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ABSTRACT

Let X be a Banach space and A : D(A) C X — X be an unbounded linear operator on X.
We study the concept of Cy—semigroup of contraction on arbitrary Banach space X and give
the two characterizations of A called infinitesimal generator of Cy—semigroup on X namely,
Hille-Yosida and Lumer Phillips characterizations. In the later part, we apply the approach

of Cy—semigroups to some partial differential equations with boundary conditions.



ACKNOWLEDGEMENT

All thanks be unto God for His Grace and wonderful work that He has begun in my life, may
His name be highly exalted forever (Amen), I will first of all want to express my unreserved
gratitude to my efficient Supervisor Professor Khalil Ezzinbi who has dedicated his time
and effort to put me through this thesis in terms of motivation, corrections, consistent
attention and guidance. I also use this medium to appreciate Professor Babatunde Rabiu
for his fatherly love. Posterity will judge me if I refuse to acknowledge my parents Mr and
Mrs Isedowo for their care and love towards me in all ramifications. I appreciate the efforts
of my sisters; Mrs Olajide Owoyomi (and her husband) and Miss Isedowo Temitope.
I also appreciate my indefatigue Head of Department Dr. Abdulmalik Usman Bello and
other distinguised lecturers that I have had the opportunity to learn from. I wish to thank
specially my friend Adegboye Omololu Ebenezer. I will not also forget to appreciate all
coursemates and friends especially my room mate Mr Chrisobor, Daudjuman, Kum,
Mr. Isaac for the moments we all spent together. May God reward you all abundantly.
Finally, I would also like to thank specially the African Development Bank (AfDB) for

the postgraduate scholarship award.



DEDICATION

This thesis is dedicated to the Holy Spirit, my family (present and future), commencement

of a future career in Mathematics and world of Mathematics at large.



Contents

INTRODUCTION

Co—SEMIGROUPS

2.1 More Examples of Cy—semigroups and their generators . . . . . . . .. ...

HILLE-YOSIDA THEOREM

3.1 Yosida Approximation . . . . . . . . ...

LUMER-PHILLIPS THEOREM
4.1 Dissipativeness . . . . . . . .. e e e e e e e
4.2 Maximal monotone operators on Hilbert spaces . . . . ... ... ... ...

4.3 Examples of Maximal Monotone Operators . . . . . . . ... ... ... ...
4.4 APPLICATIONS . . . . . .

4.5 CONCLUSION . . ..o e



Chapter 1

INTRODUCTION

Semigroup theory is an important concept in the study of evolution equations which are of

the form

du(t) B

U(O) =uy € X

where X is a Banach space with A an unbounded linear operator on X and D(A) (domain of
A) dense in X. In solving 1.0.1, we consider a family {7'(¢) };>o of bounded linear operators

on X called semigroup with the following properties

1. T(0) = I (I :Identity operator on X)
2.T(t+s)=TH)T(s) V t,s >0,

3. imT(t)xr =z for all x € X.

t—0t

Under proper assumptions on A, we write the solution u(t) = T'(t)zo, zo € X. Since A is a

linear operator, we define

D(A) = {reX: lim W=t

exists in X},
t—0+t

. Ttz —x  dTT(t)z
Axr = tl_1>%1+ ; =— li=o for all x € D(A).

A is called the infinitesimal generator of (T'(t)),s, -

In the first chapter, Cy—semigroups are introduced with some properties and examples. The
next two chapters discuss two characterizations of infinitesimal generators of Cy—semigroups;

Hille-Yosida first and then Lumer-Phillips. The fourth chapter contains the application



of Cy—semigroups to some partial differential equations on suitable defined spaces with

boundary conditions.



Chapter 2

Co—SEMIGROUPS

In this chapter we start with the introduction of strongly continuous semigroup called
Co—semigroup on a Banach space. We state some definitions and properties with their

respective proofs.

Definition 2.0.1. A semigroup T'(¢t) , 0 < t < oo on X is called a strongly continuous
semigroup if lim+ T(t)x =z for all z € X. It is called a semigroup of class Cy. It is hereby
t—0

necessary to give some theorems about this class of semigroup.
Example is T(t) = !4, A € L(X).

Claim: (T'(t))t>0 is a Cy — semigroup , we give the following lemma

Lemma 2.0.2. Let B, C € L(X) such that BC = CB , = eP+t¢ =B . ¢
e 1(0) = Iy (Identity)
e By lemma 2.0.2 , T(t +s) =T(t) oT(s) for all s,t >0

e For the continuity, e'* = > ©4°, the series > ©4~ is uniformly convergent on R,

n>0 n>0

. ) tnAn

= lime!* = lim =1y

t—0 t—0 n!
n>0

n— oo

Theorem 2.0.3. Let (T'(t))i>0 be a C,—semigroup then , there exist constants o > 0 and
M > 1 such that

|T()]| < Me* for all t €RT.

Proof:
We show that there is n € 10, 1] such that

Sup [|T(t)]| < oo.
te[0,n]



Assume by contradiction, that for all n = % €0,1] with n € N, there exist t, 6]0,%]
such that ||T(t,)|| = +oo. By uniform boundedness principle, there exist x € X such
that SgOpHT(tn)a:H = o00. And t — T(t)x is continuous at 0, then there exist (t,,)i>1
such zl;at |T(tn,)x]| — 0 as t,, — 0. Hence we have contradiction. Thus there exist

n €]0,1] such that Supl||T(t)|] < oc.

te[0,n)
Let M = Sup||T(t)]|, since T(0) =1, ||T(0)||=1, M > 1. Let a = n~tlogM > 0. t > 0,
we have ttjov’:% + 0 where 0 < 6 <.
Then,
1 T@) [|[=) T+ 6) =11 TO)T ()" <[ T [ T(n) |
S T() 1< M-
Since N = % < %

S| T@) |< M-M™ < M- M7 = Me*.

Corollary 2.0.4. If (T(t))>0 is a Cy semigroup, then for all x € X, t — T(t)z is a

continuous function on RT.

Proof:
Let t, h >0,
[ Tt+h)z—THz | < T TRz —= ||
< Me* | T(h)xr—z]|—0 as h—0
and also,

[Tt —hz=TAz | < [TE=h)[lz=T(h)z]
< Me*||z—T(h)z|—0 as h—0

this shows that t — T(t)z is continuous.

Theorem 2.0.5. Let (T'(t))i>0 be a Cy semigroup and A its infintesimal generator. Then
i.
1 t+h
for all x € X, lim—/ T(s)xds =T(t)z.
h—0h J,
1. . .
for all z € X,/ T(s)xds € D(A), A (/ T(s)xds) =T(t)x — .
0 0

3. for all x € D(A),T(t)xr € D(A) and

d
97ty = AT = T() A,



. for all x € D(A),

Ttz —T(s)x = /St T(r)Azdr = /: AT (r)xdr.

Proof:

i. This is trivial from the continuity of ¢t — T'(¢t)x for all z € X.

ii. Let x € X, h > 0 and [, T(s)ads € D(A),

T(h) — I

- /OT(s)xds = 1/0 (T'(h)T(s)x — T(s)x)ds (limit withheld)

h
_ /0 (T'(s+ h)x —T(s)z)ds

h
1 t+h 1 t
= E/h T<S)xd8_ﬁ/0 T(s)xds
1
h

t+h 1 h
/ T(s)xds — —/ T(s)xds — T(t)x — x.
t h 0 h—0

But }IZ%M [T (s)xds = A (fg T(s)xds), by uniqueness of limits,

A(AH@W@):T@x—x

iii. Let x € D(A), h > 0,

Therefore, T'(t)x € D(A) and AT (t)x = T'(t) Az

+
= Ccli—tT(t)x = AT (t)x =T(t)Ax (Right Derivative).

Since t — T'(t)z is continuous, then ¢ — T'(t)x for all z € X is a C'! function on Rtand
LT (t)x = AT (t)x.

iv. Integrating from s to t for all x € D(A),

/ T(r)Axdr = / C%T(r)xdr = [T(r)z)—! = T(t)x — T(s)z.

Corollary 2.0.6. If A is the infinitesimal generator of a Cy semigroup T(t) , then D(A) is

dense in X and A is a closed linear operator.

Proof:



Let v € X, set x,, = nfO% T(s)xds from Theorem 2.0.4 , x, € D(A) VYV n > 0. Also let

zr, — x € X, therefore D(A) = X,
n—oo

Let (z,y) € G(A) where G(A) is the graph of A, then there exist (x,)n>1 C D(A) such that
(T, Axy,) — (2,9).

By Theorem 2.0.4, we have
t
T(t)x, —x, = / T(s)Ax,ds.
0

Claim: fot T(s)Ax,ds — f(f T'(s)yds uniformly on bounded interval .
- n—oo

|| / T(s) Atz ,ds — / T(s)yds| < / IT(s)( Az, — y)||ds

IA

t
/NeO‘SH(Axn—y)Hds
0
< Ne*t||Ax, —v)|.

Since Ax,, — y, then
t t
/T(S)Axnds — | T(s)yds.
0

n—oo 0

Our claim is true. But T'(t)x, —x, — T(t)x — x , from uniqueness of limits,
n—oo

Tt)r —z = /OtT(s)yds. (2.0.1)

Dividing 2.0.1 by t > 0 and letting t — 0, = x € D(A) and Ax =y from Theorem 2.0.4n

Theorem 2.0.7. Let (T(t))i>0 and (S(t))i>0 be C, semigroups of bounded linear operators
with infinitesimal generators A and B respectively. If A = B, then T(t)x = S(t)x for all
t>0.

Proof:

(T'(t))i>0 is a semigroup and A its infinitesimal generator

_ -
for all x € D(A) = D(B), Ar = lim Tt —x _d T(t)x'
t—0+ t dt

(S(t))e>0 is a semigroup and B its infinitesimal generator

_ +
for all x € D(B) = D(A), Bx = lim St)r —x _ d S(t):n.
t—0+ t dt

If Av = Bx for v € D(A) = D(B), then

Tt)r —x = /OtT(s)Axds = /OtT(S)BiL‘dS =S(t)r — x.

10



d*T(t)x  dTS(t)x

= & for all © € D(A) = D(B).

Since D(A) = X from Corollary 2.0.5 and due to the continuity of (T'(t))i>0 and (S(t))i>0,we
have T(t)x = S(t)x.

Let A be the infinitesimal generator of the Cy semigroup (T'(t))i>0. Then [ D(A™)is dense
mn X. =

Proof:

Let © be the set of all infintely differentiable compact supported functions on RT.

Forallx e X ;¢ e,
/ W(s)T(s)xds

i1 >0, then
T(h;l—]y B h (/ " xds)
_ / ¢(s)( 5+h)h T(S)x)ds
}%T(hz—fy B / s %ﬁ%( s+h)i—T(s)x)d8
_ /0 D(s)T'(5)ds
= (T't)z, ¥(t))
= (T(t)x ’(t)>
_ / W ()T (5)ads
Therefore

Ay—/ P'(s)T'(s)xds.

peD =YW eD,
/ Y ()T (s)zdsVn > 1

=y e[ DA,

n>1

LetY ={z(¢) 1z € X, € ©} , thenY C (| D(A").

n>1
We need to prove that Y is dense in X. Assume by contradiction that Y is not densed in

X, by Hann-Banach’s theorem, 3 a function z* € X*, 2* # 0 such that 2*(y) =0V y €Y
and then

/w )2* T (s)xds = z* (/ (s :cds):O‘v’xeX,wECD

11



= s — z* (T'(s)x) vanish identically on [0,00[ . Thus, for s = 0,2*(z) = 0. It holds for
every x € X and 2* = 0 (Contradition).q

2.1 More Examples of C\;—semigroups and their gener-

ators

1. .Let X = C4(R) = {f : R — R continuous such that ¥ M > 0,3 ¢ > 0 : |f(z)| <

M VYV z € R\ [—¢,(],} endowed with the supremum norm
let V' : R — R continuous where V' is endowed with the supremum norm.

The operator M, f =V - f with domain D(M,) where D(M,) ={f € Ci(R) : V- f €

C1(R)} and (T,(t)):>o0 is a semigroup where T, (t)f = e f.

Claim : (T,(t)) is a Cy — semigroup

e T,(0)f=€'f=f=T,0) =1,

o for all s, >0,
Ty(s+1t)f =Gt f = evse’ f = T, ()T, (t) f.
Also, lim T, = lime"'f=1f= lim 7, = f for all R).
so, T Ty()f = lim e"f = 1 = f = T T,(0)f = f for all f € C1(R).c

2. X is a Banach space of bounded uniformly continuous function on R* with supremum

norm. For all f € X define

(T()f(s) = f(t+s) s,t € RT

Then (T'(t))i>0 is a Cy—semigroup with

Af:% and D(A):{fEX:%EX}.

12



Proof: X = BUC(R*,R) provided with the supremum norm

Let T(t) : X - X

f=T@)f
where (T'(t)f)(s) = f(t+s) t,s >0.

Claim 1: (T'(t))¢>0 is a Cy — semigroup on X

i. T(0) = Id

ii. (T(t+s)f)(7)=ft+s+7)

T@)(T(s)f)(r) = (T(s)N)t+7)
= f(t+s+71)

Hence T(t+s)=T(t)oT(s) for all t,s>0.

iii. For the continuity,

[ T@)f = fl = Sup[f(t + s) = f(s)].

s>0
Since f is uniformly continuous, then for all € > 0 3 § > 0 such that |t; — t] < 0 =

£ (1) = f(t2)] <€

Take t; =t + s and ty = s, then if

0<t<o = foral s>0,|f(t+s)— f(s)|<e

= Sup|f(t+s)— f(s)| <e

s>0

= |T@)f(s) = f(s)] — 0.

t—0

It is worthnoting that not every (7'(t)):>o is given by an exponential function.

Claim 2: There does not exist A € £(X) such that T(t) = 1. Assume that there exist
A € L(X) such that T(t) = et = 4T(t) = Le'4 = Ae'4. To prove this claim, we give a

lemma that will be used in the process of proving it.

Lemma: Let p :Ja,b|— X be continuous such that D*p (right derivative) exists and is

continuous on Ja, b[, then p is a C* function on |a, b|.

13



Let f € X such that

Then for all s > 0,

But

— DT f(s).

t—0t

f{t+s) = f(s)
t

Hence, (Af)(s) = (DT f)(s) (Uniqueness of limit). By Lemma, we get that f is a C* function
and Af = f', then D(A) C{feC'nX:f e X}

For the converse, let f € C' N X such that ' € X,

rs-1

L1 = |

f(t+8i_f(s) _f/(s)l
flt+s)— f(s) —tf'(s)

~

Let p(t) = f(t+ s) — tf'(s), by Mean-Value theorem,

And,

p(t) = p(O)] = |f(t+5) —tf'(s) = f(5)]

< tSup|f(t+s)— f'(s)

s€0,t]

t — —tf’
Sup\f( +5) = fls)—tf (S)] < Sup Sup|f'(t+s)—f'(s)| —> 0 since [ is uniformly continuous.
520 t $>0 s€[0,] t—0

= D(A) C{f e C'nX : f' € X} and the equality follows. This cannot be possible because

Af = f"is not bounded on X. Therefore there does not exist A € £(X) such that T'(t) = e'4.

Claim 3: Let A be defined by D(A) C {f e C'NX : f' € X},Af = [ then, A is the

14



infinitesimal generator of (7'(t)):>o. Infact, let f € D(A), there exist g € X such that

lim
t—0t

T~ f _ .
o —A=e

N (T(t)f)(s) — f(s) — (Af)(s) = g(s).

t t—0t

But, w — % , hence % = g(s) for all s > 0, = f is a C' function and
t—0

f'=gno

15



Chapter 3

HILLE-YOSIDA THEOREM

The next natural question is to see if an unbounded operator on X is the generator of a
Co—semigroup. The following theorem is central in the semigroup theory hereby provid-
ing a clear answer to this question. This characterizes the infinitesimal generator of a

semigroup.

Definition 3.0.1. Let (T'(t));>0 be a Cp—semigroup, since ||T(t)|| < Me*, M >1,a >0
i. if « =0, T'(t) is uniformly bounded.

ii. if @ =0and M =1, T(t) is called Cy—semigroup of contractions.

If A is a linear (not necessarily bounded) operator in X, the resolvent set of A, denoted by
p(A) defined as p(A) = {\ € C: X\ — A is invertible}. R(\: A) = (M — A)"1, X € p(A) is

called the resolvent of A.

Theorem 3.0.2. A linear (unbounded) operator A is the infinitesimal generator of a Co—semigroup

of contractions (T'(t))i>o0 , if and only if

i. A is closed and D(A) = X.

ii. p(A) 2J0,00[ and V A > 0,[[R(X: A)|| < 1.

Proof:

Assume A is the infinitesimal generator of a Cy semigroup ,by Corollary 2.0.4, it is closed

and D(A) = X. For A\> 0 and x € X , let R(\)x = [;° e MT(t)xdt.

Since t — T(t)x is continuous and uniformly bounded, R()\) defines a bounded linear opera-

tor. That is ,

IR0Vl < [ el
0
< ol [ et since (T (0] < [])
0

1
— Sl

16



For any h > 0,

—~ _—R\z = Th) =1 /0 OOe‘”T(t)xdt

1 oo
- / e (T(t + h)e — T(H)z) dt
0
1 [ 1 [
= —/ e"“T(t%—h)xdt——/ e MT(t)zdt
h Jo h Jo
1 [~ 1 [~
= —/ e_’\(t_h)T(t)xdt——/ e MT(t)zdt
h Jh h Jo
1 [ I I
= —/ e_k(t_h)T(t)xdt——/ e_k(t_h)T(t)xdt——/ e MT(t)adt
h Jo h Jo h Jo
1 00 1 h
= 7 (e =R — ™M) T(t)wdt — E/ e AN T (1)t
0 0
Y o0 A h
= / e M (xdt — — | e MT(t)adL.
hJo hJo

Taking limit h | 0, R.H.S = AR(A\)xz —T(0)z = AR(\)z — =,

= forallz € X and A\ >0, R(A\)x € D(A) and
AR(\) = AR(\) — I
= AR(\) — AR(\) = I
= (A= ADR(\) = I.

Also , for all z € D(A), we have

R()\)Ax:/ e_’\tT(t)Axdt:/ e MAT (t)xdt
0 0

_A ( /0 h e‘”T(t)xdt) — AR(\)z.

Therefore , since A is closed , R(A\)(A — Al)x = x for all x € D(A).

Thus, R(A) is the inverse of A\l — A VA > 0, hence conditions i. and ii. are sufficient for A

to be the infinitesimal generator.

Lemma 3.0.3. Let A satisfy conditions i. and ii. and R(\: A) = (\[ — A)™". Then

lm AR(A: A)z =2x for all x € X.

A—00

17



Proof:

Let x € D(A),

AR\ : A)x —z| = ||AR(\: A)z||
= [[R(A: A)Az|
< RO Al Az]

1
< sllAzll — 0.

We have that AR(\ : A)x — x for x € D(A),
Let € > 0,y € X, by density of D(A) , 3 © € D(A) such that ||z — y|| <e.

Now,

[AR(N - A)y — v

IN

IAR(A: A)y — AR(A : A)z|| + AR : Az — || + ||z — |

IN

ly =2l + IAR(A = Az — zf| + [z — y]|

< 2e+ ||ARN : A)z — z|].
But ||AR(A: A)z — x| < € for A > Xy (z € D(A)), then we have
INROA: Ay —y|| < 3e for A > X

which means that AR(\ : A)y Yo
—00

3.1 Yosida Approximation

Now, define Yosida Approximation of A by
Ay =AMAR\: A) = N*R(\: A) — M for all X\ > 0.
Also,
lim Ayz = A1i_>no1o)\AR()\ cA)r = lim AR\ : A)Ax = Az for all x € D(A).

A—00 A—00

Lemma 3.1.1. If A, is the Yosida Approzimation of A, then Ay is the infinitesimal genera-
tor of a uniformly continuous semigroup of contractions e*. And, for all x € X A\, ju >0
, we have

||etAAx — ety

| < t||Axz — Ayl

18



Proof:
Ay is obviously a bounded linear operator and thus is the infinitesimal generator of (€"*);q
Therefore ||6tA* || _ ||et(>\2R()\:A)—)J) || _ ||€—)\t€t(/\2R(>\:A)) ||
_ e—AtHet()\QR()\:A))H < e—)\tet)\2||R()\:A)H
< e MtA(R) oM 0

Therefore et4* is a semigroup of contractions.

Also, it is clear that e e Ay and A, commute with each other. Then,
1 d
HetA/\l’ . etA“IH _ H s (etsAAe(lfs)A#x) dSH
o ds
1
< / t]| (Axz — A,z) el 1= || ds

0

IN

1
t|| Ay — AMZL‘H/ ||et5AAet(1_s)A“||ds
0

IN

1
tl Ane — Az / 1ds = t]| Awe — Ay o
0

Continuation of Theorem 3.1 (Sufficiency):

Let z € D(A),

etz — ezl < t]|Avr — Az (3.1.1)
t||Axe — Az|| + t|| Az — A,z

N

Claim1: For z € X, )\lim ey = T(t)x for all t > .0
— —00

Proof: Let z € D(A), by 3.1.1 and Yosida Approximation, we have (e/4*z),~( as a Cauchy

sequence for all x € D(A).

Thus, given € > 0,3 §(e) > 0 such that

le" e — e || < g’u >0, for all w & D(A).

Let lim e = T(t)x,

A—00

Since D(A) is dense in X, for z € X,e >0 Jy € D(A) such that |z —y[| < 5.

19



Then, we have

e — ] <[l — iy 4 [ty — ey 4 ey — | for all A > o
€
< e =yli+ 35 +ly—2ll
< E+£+E:e for all X\ > 6.

3 3 3

Hence, (e z),s0 is a Cauchy sequence for all x € X, since x € X is arbitrary chosen.
Also,|let>|| < 1 for all t > 0, we then get /\lim ey = T(t)x for all x € X. Obviously,
—00

= ez converges as A — oo and is uniform on bounded intervals.

Since D(A) is dense in X and || ]| < 1, then

lim ez =Ttz ¥V € X.

A—00

Obviously , (T'(t))i>o satisfies the semigroup property and ||T'(¢)|| < 1. Also, t — T'(¢t)x is

continuous V ¢ > 0 as the uniform limit of the continuous functions t — et4rz.
Therefore, (T'(t))i>0 is a semigroup of contractions on X.
Claim: A is the infinitesimal generator of (T'(¢)):>o.

YV x € D(A),

t

t
T(t)x —x = lim (M2 —2) = lim [ e adyads = / T(s)Azds.
0

A—00 A—00 0

Therefore,

_ ¢
lim Mz -z = lim1 T(s)Axds ¥ x € D(A).

t—0+ t t—0tt Jo

Hence, A is the infintesimal generator of (7'(t))i>0.0o

From the preceding proof, if A is an infinitesimal generator of Cy semigroup of contractions
T(t) and A, is the Yosida Approximation of A, then

T(t)r = lime™Mz V z € X.

A—00

Also, the resolvent set of A, p(A) 2 {A: A > 0} and for such A

1R A <

> =

Claim: A is unique.

Let C' be the infinitesimal generator of (T'(t)):>o. We claim that C' = A. Let x € D(A),

t
My — g = /GSAAA)\J?CZS.
0

20



As A\ — oo,

_ 1 [t
= Tt)e—= = —/ T(s)Axds
t t /)
= Cxr = Ax.

Hence, D(A) C D(C). Now. we show that D(C)

N

D(A), since C' is the generator of
(T(t))tZ(); then 1 € ,0(0)

(I —C)D(A) = (I —C)D(C) = X

(I -C)'X =D(A) = D(C)

then A =C.
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Chapter 4

LUMER-PHILLIPS THEOREM

In the previous chapter, we show the Hille-Yosida characterization of the infinitesimal gen-
erator of a Cj semigroup of contractions. Now in this chapter, we discuss another charac-

terization of infinitesimal generators. hence, the need to define some preliminaries.
4.1 Dissipativeness

We state and prove an important theorem that is crucial in this chapter.

Definition 4.1.1. A linear operator A is dissipative if ||(AI — A)z|| > A||z|| for all z € D(A).

Examples of Dissipative operator

1. X =P ={2=(22)n>0 CR:> |7,]? < 00}. Let (a,)n>0 C R™ and define

n=0

A:DA) CP?—

let © = (2p)n, Az = (apry), and D(A) = {(zp)n € 7 : (anzn)n € I°}.
Then, A is dissipative.

Proof

Let A > 0,then
I = Azl = N[|z|* = 2{\z, Az) + || Az|*.

Since (Ax, Az) = > an)\,22 < 0ifa, < 0. Therefore [|[(A\[—A)x||? > N?||z||* which implies ||(A\—
A)x|| > A||x|| for all z € D(A).

2. Q is smooth and open in R, m : & — R~ a measurable function. L?*(Q) = {f : Q —
R"™ measurable : [, f* < co}. A: D(A) C L*(Q) — L*(Q) be defined by Af = mf
and D(A) = {f € L*(Q) : mf € L*(Q)} then A is dissipative.
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Proof

For X\ >0,then

I =A)FI7 = NIFI =200, AF) + [AFIP = X¥[IFI*.

Hence [[(AL — A)f|> = X[ f[|* == [[(A = A)fIl = Al £l

Theorem 4.1.2. (Lumer-Phillips): Let A be a linear operator with dense domain D(A),
if A is dissipative and 3 Ng > 0 such that the range R(AI — A) of \ol — A is X, then A is

the infinitesimal generator of a Cy semigroup of contractions on X.
Proof:

i. Let A > 0,by Definition 4.1.1 ,|[(AM —A)x|| > M|z|| V z € D(A). Since R(AI —A) =
X, it follows that with X = Xg, (Ml — A)™! is a bounded linear operator and hence closed.
Also, M\l — A is closed and therefore A is closed. If RN — A) = X V A > 0, then

p(A) D Rtand |R(\ : A)|| < % Consequently, A is the infinitesimal generator of a Cy

semigroup of contractions on X by Hille-Yosida Theorem.

To complete the proof, it remains to show that R(A] — A) = X V XA > 0, consider the set
O={A:XeR" and RN —A) = X}. Let A € ©,\ € p(A) (obuviously). Since p(A) is
open, 3 a neighbourhood O of X such that O C p(A) and O NRT C O. Hence, © is open.

Also, let A\, € ©, N\, = A > 0. For everyy € X 3x,, € D(A) such that \,x, — Az, = y.

)‘nuan < [T = A)zy ||

= vl
= llzall < AL Iyl

< ¢ (¢>0).

Now

AnllTn = 2|l < [ Am(Tn — 2m) — A(Tn — 2m) |-
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Since, \pyx, — Ax, =y and \,,, — Az, = v,

= M2, — Az, = Apxoy — Az,
= My — ATy = Az, — z)
Therefore Apllzn — zm| < || Am(@n — 2m) — Aan — A ||
= [ AnZn — Ayl

= A = Anllllzal

IN

cllhn — Amll-
Hence, (z,) is Cauchy. Let x,, —> x, then
Ax, — \r —y.

Since A is closed, x € D(A) and A\x — Az =y, then R\ — A) =X and X\ € ©. © is closed

and open in ]0,00[ , © # ¢ since A € © and |0, 00| is connected, then © =|0, co.

4.2 Maximal monotone operators on Hilbert spaces

Definition 4.2.1. A linear unbounded operator A on Hilbert space H is said to be mono-
tone if for all x € D(A), (Az,z) > 0. A linear unbounded operator A on X is said to be
maximal monotone if it is monotone and 3 Ay > 0 such that R(A\o/ + A) = H that is

V feH Ize DA z+Ax=f.
Theorem 4.2.2. In Hilbert spaces, a linear operator —A is dissipative if and only if A is

monotone.

Proof: Let A be an operator on Hilbert space H. If A is monotone then,

I+ A)z® = Mz|® + 22Xz, Az) + [|Az]?
= |+ A)z|® = Mz|® (2, Az) > 0)

= [|[(M+ A)z|| > A||z|| for all A >0 and x € D(A).

This implies that —A is dissipative.
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Now for the converse, A is maximal monotone = — A is the generator of a C, semigroup of

contractions. Infact, A is maximal = D(A) = H. By Lumer-Philipps’theorem, we get that
—A is the generator of a C, semigroup of contractions on H. Therefore —A is dissipative.

This motivates the next definition.

Before we give examples of maximal monotone operators, it is necessary to state two theorems

that will be used in proving the examples.

Theorem 4.2.3. (Green’s formula): Let Q) be smooth , u € H*(Q) and v € H*(Q) where
H*(Q) ={u € L*(Q): D*u e L*(Q) for a € N": |a| <2} ,Then

—/UAU dx = /VU-VU—/ @m do,
Q Q a0 On

@
on

=Vu-n where n is the unit normal vector over Of).

Theorem 4.2.4. (Lax-Milgram’s Theorem): Let H be a real Hilbert space and a :
H x H — R be bilinear, continuous and coercive. let f € H (topological dual set of H),

Then I v € H such that

a(u,v) = (f,v) for all ve H.

Remark: a is coercive if Ja > 0 such that a(u,v) > alul? for all u € H.

4.3 Examples of Maximal Monotone Operators

1. Laplacian Operator with Dirichlet boundary condition

Let 2 be smooth and open in R". —A : H*(Q) N H} () — L*(Q) defined by

then —A is maximal monotone.

Proof: L*(Q) = {g : @ — R™ measurable : [,g* < oo} and H*(Q) = {g € L*(Q) :

9 92 .
aﬂ‘?fl” 61‘1(;;3] e LQ(Q> v Z)j - ]., ..... 7n}_
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Hence A = —A, D(A) = H*(Q) N H}(Q),

(u, Au) = / u(—Au)

— /Vu Vu—/ —-u do (Green's formula)
a0 071

- / IVul? (u Jan=0)

v

Therefore A is monotone.

Now, we show that R(I —A) = L?(Q2), that is for all f € L?(Q) there exists u € H%(Q)
such that u — Au = f. Since u |go= 0, u € H}(Q) where H}(Q) = {u € HY(Q) : u |sgo=
0}.

Claim: HJ () is a Hilbert space.

H{ () is closed since Hy () = D(A)| g1 (q),and H, () is provided with a norm defined

as

3
il = ( / |Vu|2) .
Q

It is complete.

The inner product is given as
(W, V) i) = /QVU - Vodz.
Let a(-,-) : H3 () x H3(2) — R be defined as
(u,v) — a(u,v) = /QVu - Vo + /qu for all u,v € Hy ().

Then a is continuous, bilinear and coercive (because a is exactly the inner product in

H(4)).

Claim: L € (H'(Q)) where
L:HY(Q) —R

v—>L(v):/Qvf
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/Qvf < ollza@ 1/ lz2@) < lvlm@llf e = F € (HY(Q)).

Hence, L € (H'(Q)), by Lax-Miligram’s theorem, 3! v € H}(Q) such that a(u,v) =
(f,v) Vv e H})Q), f e L*N). Therefore, V f € L*(Q) 3 v € H*(Q) N H(Q) such
that w — Au = f and then R(I — A) = L?*(2). Therefore A is a maximal monotone

operator.n

2. Laplacian Operator with Neumann boundary condition

Let €2 be a smooth and open set in R". —A : D(A) — L*(Q) defined by

D(A) = {ue€ H*(Q): — =0}.

Then —A is maximal monotone.

Proof:

(11, Au) :!/ w(—Au)

= /Vu Vu — —-u do (Green's formula)
a0 0

_ /HVH2 9 on 09

>

Therefore A is monotone.

Define a(-,-) : HY(Q2) x H'(Q) — R be defined as
a(u,v) :/VU-VU+/ wv for all u,v € H(Q).
Q o0

a(u,v) is continuous, bilinear and coercive (from the previous example), hence by Lax-
Miligram’s theorem, 3! u € H?(Q) such that a(u,v) = (f,v) Vv € H*Q), f € L*(Q).

Then, R(I — A) = L*(2). Therefore A is a maximum monotone operator.

27



4.4 APPLICATIONS

Now, we discuss how the Cj—semigroups solve some partial differential equations.

Theorem 4.4.1. Let A be a linear unbounded operator on a real Hilbert space. A generates

a Cy—semigroup of contraction if and if only —A is mazximal monotone.

Heat Equation

1. Consider an heat equation on {2 an open bounded set of R" with smooth boundary

and with Dirichlet’s condition given as follows:

E—Au:O on 2 x[0,00] (4.4.1)
u(t,z) = 0,t>0,2 € 0N

u(z,0) = ug(z) on Q,ug € L*(Q).

Rewriting equation 4.4.1 in evolution form,

du(t)
Au(t) = 0,t>0
dt () )
U(O):U()EX

For uy € H%*(Q) N H} (), there exists a solution u(z,t) = [T(t)ug)(z) that satisfies

equation 4.4.1

We have the form 24+ Au = 0 where A = —A. The suitable defined space is X = L*(Q)
with || - || 12 and D(A) = H?*(Q) N Hy(Q2). From example 1, it has been proved that
A = —A is maximal monotone, hence by Theorem 4.4.1 | A generates a Cy—semigroup

of contractions on L?(2).

2. Consider a heat equation on {2 an open bounded set with smooth boundary and with
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Neumann’s condition given as

% —Au=0 on Qx]0,00] (4.4.2)

0
—_ = > Q 4.4.
anu(t,x) 0,t>0,x2 €0 (4.4.3)

u(z,0) = ug(z) on Quy € L*(Q)

Also, the suitable defined space is X = L*(Q) with || - || 12(q) and D(A) = {u € H*(Q) :

% =0 on 00}. Then, equation 4.4.2 takes the following form

Z—?—i—Au:O where A = —A.

—A is maximal monotone on example 2, hence A is the generator of a Cy—semigroup
of contractions that satisfies equation 4.4.2. The solution of equation 4.4.2 is given by

u(z,t) = [T(t)uo)(z) for ug € D(Q) = {u € H*(Q) : 2 =0 on 0Q}.

4.5 CONCLUSION

It has been shown with proofs that continuous semigroups of contractions serve as solutions
to some partial differential equations with the necessary conditions satified. Hence, their

importances in the theory of partial differential equations cannot be overemphasized.
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