly convex for each p € (1,00). For further studies on uniformly convex
spaces, (see, e.g., [Chidume, 2009]). While it is true that for a finite dimensional
space strict convexity and uniform convexity of a norm are the same, there are
infinite dimensional strictly convex spaces which are not uniformly convex. We give

below an example of a strictly convex space which is not uniformly convew.

12



Example 1.1.26 Let [, be endowed with the norm || - ||s defined for x = {x,}, € 4

by ||z|ls = ||z||1 + ||z|l2- Then (11, || - ||s) is strictly convez but not uniformly convex.

Proof We first show that (4, ||-||s) is not uniformly convex. It suffices to show that

there exists €y € (0,2] and sequences (z,)n, (Yn)n in SZHI'HS(i.e, the unit sphere in [;)

such that ||z, — y,||, > € for all n € N and H@HS — 1. Take x, = > " | —=

=1 n+\/'r7,’
Un =D iy ;i\*/%, where e; = (0,0,0,...,0,0, _1 ,0,0,...). Then,

ithterm

Vi nta

n
= =1
n+\/ﬁ+n+\/ﬁ n++n

[2nlls = [lznlls + [lznlla =

and
n vn n++/n
[Ynlls = llynlls + [lynll2 = + = =1
n+yvn n+yn  n+4/n
Also,
120 = tnlls = lzn = ynlls + 1z = ynll2
_ 2n n V2n
Cnd+vn o nt+n
Jnt N4 N V2n
“n4++vn n+n
V2
>14+ Y o
n++/n
and
T+ Yn Ty + Yn Ty + Yn
— +
2 s 2 1 2 2
_n n I v2n V2 + \/Lg
T n+vn 2n+yn 1)
v viva(1s )
Therefore, |2, — yn|| > 1 for all n € N and ||==3¥2|| — 1. Hence (I, || - [|5) is not
uniformly convex. However, by lemma 1.1.23 (y, || - ||5) is strictly convex, as ||-||, is
an inner product norm (on ly which contains ;). n
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CHAPTER 2

Literature review

The literature of fixed point theory of singlevalued and multivalued maps is sub-
stantial. Many existence theorems for singlevalued and multivalued maps have been
proved (see, e.g.,[Deimling, 2010], [Xu, 2000]). However, there is always a question
of approximating fixed point(s) when they exist. Consequently, iterative schemes
for approximating fixed point(s) for certain kinds of maps have been introduced
and studied by many mathematicians (see, e.g., [Dotson, 1970], [Banach, 1922],
[Chidume and Minjibir, 2016], [Mann, 1953], [Edelstein, 1966], [Krasnoselskii, 1955],
[Ishikawa, 1976], [Schaefer, 1957]). These schemes include the Picard scheme used in
the proof of Banach contraction mapping principle, Halpern scheme, Krasnoselskii-
Mann scheme, Ishikawa scheme and many others(see, e.g., [Picard, 1890], [Ishikawa, 1976],
[Halpern, 1967], [Ishikawa, 1974]). These iterative schemes are used to construct se-
quences which are shown to converge strongly or weakly to a fixed point of a map

in certain metric spaces.

2.0.2 Banach contraction mapping principle

Theorem 2.0.27 Let (M, p) be a complete metric space and let f : (M,p) —
(M, p) be a contraction mapping, then f has a unique fized point.

This theorem was first proved by Stefan Banach in 1922 (see [Banach, 1922]),

in the setting of a complete normed space (Banach space). The proof of the Ba-
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nach contraction mapping principle is in many books on fixed point theory (see,
e.g., [Bonsall, 1962], [Smart, 1980]). However, we still give the proof below to high-
light the Picard iterative scheme (see [Picard, 1890]) used in the proof which gives a
method of approximating fixed point(s) of some maps. In fact if the Picard sequence

given by a continuous map converges, then the limit is a fixed point.

Proof For any xy € M fixed, we define a sequence {x,}, iteratively using the
Picard scheme by x,,.1 = f(z,), for all n > 0. Using the definition of f, there exists
k € [0,1) such that

p(Tni1,xn) = p(f(xn), f(xn_1)) < kp(xn, xn1) < E"p(x1,20) (2.0.1)

Let m,n € N with m > n. This implies m = n + p for some p > 1. Hence, applying

triangle inequality we have

P (xrm xn) =p (xn—i-pu In)

(2.0.2)
<p (anrpa anrp*l) +p (anrp*lJ 37n+p72> Tt (anrl? xn) .

From (2.0.1) and (2.0.2) we obtain

n—+p o7}
P (Tm, Tn) < p(xl,xo)Zk;Z < p(x1,20) Zkl-

Therefore, {z,}, is a Cauchy sequence as > .~ k" is a tail of a convergent series(a
geometric series > -~ r* with —1 < r < 1). Since (M, p) is complete, there exists
z* € X such that z,, — z*. Hence f(z,) = x,41 — z*. By continuity of f (con-
traction of f gives continuity), we have that f(x,) — f(z*). Thus, by uniqueness
of limit f(z*) = x*. We now prove uniqueness. Suppose that there exists a fixed

point of f, say y* different from z*. By definition of f we have

p(x*,y") = p(f(2%), f(y") < kp (f(27), f(y7)) -

As x* # y*, we have p(z*,y*) > 0 and so dividing through yields 1 < k < 1, a

contradiction. -

The Banach contraction mapping principle gives us four things: existence, unique-

ness, method of approximation of the fixed point and how fast the sequence con-
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verges, we note that

P (Tny1, ) = p (f(xn), f(27))
< kp(zp,x*) =kp(f (xn_1), f(z"))

< k*p(zp_1,2%)

< k" p (wo, 3%)

for all n € NU{0}. While the Picard sequence converges to the unique fixed point
of contraction maps from a complete metric space to itself, it does not converge in

general for nonexpansive maps. A counter-example has been given in R2.

Example 2.0.28 We consider the map T : (Bge,|| - ||2) — (Bge, || - ||2) which

rotates a point about an angle 6, 0 < 0 < 27.

y axis

X axis

Given a point (g, o), T rotates it through an angle of 6 in the counter-clockwise
direction and produces a point (z1,y;) with the same norm as (zo, ¥), as shown in

the diagram below. T is called a rotation map and it is given by

T cosf —sinf| |x
T = ,0 <6 < 2m.

Y sinf)  cos@ Y

16



T is clearly linear. Also F(T) = {(0,0)}. If we pick an arbitrary point (zg,yo) #
(0,0),

r n

o cosf —sinf T

vl sinfl  cos@

sm( cos(nh) ,

cos(nb)xg — sin(nb)yo

_cos( — sin(n#) } o
)
)

sin(nf)xzq + cos(nd)yo )

= \/|cos(n0)x0 — sin(n)yo|* + |sin(nd)xo + cos(nd)yo|*
=/ 7? + Yo?

Zo
= > 0,Vn > 0.

Yo

2
Thus the Picard sequence is a sequence with a non-zero constant norm. Therfore,

it does not converge to (0,0), the fixed point of T. We consider another example:

Example 2.0.29 let b > 0 be fized, we consider the function f :[0,b] — [0, ]
r— f(z)=b—x.

If(z) = fW)| = |l — y||,Vz,y € [0,b]. Hence f is non-expansive. Furthermore, f
has a unique fixed point % For any xo € [0,0] \ {g}, the Picard sequence {x,}, is
{0, b— 0, x0,b— X0, T0, ...}, Which obviously does not converge to % because it is an

oscillating sequence.

Hence, one could infer that the Picard scheme is not appropriate for approximat-
ing fixed point(s) of non-expansive maps in general. Thus, other iterative schemes
were introduced, among which are the so called Krasnoselskii-Mann schemes. It is

the aim of this chapter to give a concise review of these schemes.

2.1 Singlevalued maps

Let E be a normed space, D be a non-empty convex subset of £ and let T :

D — D be continuous. In [Mann, 1953], Robert Mann considered an infinite

17



triangular matrix A,

]
]
]

21 A22 0 0

apl Gp2 - . . Gpp O

whose entries satisfy the following:
1. ai; > 0,Vi, 7.
2. a;; = 0,Vi,7 with j > 4.
3.3 ay =1,V
Using this matrix, he introduced the following iterative scheme

Q?()ED;

= i o 2.11)

Tpr1 = Tvp,n > 0.
\
Using (2.1.1), he proved the following theorem.

Theorem 2.1.1 If either of the sequences {xy}, or {v,}, converges, then the other

also converges to the same point, and their common limit is a fized point of T.

18



Furthermore, he considered a special case where A is the Cesaro matrix

1 000000

$ 200000

1 1 1

550000
A=

Ll Lo

which satisfies all the assumptions above. Hence, (2.1.1) becomes

§
xo € D;

_ 1 n .
Up = Zk:l Lk;

Tpa1 = Tvp,m > 0.
(

We have that

1
= n—l—lzm

k=1

1 1
=(1- Uy, + Tv,,VYn > 0.
n+1 n+1

. 1
Setting A, = =5, for all n > 0, we have

Upt1 = (1 = Ap) v + AT,V > 0. (2.1.2)
Using (2.1.2), he proved the theorem

Theorem 2.1.2 If T is a continuous function carrying the interval a < x < b into
itself and having a unique fixed point, p € [a,b], then the sequence {v,}, converges

to p for all choices of xy € |a, b].
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2.1.1 Non-expansive maps

In [Krasnoselskii, 1955], Krasnoselskii introduced the iterative scheme

xy € D;
(2.1.3)

Tpa1 = %:cn + %Twn,n >0
and proved the theorem

Theorem 2.1.3 Suppose E is uniformly convex, D closed and T is non-expansive
with T(D) contained in a compact subset of D. Then {x,}, given by (2.1.3) con-

verges strongly to a fized point of T'.

This theorem resolves the problem of the two examples mentioned at the beginning

of this chapter.

In [Schaefer, 1957], Schaefer observed that the same result holds for the sequence
given by the iterative scheme

T9 € D;
(2.1.4)

Ty = (1 = Ny + XTx,,n > 0,1 € (0,1).
In [Edelstein, 1966], Edelstein proved that if E' is strictly convex, the same result
holds. One can associate (2.1.4) with the infinite matrix Ay = [a;;] where a,; =

AN an; = A (1 =) for j =2,3,...,nand a,; =0 for j >n,n> 2.

1 0 0 00 0 0
A 1— A 0 00 0 O
A2 A1=X) 1-X00 0 0

AL A2 ) . . 1—A 0

20



Hence, Ay = @ps1041 = 1 — A, for all n > 1. If A = 3, the infinite matrix Ay s
associated to the iterative scheme of (2.1.3). Also, if we consider the case of A =0,
the infinite identity matrix is obtained, which is associated to the Picard iterative

scheme.

2.1.2 Quasi-nonexpansive maps

In [Dotson, 1970}, Dotson introduced a class of maps which is a proper superclass
of non-expansive maps. He called them quasi-nonexpansive maps (see definition
1.1.1) and proved some convergence theorem for a Krasnoselskii-Mann sequence to

a fixed point of such maps. One of the theorems he proved was

Theorem 2.1.4 Suppose E is a strictly convexr Banach space, D is a closed convex
subset of E, T : D — D s continuous and quasi-nonexpansive on D, and T'(D) C

K C D where K is compact. For any xo € D define a sequence {x,}, by
Tpi1 = (1 —t)x, +t,Tx,,n > 0,{t,}n C (0,1). (2.1.5)

Assume {t,}, clusters at somet € (0,1), then {z,}, converges (strongly) to a fized
point of T'.

The theorem above improves the theorem of Krasnoselskii (Theorem 2.1.3) both
with regard to the map and the space as the classes of quasi-nonexpansive maps
and strictly convex spaces are proper superclasses of the classes of non-expansive

maps and uniformly convex spaces, respectively.

In recognition to the works of Krasnoselskii and Mann, any iterative scheme

of the form

To € D,
(2.1.6)

Tpi1 = (1 —ap)x, + ayTrn,n >0, {a,}, € (0,1),

is usually referred to as a Krasnoselskii-Mann scheme in the literature.

The question of whether Krasnoselskii-Mann sequence converges in spaces more

general than strictly convex spaces was open for so many years. In 1976, Ishikawa
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[Ishikawa, 1976] gave an affirmative answer for non-expansive maps. He proved the

following theorem

Theorem 2.1.5 [f the sequence (x,,), given by (2.1.6) is bounded, then
lim |z, —Txz,| =0,
n—-ao0

i.€., {xp}n is an approximate fixed point sequence for any non-expansive map in any

Banach space.

Under some compactness conditions, a sequence {z,}, being an approximate fixed
point sequence yields convergence to a fixed point. However, for quasi-nonexpansive
maps, a counter example was given by Chidume (see [Chidume, 1986]) to show that
in general Banach spaces, the same result of Ishikawa fails to hold. He considered
ls and defined a continuous quasi-nonexpansive map 7' : B, — By, with F(T') =

{0,0,0,...} by Tx = {0, 2,2, 2%, 25, ... }, where x = {x1, 9,73, ...} € lo.

2.2 Multivalued maps

In [Nadler, 1969], an analogue of Banach contraction mapping principle was
proved. He considered an iterative process similar to the Picard scheme and proved

the following theorem:

Theorem 2.2.1 ([Nadler, 1969] ) Let (M, p) be a complete metric space. If T :

M — CB(M) is a multivalued contraction mapping, then T has a fized point.

This theorem gives only existence of a fixed point and a scheme to approximate it
as follows;

xo € M,
(2.2.1)

Tpy1 € Tapwith p(z,, tny1) < dg(Txp, Trpy) + k" n > 1.

A lot of works have been done for fixed points of non-expansive multivalued
mappings using the Hausdorff metric (see, e.g., [Markin, 1973], [Abbas et al., 2011],
[Chidume et al., 2013b], [Djitte and Sene, 2014], [Khan et al., 2010], [Panyanak, 2007],
[Sastry and Babu, 2005]). Recently, Chidume and Minjibir studied convergence of

a Krasnolskii-Mann type algorithm for multivalued quasi-nonexpansive mappings in
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uniformly convex real Banach spaces [Chidume and Minjibir, 2016]. They proved

the following theorem:

Theorem 2.2.2 ( [Chidume and Minjibir, 2016]) Let D be a non-empty closed
convex subset of a uniformly convex real Banach space E. Suppose that T : D —
CB(D) is a multivalued quasi-nonexpansive mapping such that Tp = {p} for some
p € F(T). Then for any xo € D and arbitrary X € (0,1), define a sequence {x,}n
iteratively, by

Tpr1 = (1 = Nzp + Ayn, yn € Txpyn > 0. (2.2.2)

Then, lim dist(x,, Tz,) = 0.

n——~oo
[Diop et al., 2014] proved the following theorem which is an extension of the
result of Chidume and Minjibir [Chidume and Minjibir, 2016] to a finite family of

quasi-nonexpansive. They proved the following theorem:

Theorem 2.2.3 ([Diop et al., 2014]) Let D be a nonempty closed convex subset
of a uniformly convex real Banach space E. Let T be a finite collection and T; :—
CB(D) is a multivalued quasi-nonexpansive mapping for each i € I such that T;p =

{p} for alli and for some p € F. For any xo € D define a sequence by

Q?()ED;

) Int1 = Ao + ZiEI )‘Zy’myn € Tixy,n > 0; (223>

Aoy A € (0,1), Sier i 4 Ao = 1.

Then, lim dist(x,, T;x,) = 0. for each i € I.

n——~oo

Also, Bunyawat and Suantai proved the following theorem:

Theorem 2.2.4 ([Bunyawat and Suantai, 2013]) Let E be a real Banach space
and D a non-empty, closed and convex subset of E. Let {T;:1=1,2,....,m} be a
finite family of multivalued quasi-nonexpansive mappings from D into CB(D) with

F =", F(T;) # 0. Then the sequence {x,}, defined iteratively by

/

x9 € D;
Tny1 = )\O,nxn + Z:il Ai,nxi,m n > 0;
{Aintn € [0,1) foreachi € IU{O}, Y70 Ai = 1

| Tin € Tz, withd(p, ;) = d(p, Tix,,) foreachi € I,n > 1

(2.2.4)
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converges strongly to a common fized point of T; s if and only if liminf dist(x,, F') =
n—oo

0.

The study of fixed points of multivalued maps is relatively more difficult when
compared to that of singlevalued maps. Nevertheless, many results for multivalued

maps analogous to those for singlevalued maps have been gotten.

2.3 Statement of the problem

Let E be a strictly convex real Banach space and let D be a non-empty, closed
and convex subset of E. Given T, a continuous, quasi-nonexpansive and singleval-
ued self-map on D with non-empty fixed point set, Dotson proved strong conver-
gence of a Krasnoselskii-Mann sequence to a fixed point of 7" in [Dotson, 1970]. We
consider a similar problem when 7' is a multivalued map. In fact we consider a prob-
lem involving a countable family of quasi-nonexpansive multivalued mappings in a
strictly convex real Banach space, F, i.e., we investigate whether the result of Dot-
son [Dotson, 1970] holds for a countable family of quasi-nonexpansive multivalued

mappings, assuming they have a common fixed point.
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CHAPTER 3

Theory of Methods

Lemma 3.0.1 (see, e.g., [Megginson, 1998]) A normed space E is Banach if

and only if every absolutely convergent series is conditionally convergent.

Proof (=). Suppose E is a Banach space. Let {z,}, C E be a sequence such
that 322 [|#,]] < 0o. Set Sy = S2*_ &,. Let k,j € N with k > j. This implies

k = 7 + p for some p € N. Hence, we have

1Sk — Sill = [|1Sj4p — Sj|

J+p J
D o
n=1 n=1
Jj+p
-1E -
n=j+1
Jjt+p
< )0l
n=j+1
Thus,
J+p
0< 1Sk =S5l < D lall-
n=j+1

Since > 7 | ||| < 0o, we have that Zf;z;ﬂ |zn]] — 0 as j goes to infinity. Which
yields the fact that { Sy}, is a Cauchy sequence and hence )" | z,, = kli_r}n()() S}, exists
in F.

(«<=) . Suppose FE is a normed space with the property that every absolutely conver-

gent series is conditionally convergent. Let {x,}, be a Cauchy sequence. Suppose
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for contradiction that {z,}, is not convergent. {x,}, being Cauchy implies that for

each j € N there exists n; € N with n; > j such that
1
|zn — Tl < = 5 ,Yn,m > n;

and {z,,}; C {7, }» has no limit. Let n;;; > n; for each j. We have that

k
E anH :cn] = Tnjyy — Ty
Jj=1

Thus, 3272 (#n,,, — ;) does not exists, but Y22 [|2n,,, — on,|| < D00 55 = 1,

which is a contradiction. ]

Lemma 3.0.2 ([Dotson, 1970]) Let E be a strictly convex Banach space and let
z,y € E with ||z|| < |lyll, and ||(1 — Ny + Xz|| = ||y||, for some X\ € (0,1). Then

y=1x.
Proof Let z,y € E such that |[z]| < ||y||. If y = 0, then z = 0 = y. Assume
y # 0. We prove the contrapositive. Suppose x # y. Set & = ﬁ and ¢ = ” I Then
Z,y € Bg and & # y. Since F is a strictly convex Banach space, it follows that
(1= XNy + Az|]| <1, VA€ (0,1). This implies ||(1 — Ny + Az|| < |ly][,V A € (0,1)
and so there does not exist A € (0,1) with [[(1 — Ny + Az|| = ||ly]| - |

Lemma 3.0.3 ([Chidume and Minjibir, 2016]) If z,y,z € D such that Ty =
{z}, then
|lu—z|| < dg(Tx,Ty),Vu € T. (3.0.1)

With these two lemmas, we prove the two more lemmas. Henceforth, we let m € N

such that m > 2 be fixed and let I := {1,2,...,m}.
Lemma 3.0.4 Let E be strictly convez space and let {x,}, C E.

(1) If{N}my € (0,1) such thaty ;2 Ny = 1, [|ai]| < ||z||, for alli and ||Y 0" Nixs|| =

|lz1||, then x; = x1, for alli.

(2) If{\i}i € (0,1) such that Y2 N = 1, ||z]| < ||aal], for alli and |72, Nixi|| =

|z1||, then x; = x1, for alli.
Proof
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(1)

We prove using induction argument. For m = 2, we have exactly lemma 3.0.2.
Assume true for some N > 2, we now show it is true for m = N + 1. Let

Wy = Zle Ajxj, we have that

AN AN+1
1% = [|[Wn- A A
W0l = [+ O+ Mg g + g
= [ -
Since
H w2 <l
AN + >\N+1 (AN + An41)
(consequent upon the fact that ||xy||, [|zn11]| < ||21]]), by inductive hypothesis
we have
AN AN+1
T =T =..=TN_] = TN+ TN+1- 3.0.2
1 NS Oy o) N T O o) ( )

We now show zy1 = zy. Indeed, if this is not the case, then ”’;N”, gﬂgj“l € Bg

and ‘E]f” =+ a|:|11 1+H1 By strict convexity of E, we must have

o () * o () <1
(An + Angr) \ 21| (An + Ang1) \ ]| '

Which yields

HA—NQJN RN 2 S | Y
(AN + Ans1) (AN + A1)
a contradiction, since from (3.0.2),
o = AN —_— AN 41 .
- Nl
(AN + Ant1) v +Aver) 0

Therefore, xx = xn41. It then follows from (3.0.2) that z; = z;, for all 4, j € L.

We first prove the following fact
e Let E be a normed space and {u;}; C E.If >~ w; = L, then for any N > 1,

Zui:L—(ul—i—uQ—l—---—kuN,l).

Indeed,

Zu’_nhinmzuz_ lim (U1+U2+'+UN—1+zn:Ui) =L.

=N
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Hence, we have

(ug +ug + - +uy_1) +nh—r>noo;v“i =L,

which yields

Zui:L—(u1+uQ+---+uN_1).
i=N

Let ig € N. We have

10 . 00 )\Z
S0 32 2l <
=1 1=19+1

where A* = 3> \;. Noting that

> o S <(1_1A*) > &») ol =l .

i=ig+1 i=ig+1

Applying (1) yields z;, = 1. Since ig € N was arbitrarily chosen, it follows

that z; = x1, for all 7.

Lemma 3.0.5 Let D be a nonempty, closed and convex subset of a normed space
E. Let T;: D — CB(D) be quasi-nonexpansive for all i € 1. Let {\;,}» C (0,1),
for all i € TU{0} with > X\in = 1, for all n € N. For any xy € D, define the
sequence {x,},, iteratively by Tpi1 = Ao p®n + Zf;l NinWin, Where u;, € Tix,, for
all n > 0. Suppose (-, F(T;) # 0 and there exists p € D such that T;p = {p}, for

all v € I. Then,
(1) N|zns1 — pll < llzn — pl|, for alln > 1.

(2) If {zp}n clusters at some p with T;p = {p}, for alli € 1, then {x,}, converges
strongly to p.

(3) If {xn}n clusters at y and z, then |y — pl| = ||z — pl|.

Proof
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(1) By lemma 3.0.3 and quasi-non expansiveness of T;’s, we have

[2ns1 = pll =

)\O,n(xn - p) + Z /\i,n(ui,n - p)
i=1

=1

=1

< M lln = pll+ Y Al —

i=1

= [lzn —pl, V0 = 1.

Hence, Hxn-&-l _pH < ||$n —PHaVn > 1
(2) It follows trivially from (1).

(3) Let {wy,}, and {v,}, be two subsequences of {z,}, such that w, — y and
v, — 2z From (1), we have that lim ||z, — p|| exists. By triangle inequality,
n—-ao0

we have
ly —pll < lly = wall + [[wn = pl|
Letting n go to infinity, we have
ly =pll < lim_[lz, = pl|.
Also,
[wn = pll < flwn =yl + lly — £l
Letting n go to infinity, we have
iz —pll < 1y .

It then follows that ||y — p|| = lim ||x, — p||. Similarly, we obtain
n—-oo

|z —pl = lim |z, —p|. Hence, ||y —p|| = ||z — p|.
n—moo

Lemma 3.0.6 Let D be a non-empty, closed and convex subset of a normed space
E. LetT;: D — CB(D) be quasi-nonexpansive for all i € N. Let \; € (0,1), for all
i € NU{0} with > .20 A = 1. Suppose D is bounded or {T;}; is uniformly bounded.
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For any xy € D, define the sequence {xy}, iteratively by x,11 = Ny + Zzl Aitli s
where u; , € Ty, for alln > 0. Suppose (=, F(T;) # O and there exists p € D such
that T;p = {p}, for all i € N. Then,

(1) ||zng1 = pl| < |lzn —pl|, for alln > 1.

(2) If {xp}n clusters at some p with T;p = {p}, for all i € N then {x,}, converges
strongly to p.

(3) If {zn}n clusters at y and z, then ||y — p|| = ||z — p||.

Proof We first note that using lemma 3.0.1 the sequence is well-defined if D is
bounded or {7}}; is uniformly bounded.

(1) By lemma 3.0.3 and quasi-non expansiveness of T;’s, we have

Hxn+1 —pll =

i=1

< Nollzn = pll + > Nill(wim — p)ll

i=1

< oz = pll + > Nidu(Tian, Tp)

=1

<oz =pll+ D i llan —pl

i=1

— Jlew —pll Vn > 1.

Hence, ||#n1 = pl| < ([0 — pl,Vn = 1.
(2) It follows trivially from (1).

(3) Let {w,}, and {v,}, be two subsequences of {z,}, such that w, — y and
v, — 2z From (1), we have that lim ||z, — p|| exists. By triangle inequality,
n—moo

we have
ly = pll < lly — wall + Jw, = p.

Letting n go to infinity, we have
ly —pll < lim |z, —pl|
n—aoo
Also,
lwn = pll < llwn =yl + lly = pll
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Letting n go to infinity, we have
lim |z, —pl| < ly = pl|-
n—oo

It then follows that ||y —p|| = lim ||z, — p||. Similarly, we obtain
n——>00

Iz =pll = lim |jz, = p||. Hence, [ly —pl| = ||z = p||.
n——~oo

Lemma 3.0.7 ([Mazur, 1930]) If K is a compact subset of a Banach space E,

then the closed convex hull of K,¢o(K) is compact.

Proof The proof is done in two steps:

Step 1: If K is a finite set, say {x1, 22, ..., 2y}, then

co(K) = {i iz AN HE C 0, 1],§:)\i = 1} .

Setting D := {{\}7, C[0,1] : > 7", A\; = 1} which is compact (it is a closed and
bounded subset of a compact set [0,1] x [0,1] X -+- x [0,1]) and Dk := D x {z1} X

[

fi?@rite
{zo} x -+ x {x,,}. We consider the function

fZDK—)E

r— f(z) = Z)‘ixl’
i=1

where z = {\} x {1} x {xo} x -+ - x{x,, } with {\;}72, € D. Indeed, the function
f is clearly continuous and Dy is compact as a finite Cartesian product of compact
sets. Thus, co(K) = f(Dy) must be compact.

Step 2: Suppose K is any compact set. Let ¢g¢ > 0 be fixed. Clearly, K C

U B(z; %) and hence, by compactness of K, there exists ' C K, finite such that

K C | B(x;9). By step 1, we have that co(F') is compact, hence there exists

G C co(F), finite such that co(F) € |J B(y; %) (consequence of |J B(y; %)
yeG yEco(F)
being an open cover for co(F')). We now show that co(K) C |J B(z;€¢). Let
el
z € co(K), we have that x = Y7 t;x; where {t;}}_, C [0,1] with > ¢, =1

and {z;}7_; C K. For each i, there exists y; € F such that z; € B(y;; 2), ie.,
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|zi — yil| < ). Setting y = >°F | tiy; € co(F), we have that y € B(yo, 2) for some

yOEG.

[z = woll = llz =y +y — wol

< [lz =yl +lly = wol
p p
Ztixi - Ztiyi
i=1 i=1

p
< Sl — il + lly — ol
=1

+ Iy — woll

Thus, co(K) C |J B(z;€) and so co(K) is totally bounded, hence ¢o(K) is compact
xeG
since F is Banach.

Lemma 3.0.8 ([Schauder, 1950]) Let K be a non-empty, closed, bounded and
convexr subset of a Banach space E. Let f : K — K be completely continuous

(i.e., [ is continuous and f(K) is compact), then there exists x* € K such that

f(a*) = .
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CHAPTER 4

Main Results

Theorem 4.0.9 Let E be a strictly convex real Banach space and D be a nonempty,
closed and conver subset of E. Let T;: D — PB(D) be quasi-nonexpansive and
continuous with respect to the Hausdorff metric, for all i € T with (-, F(T;) # 0
and T;p = {p}, for all p € -, F(T;). Suppose T;(D) is contained in a compact set

K for alli € I. For any xo € D define a sequence {x,}, iteratively, by

Tnt1 = /\D,nxn + Z )\i,nui,na Ui € T‘ixna n > 07 (401)

i=1
where {\in}n C (0,1),7 € TU{0}, D" g Ain = 1,n > 0. If for each i € TU{0}, { N\ }n
clusters at some point of (0,1), then {x,}, converges strongly to a common fized

point of T;’s.

Proof Since {\;,}, clusters at some point, say A\; € (0,1) for each i € TU {0}
and {z,}n>1 C ¢o(K U {zo}) which is compact by lemma 3.0.7 and the fact that
finite union of compact sets is compact, we obtain {\; ,, }x C {A\in}n and {z,, }x C
{Zn}n>1 such that {\;,,} converge to points in (0,1), for each ¢ and z,, — z* €
co(KU{zo}) C D. This implies dy (T;xn,, Tix*) — 0. Indeed, since the correspond-
ing sequences {u; , }x C K, it follows that there exists {umkj }i € {tin, b such that

Uin, — u;* € D. Let w;* € Tz* such that [|Jw;* —w;*|| = inf |lu; —u;*| (such a
J u, €T;x*
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w;* exists, since T;x* is proximinal for each ¢, by assumption). Hence,

lwi™ —w™ < i flui = iy | i, — |

= inf lu; — vil) + i, — s
- viGSYEil;Bij uzlel}la;* Hul Ul” + Hul,nkj U; ||

Letting j go to infinity, we have ||w;* —u;*|| = 0. Hence u;* = w;* € T;z*. Therefore,

m m
* *
xnkj-i-l - >\O,nk]. xnk]. + E /\i,nk]. ui,nkj 7 on + § AZUZ .

i=1 i=1
Thus, {x,}, clusters at 2* and Xoz* + > " Au;*. By lemma 3.0.5(3), we have

m

No(@* =p) + Y N(w* —p)

=1

= [l = pll-

Also, by lemma 3.0.3 and definition of quasi-nonespansive multivalued map, we have
that ||u;* — p|| < [|z* — p||, for each i € I. Since F is strictly convex we have by
lemma 3.0.4(1) that «* — p = w;* — p, for all . This implies z* = u;* € T;x*, for
all i. Thus, z* € .2, F(T;) and so Tjz* = {z*}, for all 4. Using lemma 3.0.5(2) we
conclude that z,, — 2*. Hence the sequence defined above converges strongly to a

common fixed point of T}’s. m

Corollary 4.0.10 Let E be a strictly convex real Banach space and D be a nonempty,
closed and convex subset of E. Let T;: D — PB(D) be quasi-nonexpansive and
continuous with respect to the Hausdorff metric, for all i € T with (-, F(T;) # 0
and T;p = {p}, for all p € (-, F(T;). Suppose T;(D) is contained in a compact set
K for alli € 1. For any xo € D define a sequence {x,}, iteratively, by

Tpy1 = Aoy + Z Ailin, Ui € Tizn,n > 0, (4.0.2)
i=1
where \; € (0,1),s € TU{0},>" " A = 1. Then {z,}, converges strongly to a

common fized point of T;’s.

Proof We take {\;,}, to be the constant sequence {\;}, for each i € I. Then

{Ain}n clusters at \; for each i and the proof follows from theorem 4.0.9. n
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Corollary 4.0.11 Let E be a strictly convexr real Banach space and D be a non-
empty, closed and convex subset of E. Let T: D — PB(D) be quasi-nonexpansive
and continuous with respect to the Hausdorff metric, with F(T) # 0 and Tp = {p},
for all p € F(T). Suppose T(D) is contained in a compact set K. For any xo € D

define a sequence {x,}, iteratively by
Tp4+1 = (1 - tn)xn + tnymyn S T{L‘n, n Z 07

where {t,} C (0,1) clusters at some t € (0,1). Then {x,}, converges strongly to a
fixed point of T.

Corollary 4.0.12 ([Krasnoselskii, 1955]) Let E be a uniformly convex normed
space and D be a nonempty, closed and convexr subset of E. Let f : D — D be
nonexpansive and f(D) C K C D, K compact. For any zo € D, let a sequence

{zp}n be defined iteratively, by

1 1
Tn+1 = 5Tn + Qf(xn), n > 0. (4.0.3)

Then {x,}, converges strongly to a fixed point of f.

Proof By lemma 3.0.8, we have that F(f) # (. Also define T': D — PB(D) by
Tx = {f(z)}. Then, the proof follows from corollary 4.0.10. [

Corollary 4.0.13 ([Dotson, 1970]) Let E be a strictly convex normed space and
D be a nonempty, closed and convex subset of E. Let f : D — D be continuous and
quasi-nonezpansive and f(D) C K C D, K compact. For any xy € D,{t,}, C (0,1)
such that {t,}, clusters at somet € (0,1) let a sequence {x,}, be defined iteratively,
by

Tonr1 = (1 —ty)zn +tof(x,),n > 0. (4.0.4)

Then {x,}, converges strongly to a fixed point of f.

Proof By lemma 3.0.8, we have that F(f) # (. Also define T': D — PB(D) by
Tx = {f(z)}. Then, the proof follows from corollary 4.0.10. u

Theorem 4.0.14 Let E be a strictly convex real Banach space and D be a nonempty,

closed and convezr subset of E. Let T;: D — PB(D) be quasi-nonezpansive and
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continuous with respect to the Hausdorff metric, for all i € N with (;2, F(T;) # 0
and T;p = {p}, for all p € ;= F(T;). Suppose T;(D) is contained in a compact set
K for alli € N. For any xo € D define a sequence {x,}, iteratively, by

Tpy1 = /\Oxn + Z /\iui,na Ui € ﬂxn) n 2 Oa (405)

i=1
where \; € (0,1),i € NU{0},> 2 \; = 1. Then {x,}, converges strongly to a

common fized point of T;’s.

Proof Since {z,,},>1 € c(K U {x¢}) which is compact by lemma 3.0.7 and the
fact that finite union of compact sets is compact, we obtain {z,, }x C {zn}n>1
such that x,, — 2* € co(K U {x¢}) C D. This implies dy(T;xn,,Tx*) — 0.
Indeed, since the corresponding sequences {u; ,, }x C K, it follows that there exists

{umkj }i € {win, i such that Uiy, — w;* € D. Let w;* € Tyx* such that |w;* —

w*|| = inf ||lu; — u;*|| (such a w;* exists, since T;z* is proximinal for each i, by

u; €T;x*
assumption). Hence,

i =l < inf s = i ||+ N, =

N UiESflEffnkj uzlel%’zz* Huz UZH + ||ul,nk], U; ||

Letting j go to infinity, we have ||w;* —u;*|| = 0. Hence u;* = w;* € T;x*. Therefore,
oo [e.9]
l’nijrl = )\O»nkj .C(}nkj + Z /\i,nkj umkj — )\ox* + Z )\Zuz*
i=1 i=1
Thus, {z,}, clusters at * and Xoz* + >~ Au;*. By lemma 3.0.6(3), we have that

= [l=" = pl|.

Ao(2" —p) + Z Ai(wi™ —p)
i=1

Also, by lemma 3.0.3 and definition of quasi-nonespansive multivalued map, we have
that ||u;* — p|| < ||z* — p||, for each i € N. Again by lemma 3.0.6(3). Since F is
strictly convex we have by lemma 3.0.4(2) that 2* —p = w;* —p for all . This implies
t* = u;* € T,o*. Thus, z* € (2, F(T;) and so Tjz* = {z*}. Using lemma 3.0.6(2)
we conclude that z,, — 2*. Hence the sequence defined above converges strongly

to a common fixed point of T;’s. ™
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