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" Problems can not be solved by the same level of thinking that created
them™ Albert Einstein
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Preface

This Project primarily falls into the field of Linear Functional Analysis and its
Applications to Eigenvalue problems. It concerns the study of Compact Lin-
ear Operators (i.e., bounded linear operators which map the closed unit ball
onto a relatively compact set) and their spectral analysis applicable to Fourier
Analysis and to the solvability of Fredholm Integral Equations, linear elliptic
Partial Differential Equations (PDEs) with the Dirichlet boundary condition,
Sturm-Liouville problems, and of Optimization problems.

In this work we do :

consider the complexification of real Banach spaces (allowing immediate ex-
tensions of many results on real Banach spaces and their operators to
complex Banach spaces),

present the Riesz-Schauder spectral theory of compact linear operators which
shows that a compact linear operator has a countable set of eigenvalues
having no limit points except possibly 0, and that each nonzero eigen-
value has finite multiplicity.

prove the Fredolhm alternative that states that for every compact linear
operator T' of a Banach space X and every A # 0, T — AI is either
surjective or non injective, (this extends the theory of linear operators of
finite dimensional spaces),

develop the theory of compact linear self-adjoint operators of Hilbert spaces,
which provides the spectral decomposition of compact linear self-adjoint
operators and shows that the norm of any compact linear self-adjoint
operator is the maximum of the absolute values of its eigenvalues,

give examples of compact linear operators which include the Hilbert-Schmidt
operators T : L?(]0,1]) — L?(]0,1[) with kernel k € L*(]0,1[x]0,1[)

v



and defined by f+— T f with

(Tf)(x) = /0 k(x,y)f(y)dy for a.e z €]0,1[ ,

as well as the Green operator K : L*(Q) — L?(2) where © is a non-
empty bounded open set of R"; n € N, and for each g € L?(Q), u = Kg
is the unique weak solution of the Dirichlet problem

—Au = g in
u = 0 on 09,

- and use spectral decomposition to solve a Sturm-Liouville problem.
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CHAPTER 1

FOUNDATION

1.1 Basic notions and results from Functional
Analysis

The purpose of this section is to refresh our minds on some basic fundamentals
required to facilitate a smooth understanding of the study of compact linear
operators and its applications.

Definition 1.1.1. A non-negative function ||-|| on a vector space X is called
a norm on X if and only if

i) |lz|| >0 forevery x€ X  (Positivity).
ii) |lz|]|=0 ifand only if x=0 (Nondegeneracy).
iii)  ||A(@)|| = |M||z]| for every x € X  (Homogeneity).

iv) e +yll < ||zl + lyll]  for every x,y € X  (subadditivity).

A vector space X with a norm || - || is denoted by (X, ||-||) and is called a
normed linear space (or just a normed space).

A sequence (x,)nen of elements in a normed linear space X is called Cauchy
if Ve > 0,3N € N, such that for m,n € N, ||z,, — z,|| <€, m,n >N

A Banach space is a normed linear space (X, || - ||) that is complete in the
canonical metric defined by p(z,y) = ||z — y|| for z,y € X i.e every Cauchy
sequence in X for the metric p converges to some point in X.



Remark. Every normed linear space has a completion [3]

Definition 1.1.2. Let X and Y be K-linear spaces (K =R or K = C). A
map T : X — 'Y s called linear if

TNf+pg) =XT(f) + pT(g) forallf, g€ X, and all N\, p € K.

More generally, we can consider linear maps defined on a sub-space D(T")
of X and with values in Y. The Subspace D(T) C X is called the domain of
T. We denote the image (or Range) of 7" by R(T") and is defined by

R(T) := {y€Y : y="Tuz for some z € D(T) }.

We define the Kernel (or Null space) of T' denoted by N(T') to be the subspace
of X defined by
N(T) = {zeD(T): Tz =0}

T is said to be injective (or one to one ) if N(7') = {0}.

T is said to be surjective (or onto) if R(T) =Y.

Definition 1.1.3. A mapping T : X — Y s called a continuous linear
operator, if T is linear and is continuous at each point in a € X, that is

lim Tx = Ta forallae X.

r—a

The space of continuous linear operators from a Banach space X into a
Banach Space Y is denoted by B(X,Y).

Proposition 1.1.4. [2/
Let X, Y be two normed spaces and Bx be the closed unit ball of X. Let
T:X —Y be a linear map. Then the following are equivalent :

i) T is a bounded linear operator, i.e there exists a constant M > 0 such that
||Tz|ly < Ml||z||x for alxz e X.

ii) T is continuous.

iii) T is continuous at the origin (in the sense that if {x,} is a sequence in
X. such that v, — 0 asn — 0, then Tz, - 0 inY asn — oco).

iv) T is Lipschitz.

v) T(Bx) is bounded (i.e there exists a constant C > 0 such that ||Tz|| < C
for all z € Bx).



Furthermore, B(X,Y) becomes naturally endowed with the operator norm,

Tx Y
= sup Y o ey
vexaz0 |[T]lx  jepx<t

and if Y is a Banach space then so is B(X,Y).

We also recall that every linear operator of a finite dimensional space is bounded.

Proposition 1.1.5. Every bounded linear map between normed linear space
has a unique extension between their completions [4].

Theorem 1.1.6. Given a continuous complex function G on [a,b] X [a,b],

let T be defined on X = Cla,b] at each f by

(Tf)(x) = / Gle,y)[(y)dy for all € [a,b].

T is called an integral operator with the kernel function G. Then T € B(X,Y)
and

b
1711 = mas, [ G )l

Proof.
Firstly, we show that T' is well defined, i.e., for every f € Cla,b], Tf € Cla,b].
Let x1,xs € [a,b], then

b

T (1) — Tf()] < / G, t) — Glam, B)|| £ ()t
< x| Glar,t) — Glan )| f]llb— a)

tela,b]
Since G is continuous on the compact set C([a,b] X [a,b]) by assumption, it
follows that G is uniformly continuous and so we deduce from the above in-
equality that T'f is uniformly continuous. Thus T'f € C|a, b].
The linearity of T" follows from the linearity of the integral.

Now we investigate the boundedness of 7. We have,

b
(@@ < [ GGy (L.11)
and so,
ITfle = mas|THE)] < ma / G, )| a1l

showing that 7T is bounded and

1T < max / G, y)ldy



Hence b
\T|| < M, where M::/\G(x,yﬂdy.

b
- / G, y)ldy.

S is continuous on [a,b] and therefore it attains its maximum at some z, €

[a, b].

Now we define,

G(xo, .
Eosl it G(a,y) #0

0 otherwise

Then the function ¢ is bounded and Lebesgue measurable and so belongs to
Ly([a,b]). Tt follows from the fact that C[a,b] is dense in L;([a, b]) that there

exists a sequence (g, ), of elements of C'[a, b] such that ||g,| = m[ax]| gn(y)] <1
0,1
and (g,) converges in Li([a,b]) to g. Hence we have ,
ITIl = sup [TfIl 2 |Tgal = max|(Tg.)e| > (Tg.)(xo)

I1FI1<1 asz<h

S |T) > (Ton)(ao) = / K (20,9)gn (4)dy —> / K(z0,y)

b b
therefore, 7] = [ Kao.g)g(wdy = [ IK(an.yldy = M
It follows that ||T|| < M. Hence, ’

17N =

Corollary 1.1.7. Given a continuous complex valued function G on

[0,1] x [0,1], let T be defined on X = C|0,1] by

(Tf)(x) = / Gle,y)f()dy, Vf € Cla.d).

Then T is a bounded linear map with

17|l = max/ G, y)ldy

0<z<1

Definition 1.1.8. A map T defined from a Banach space X into a Banach
space Y is called closed if its graph

G(T) = {(z,y): = € D(T)}

is closed in X X Y. In other words, T is closed if whenever x, — x and
Tx, — vy, we have x € D(T) and Tx =y



Remark. Every T € B(X,Y) is closed

Theorem 1.1.9. Closed Graph Theorem
A closed linear map which maps a Banach space into a Banach space is con-
tinuous

Definition 1.1.10. A map T € B(X,Y) is invertible if there is a bounded
linear map T~' € B(Y,X) such that T'T = Ix (the identity of X) and
TT~' = Iy (the identity operator of Y)

Corollary 1.1.11. FEvery continuous bijection between Banach spaces has a
continuous inverse.

Proof.

Let T € B(X,Y). Then G(T) = {(z,Tx) : x € X} is closed in X x Y,
G(T™')={(Tz,x):z € X} isclosed in Y x X

T~ is a closed linear operator mapping Y into X.Therefore T~ is bounded
by the closed graph theorem. O]

Definition 1.1.12. Let A be a subset of a Banach space X. A is said to
be precompact if any sequence of A has a Cauchy subsequence. A 1is totally
bounded if for every € > 0, there exists a finite cover for A of open balls of
same radius €

Definition 1.1.13. A is said to be compact if any sequence of A has a subse-
quence that converges to some point of A.

Remark. A set is said to be precompact in a Banach X if and only if its closure
is compact in X.

Proposition 1.1.14. Let A be a subset of a Banach space X. A is said to be
precompact if and only if it is totally bounded.

Proof.

Assume that A is a precompact subset of X, we show that A is totally
bounded.
Lete>0and z € A )
r€A= Bz e)[ |A#0D
= Ja, € A:a, € B(x,¢)
= Jda, € A:d(az,z) <e

= da, € A:x € B(ag,€) C UB(a,e)

a€A

since = was arbitrarily chosen, we have that A C UB (a, €), using the com-
acA

pactness of A, Jay,as...a, € A such that A C UB(ai, €)= AC UB(ai, €)
i=1 i=1

>



since A C A.Hence A is totally bounded.

Conversely, suppose A is totally bounded, we show that A is precompact
(i.e A is compact).
Let {a,}, C A, we show that {a,}, has a Cauchy subsequence
Case L. {a,,n > 1} is finite
Then there exists nq,..,n, elements of N such that

{an :n>1} ={an,, .., an, }.

Define for each i € {1,..p}, E; :=={n € N:a, = a,,}.

So we have N = (JI_, E;.

Since N is infinite, then one of the sets E; is infinite. Choose iy € {1.,,.p} such
that E;, is infinite.

Since E;, C N, then it has a minimum element. Let m; := min Ej,

For k > 1, myy1 := min{E;, \ {mq, ma...my}}

Clearly, my < my41, Vk € N, also a,,, = ay;, since my € Ej,

{am, }r>1 is a constant subsequence of {a, } which is convergent.

Case II. {a,,n > 1} is infinite.

" 1
For € = 2% > 0, dxy,x9...1,, such that A C UB(xi, ﬁ) since A is totally
i=1

bounded.
m. 1 -
This implies that A C UB(%‘, ﬁ) since B(z;, 55) C B(wi, 5).

22
i=1

_ 1 |
B(x;, ﬁ) since UB(:}:i, ﬁ) is closed.
i=1

=

So A C

1

(2

" 1
It follows that A C UB (i, 5) which implies that

i=1

m 1 -

nfn B 1y o) . nfn A
{an} CLJI (x 2) since {an}, C

1=
Therefore, Jip € {1,2..m} such that B(z;,,3) contains infinitely many
terms of the sequence.

1
[1 = {n eN: a, € B(l’io, 5)}

I, is infinite and for any {a,}ner,, d(an,am) <1 Vm,n € I.

" 1
For 2i > 0,3v,29..0, : A C UB(%’ﬁ) so, Jiy € {1,2...r} such that
i=1

B(x;,, 37) contains infinitely many terms of the subsequence {a, }ner, -

1
Now define I := {n €l a, € Bz, ﬁ)} )

6



I, C I and for n,m € Is,

1 1 1
Iteratively, for any [ infinite we can get I, infinite with Iy, C [; and

VYm,n € I
1
d(an, any) < 5

Given ny choose nyy1 € Iy such that ng, 1 > ng (this is possible because I
is infinite). Now for j > k the index n; belongs tol) (becausel; D I, D I3 D
...is a nested sequence of sets)

Now for k£ < j

d(tny, an,) < d(Cny, py )+ 0 0 A d(Cn,_, an,)
< Gtsmmte - g
= (1+i+ . . 455
< 1

71— 0, ask— o0

{an, }x>1 is a Cauchy subsequence of {a, }.Its convergence is guaranteed by the
completeness X. Hence A is precompact

[

Theorem 1.1.15. (Arzela-Ascoli)[6]

A subset A of the space of continuous functions C(K), where K is a non-empty
compact subset of RY, is relatively compact if and only if the two following con-
ditions are satisfied

i) A is uniformly bounded, i.e there exists M > 0 such that Vo € X,
[f(x)] < MVfeK.

ii) A is equicontinuous i.e Ye > 0, 3§ > 0:

Ve,ye X,z —yl| <d=[f(x) - fy)| <€ VfEK

Definition 1.1.16. An inner product (or scalar product) on a vector space X
is a scalar valued function, ( , ) on X x X such that

i) for each y € X fixed, the functional x+— (x,y) is linear..

ii) (z,y) = (y,z), where the bar the complex conjugation.
iii) (z,z) >0, VzelX.

iv) Ve € X, (x,z) =0 if and only if x = 0.



The pair (X, {, )) is called Pre-hilbertian (or inner product) space.

The function ||-||x = v/{z,x) defines a canonical norm on X.

Definition 1.1.17. A Pre-hilbertian space (H, (-+)) is called a Hilbert space if
it 1s complete when equipped with the corresponding canonical norm.

Definition 1.1.18. Cauchy-Schwarz Inequality and parallelogram
law
Let (x,y) be an inner product on a vector space X.
Then
(@, 9)] < lallllyll for all 2,y € X, (1.1.2)

lz +yll* + lo = ylI* = 2(ll«l® + [ylI*) ~ for all zyeX  (11.3)

Proposition 1.1.19. The polarization identity.
Let X be an inner product space. Then for arbitrary x,y € X,

1 : . : :
(.y) = llz +ylI* = [le = yll* +ille +iy[|* —ille — iy [’} (1.1.4)

where > = —1.

Theorem 1.1.20. Jordan-Von Neumann.
The norm of a normed linear space X s given by an inner product if and only
if this norm satisfies the parallelogram law, i.e, if and only if,

lz+yll* + llz = yl* = 2ll=l* + ly*), Yo,y€X.

Definition 1.1.21. Let H be a Hilbert space and x,y € H. We say that x is
orthogonal to y denoted by x L y if (z,y) = 0.

For M C H, we say that x is orthogonal to M and write x L M, if x is
orthogonal to every vector y in M.

The subset of vectors of H ortogonal to M is denoted by

Mt = {zxeH: v 1 M}
and 1s called the orthogonal complement of M in H.

Proposition 1.1.22. [1] Let M and N be arbitrary subspaces of a Hilbert
space H.Then the following holds

i) M+t is a closed subspace of H
ii) M c M+,
iii) if M C N then Nt c M+

iv) (M)t =M.



Definition 1.1.23. Given a closed subspace M of H, an operator P defined
on H is called the orthogonal projection onto M if

P(m+n)=m, for alm € M andn € M+

Theorem 1.1.24. The projection Theorem
Let H be a Hilbert space and M be a closed subspace of H. For an arbitrary
given vector x € H, there exists a unique vector m* € M such that

llz —m*|| < |lxt—m]|| for allm e M.
Furthermore, z € M is the unique vector m* if and only if
(x —2z) LM.

Corollary 1.1.25. Direct Sum Decomposition
Let M be a closed subspace of a Hilbert Space, H. Then H = M & M*.

Definition 1.1.26. An orthonormal system is a family {p;}ic1 of elements of
H such that (@i, p;) = 0;;, where, §;; is the kronecker delta defined by

(1 =y,
5”'_{0 i 7.

Example 1.1.27.

{eﬂ’m” ;nGZ} is an othonormal system for L*([0,1])

It 1s easy to see that

<6n7 6m> — / 6127rnx6—z27rm;tdx
[0,1]

9 (r— 1 if n=m
— ez27r(n m)wdx _ { '
/[071] 0 of n#m.

Definition 1.1.28. [1] A Hilbert space H is separable if H contains a countable
dense subset. Equivalently, a Hilbert space H is said to be separable if there
exists a sequence of vectors vy, vs, ..., Vg, ... which span a dense subspace of H.

Theorem 1.1.29.
A Hilbert space admits a countable orthonormal basis if and only if it is sepa-
rable.

Theorem 1.1.30. Riesz representation theorem

Let f be a continuous linear form on Hilbert space i.e f € H*. Then there
exist a unique uy € H such that (f,v) = (v,uy) for allv e H.

Furthermore, we have ||f|

e = ||uysllu



Definition 1.1.31. Let X and Y be Banach spaces and T € B(X,Y), define
the dual (also called adjoint) operator as a map T : Y* — X* defined by

T°f = foT

that s,
(T*f)(x) = f(T(x)) foral xe€ X.

T* is called the (topological) dual or adjoint operator of T.

Remark. T* € B(Y™*, X*)

Definition 1.1.32. Adjoint operators on Hilbert spaces
Let T € B(Hy, Hy), the adjoint of T is the unique map T* : Hy — Hy such
that

(Tz,y) = (x,T"y) for allx € Hy and all y € Hy

Example 1.1.33. Let a be a bounded complex valued Lebesque measurable
function on [a,b]. Let

T: Ly([a,b]) — La([a, b])
be the bounded linear operator defined by T(f) = « - f, that is,
(TH(t) = at)- f(t) for ae.tea,b.

For all f,g € Ly(la,b]) we have

(Tf.g) = / (T (gDt = / a(t)f Oyt = (f.ag).

Thus T*(g) = @-g.

Theorem 1.1.34. Let T' : Lo([a,b]) — La([a,b]) be the bounded operator
defined by

b
(TH)(t) = / G(t, 5)f(s)ds

where G is in Ly([a, b] X [a,b]).
For all g € Ly([a, b)),

b
(Tg)(t) = / G5, 1)g(s)ds

Proof.

10



wrg= [ ([ otoses)ima
f

where

1.2 Complexification of real Banach spaces

Many of the classical Banach functions spaces exist in real or complex-valued
versions. Examples are the L,(u)-spaces and C(K)-spaces. Usually one is in-
terested in knowing whether a theory carried for real Banach spaces also holds
for complex Banach spaces (or vice-versa). An approach of solution is given by
the Complexification theory of real Banach spaces. Complexification preserves
norm and allows us to extend all basic notions on any arbitrary real Banach
space to Complex Banach space.

Definition 1.2.1. A complex vector space E¢ is a complexification of a real
vector space E if the two following conditions holds.

a) There is a one-to-one real linear map j: E — E¢
b) complex-span (j(F)) = Ec.

There are, however various alternative concrete descriptions, some of which
include Ordered pair, Tensor and Linear operator descriptions of complexifi-
cation.

Hence T is well defined ,infact T € B({s)

Ordered pair description of a complexification.
If E is a real vector space, we can make E X E a vector space by defining

(x,y) + (u,v) = (x+u,y+v) Vo,y,u,v € B

(a+if)(zx,y) = (ax =Py, fpr+ay) Va,yecE, Va,f€R.

11



Consider the map
j: E — EXE
r +— (z,0).

Clearly,
jAxr+y) = MNj(x)+j(y) forany z,y € E and A € R,
Ker(j) = {z € E:j(x) = (0,0} = {0},

and
Complex — span(j(£)) = E x E.

The map j satisfies the conditions a) C F(T(B)) = F(T'(B))andb)above, andsothiscomplexvec
E®iE.andalsosuppressre frencetojbywrittingz = x+iy for the element z =
(x,y) = j(x)+ij(y).Itisnaturaltowritex=Re z and y = Sm z.
For other two descriptions, we refer to[4].

Definition 1.2.2. Let E be a real Banach space and E¢ := E®iE. (Eg, ||-]|)
is called a complexification of E if (Ec, ||-||) is a complex Banach space, ||-|||p
is the original norm of E (i.e ||z 4+ i0|| = ||z||,Vz € F) and

|z +ayll = |l —iyll Ve,yeE.

Now we might ask the Question: Is there a norm on E¢ which makes E¢
a complex Banach space and induces the original norm onkl ¢
The answer is affirmative and there are infinitely many ways to do so.[4].

Proposition 1.2.3. Let E¢ be a complexification of the real space E endowed
with a norm || - || such that (E,||-||) is Banach. Then ||-||r as defined below
defines a norm on Eg.

|z +iyllr == sup [|(cost)z — (sint)yl]
0<t<2m
All other complexification norms ||-|| on Ec are equivalent to ||-||r. Indeed
llz+ayllr < |le+ay|| < 2llz+iay|llr Va,ye€E. (1.2.1)

Definition 1.2.4. Let E be a real Banach space. We say that a norm on the
complexification E¢ is reasonable if

o) i@l =llzll vzeE
d) |lz+iyll = [lz -yl zyekE

When Ec is equipped with such a norm, we call it a reasonable complezification

of B

12



Proposition 1.2.5. Let E¢ be a reasonable complezification of the real Banach
space E. for any x,y € E we have ||z||g < ||z +iy||g. and ||y||e < ||z +iy|| .

Proof. By property (c),

2|xlle = Iz +iy) + (& — iy)llec < o+ iyl + [z —iylle

An application of property d) gives ||z||g < || + iy]| g,
Similarly we have the other inequality.
O

Proposition 1.2.6. Let E¢ be a complexification of the real Banach space E
For any x,y € E we have,

sup [|(cost)z — (sint)yllz < ||z +iyl|z
0<t<2r

and

|z +iy||p. < (||(cost)x — (sint)y||g + ||(sint)x + (cost)y||g).

inf
0<t<2m
Proof. For each 0 <t <27

lz+iylle. = [le" (z+iy)||e. = [[((cost)z—(sint)y)+i((sint)z+(cost)y)]| e
Using proposition (1.2.5) on the left and the triangle inequality on the right,
we have
l(cos ) — (sin )yl < [ +iyll. and ||z + iyl s < ||(costhz — (sint)ylls +
||(sint)x + (cost)y||s-

Hence, the result follows immediately. O

Let us check verify that || - ||z is a reasonable complexification norm.
i)For any x € E, ||z||r = ||z +i0||r = sup ||xcost — Osint|| = ||z||
0<t<2m

i) ||zcost — ysint|| = ||zcos(—t) + ysin(—t)|| and the function
t — xcost — ysint is periodic with period of 2n for all x,y € E.Therefore,

||z +iy||lr = sup ||zcost — ysint||
0<t<2m

= sup||zcos(—t) + ysin(—t)||
teR

= sup||zcos(t) + ysin(t)]|
teR

= sup ||zcost + ysint]|
0<t<2r

|z +ayllr =z —dyllr

We have shown that property ¢) and d) are satisfied. Hence ||-||r is a reasonable
complexification norm.

Let us also verify the inequality in (1.2.1)

From proposition (1.2.6)

13



llz + iyl < ||z + ]| < o<itn<f2 (||xcost — ysint||g + ||zsint + ycost||g)
< sup |lwcost — ysint||z + sup ||zsint + ycost||p
0<t<2nm 0<t<2m
= 2|z +uyllr
|z +iyllr <[lz+iyll < 2llz+iyllr

The norm || - ||r was first considered by A.Y Taylor [ad]. (Ec,||-||r) is known
as Taylor complexification of E.
There is a useful alternative description of ||x + iy||r:

||z +iy|lr =  sup ||zcost — ysint||
0<t<2m

= sup sup |f(x)cost — f(y)sint]|

0<t<27|f|| px <1

= sup Vf(@)*+f(y)?* , Va,yek

[[fllp=<1

Another feature of the Taylor complezification, is that it is a general complex-
ification whose definition is not tied to any specific characteristic of the real
Banach space E which is being complexified. Moreover, this procedure allows
us to extend continuous linear maps between real Banach space to complex
linear maps between their complexifications without increasing the norm. If
L : E — F is a linear map between real vector spaces E and F, there is a
unique complez-linear extension L : Ec — Fr given by

L(z +1y) = L(x) + iL(y)

Proposition 1.2.7. Let E and F' be real Banach spaces. If L € L(E, F), then
L e £((Ee || - lr): (Fe. |l - 11r) and ||l = || L]

Proof. Since L extends L, we have ||L|| > ||L]].
On the other hand, if x,y € E then

IL(z +iy)llr = [|L(z) +iL(y)llr = S [|L(x)cost = L(y)sint||r
= sup ||L(zcost — ysint)||p
0<t<27m
< ||L]| sup ||zcost — ysint||g
0<t<2m

1L(z +iy)llr < |ILllllz +iyllr = [IL]] < |IZ]|

Hence, .
[ILI| = [IL]]
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Taylor’s procedure is just one of infinitely many procedures with similar
properties.

1.3 Some function spaces (L?, Sobolev spaces)

Definition 1.3.1. Let 1 < p < 00,€2 be an open bounded subset of R™. We
define
LP(Q) as the set of measurable functions f : ) — R such that

/ 1 (2)Pda < +o0
Q

L>(Q) as the set of measurable functions f : Q0 — R such that esup|f| < oo
where,
esup|f| =inf{k > 0,|f(z)| <k a.e r € Q}

For f € L*(Q), we define,

b= [@r)’.  1sp<o

| flloe = esuplfl.if p = oc.
Theorem 1.3.2. The following properties holds for LP space

i) LP-space is Banach for1 <p < oo
ii) LP-space is Reflezive for 1 <p < oo

iii) LP-space is Separable for 1 <p < o0

C F(T(B)) = F(T(B))Itisalsoexpedienttorecallsomenotationsandbasicresults fromdistribu

Definition 1.3.3. The Space L{(Q) is the space of all Lebesgue measurable
functions in Q0 having absolute value integrable on each compact subset of €2
A multi-indezx « is a vector (ay, ag...ap,) € N”.

The length of « is given by |a| = a1 + ... +

We also define the generalized derivative

olal

D% =
ovg, . . 0%z,

Definition 1.3.4.
A locally integrable function v i.e element of L§(Q2) is called the o — th weak
derivative of u € L}(Y), if it satisfies

/u(m)DaqS(x)da: = (1)l / v(x)o(r)de, Vo € D(2)
Q

Q

Where D(Q2) denotes the set of C*®-functions on Q with compact support in Q
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Let x € R", we write x = (2/,x,) with 2/ € R"! 2’ = (z1,79,..7,_1). We
consider the following notations[5].

Definition 1.3.5. We say that an open subset @ C R™ is of class C™(Q2)(m, integer)
if for every x € 0N), there exist an open neighbourhood U of x in R™ and a
map Y : B — U such that,

i) ® is a bijection
ii) ® € C™(B,U), ot € C™(U,B)
iii) ®(B,) =QNU,&(By) =00NU

Definition 1.3.6.
Let 1 < p<+oo, me€N,. The Sobolev space W™P(Q) is defined by

WmP(Q) ={uec LF(Q) | D e LY(Q) for all |a] < m}

We shall be working with the case p = 2 .The Sobolev space W™P(2) are
denoted by H™(Q). H}(Q) is the closure of D(Q2) in H'(Q)

. Finally, we shall consider two important results which are very instrumental
to the application of spectral theorem of compact self adjoint operators to el-
liptic partial differential equations.

Proposition 1.3.7. Poincare Inequality
Let 1 < p < oo and Q a bounded open subset of RN. Then there exist a
constant C(€2, p) such that

||u||Lp(Q) < C||VU||LP(Q) Yu € Wol’p(Q).

If Q is connected and satisfies a C* boundary condition, then there exists a
constant C (2, p) such that

e = @l < ClIVullr), Yu € WH(Q)

i = ﬁ /Q w(z)dz

, s the mean value of u on €2
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Definition 1.3.8.

Let E and F' be two normed vector spaces such that E C F'.We say Ec — F'is
compact embeddings if any bounded subset of E is precompact in F ,or equiv-
alently any bounded sequence of E has a subsequence that converges in F'.

17



CHAPTER 2

Linear Compact Operators on Banach Spaces

Definition 2.0.9.

Let X andY be arbitrary Banach Spaces. A linear operator, T : X — Y s
called compact if the image of the closed unit ball Bx(0,1) = {z € X : ||z||x < 1}
by T is a relatively compact subset of Y. In other words, T is compact if T'(Bx)
18 compact.

This definition is equivalent to each of the following properties.

i) For each bounded B C X, the image T'(B) is relatively compact in'Y .

ii) For every bounded sequence {xyn}, .y C X, {Txn}, oy has a convergent
subsequence in Y.

We introduce the following notations
K(X,)Y):={T: X — Y | T is linear and compact}

K(X) = K(X, X)

lemma 2.0.10.
K(X,Y)cCB(X,Y).

Proof. Suppose T € K(X,Y), we show that T' € B(X,Y) i.e for all x € X
there exist M > 0 such that ||Tz|| < M||z||

Let z € X. if x = 0, it holds trivially.

Assume z # 0, = € By

Bl
T(Bx) is compact since T € K(X,Y),s0 T(Bx) is bounded.
Therefore there exist M > 0 such that T'(7%:) < M, which implies that

]

|| T|| < M]|z]]
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]

Remark. Recall that Riesz theorem characterizes the compactness of the closed
unit ball of a Banach space X by the finiteness of the dimension of X.

Thus for an infinite dimensional Banach space X, we have I € B(X) \ K£(X)
and so the inclusion IC(X) C B(X) is strict, that is,

K(X) € B(X) whenever dimX = +o0.

2.1 Properties of compact linear maps

Theorem 2.1.1.
Let X, Y and Z be Banach spaces, and letT : X — Y, S:Y — Z and
F . Z — X be bounded linear operators.

i) If the R(T) is finite dimensional (i.e dimR(T) < +o0), then T is compact.
ii) If T is compact, then T o S and F o T are compact.

iii) Forevery Ty, Tr € K(X,Y) and every scalar a and 3, we have oT1+ (15 €
K(X,Y). That is K(X,Y) is a linear subspace of B(X,Y).

Proof.

i) Suppose that R(T") is finite dimensional and let B be any bounded subset
of X. We show that T'(B) is compact in Y. L

T(B) is a bounded subset of Y, since T" is bounded. So T'(B) is compact as
a closed and bounded subset of a finite dimensional space. Hence T is compact.

ii) Let B be any bounded set in X. We need to show that T(S(B)) and
F(T(B)) are compact.

S(B) is bounded since S is bounded. Therefore T'(S(B)) is compact since T’
is compact. This shows that T o S is compact.

Now (FoT)(B)=F(T(B)) C F(T(B)), since T'(B) C T(B).

(FoT)(B)C F(T'(B)).
And since T is compact, T(B) is compact, and so F(T(B)) is compact as a
continuous image of compact set. Therefore F(T(B)) C F(T(B)) is compact
as a closed subset of a compact set. Thus F o T is compact.

iii) Clearly o1y + 075 € B(X,Y). Let Bx be the closed unit ball of X,
we show that (a7} + 5713)(Bx) is compact in Y.

(o + BT3)(Bx) C oTi(Bx) + T»(Bx) by linearity of 77 and T5.

Thus (o7 + 513)(Bx) C oT1(Bx) + f12(Bx) since  oT1(Bx) and T5(Bx)
are subsets of a7 (Bx) and [T3(Bx) respectively. oT)(Bx) + S13(Bx) is
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compact as the sum of compact sets since T3, 5T, € K(X,Y)
Now

(o' + BTy)(Bx) C od1(Bx)+ fT2(Bx),
that is,

(o' + BTy)(Bx) C od1(Bx)+ f1(Bx),

and therefore (a7 + 5715)(Bx) is compact as a closed subset of a compact set.
Hence

oy + T, € K(X,Y).
]

Remark. The linear combination of compact operators is compact, according
to iii).
Proposition 2.1.2. Let T, : X — Y be a compact linear operator for each

n > 1. Assume that (T,), converges to some T in K(X,Y). Then T is
compact.

Proof. Let (Bx) denote the Unit ball in X. To show that T is compact, it
suffices to show that T'(By) is totally bounded from (1.1.14). Since

nlEEoHT” —Tsxy) = 0,
Ve >0 3JN eN, such that |Tn —T||px,y) < €/2 (2.1.1)
. T'x being compact, Ty (Bx) is totally bounded and so it can be covered by a
finite number of balls of radius €/2. Thus for some y, ..., ¥, € Y, we have
" €
Ty(Bx) C HB <yi,§> (2.1.2)

Let x € Bx then
| Tn(z) —T'(z)|| < €/2 from equation (2.1.1).

Also, Ty(z) € Tw(Bx) C | JB (y§> .
=1

Hence Jip € {1,2,...,m} such Ty(z)€ B (yio, %) (2.1.3)
and so ||Tn(z) — ys,|| < 5 which implies that
1T () = yioll < IT(2) = T (X)|| + [ITn (2) = gioll < € (2.1.4)

T(x) € B(yi,,€) C UB(yi,e)

=1

m

= Vz€Bx, T(Bx) C |JB(ue.
i=1
Hence T is compact. O
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Theorem 2.1.3. Let T be a linear and continuous operator from a reflexive
Banach space X into a Banach space Y. Then T is compact if and only if it
maps weakly convergent sequence in X to a strongly convergent sequence in'Y,
1.e,

(xnéx m X) = (Txn—>Tx mn Y).

Proof.

Assume T' € K(X,Y) and let (z,) C X such that z, — z. We show that
Tx, — Tx.

Suppose by the way of contradiction that (7'z,), does not converge strongly
to Tx. Then 3¢ > 0 and 3{T'x,, } subsequence of {Tx,} such that

|Tx,, —Tx| > €. (2.1.5)

{2y, } is a subsequence of {z,}, so x,, — x. Thus {z,, } is bounded. Since T’
is compact, there exists {xnkm}, a subsequence of {x,, }, such that Tz, —y
in Y and so T'z,, ~— y (since strong convergence implies weak convergence).
Moreover the weak convergence =z, ~— x implying that Tz, —— T(r), we
conclude that T'(z) = y. So {T:vnkm} converges to Tz and is a subsequence of
{T'z,,} which satisfies equation (2.1.5). Therefore

¢ < |[Tx,, —Tx|| — 0, asm — oo (2.1.6)

which is a contradiction. Hence T'x,, — Tz.

Conversely, let {z,,} be a bounded sequence in X. Then there exists {z,, }
subsequence of {z,,} such that z,, — z (since X is reflexive), this implies that
Tx,, — Tz inY (from hypothesis). Hence T is compact. O

Proposition 2.1.4. Let T € K(X,Y) be an injective compact linear operator.
Then T~ is not continuous unless X is finite dimensional.

Proof.

First, we recall that for Banach spaces XY and Z, if S € K(Y,Z), and
T € B(X,Y) then ST € K(X, Z). Assume that T~!: R(T) — X is bounded.
It follows immediately that T-'T = I : X — X is compact, which is possible
only if X is finite dimensional (by Riesz theorem). O

2.2 Some examples of compact linear opera-
tors

Example 2.2.1. Let {\,} be a sequence of positive real number decreasing to
zero. Define
T: gg(]R) — 62(]R)

by
T(SL’) = ()\1.171,)\21‘2,)\33(]3...).
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Then T is a compact linear operator.
Indeed it is clear that T is well-defined and linear. Moreover we have

1T ()], = [[(M21, Ao, Asws, ..)|ley

which implies that

+oo
IT@)E = Y NPl < (max|?|lz]* Vo€l
i=1

and so T is bounded with
IT] < [\].

To conclude that T is compact, it suffices to show that T s the limit, with
respect to the operator norm, of a sequence of compact linear operators. For
this end, define T,, : l5(R) — (5(R) by

Tn(.ZC) = ()\133'1,)\2.1’2, )\31’3, ey )\nl’n, O, O) .

T, is bounded and dim(T,,(¢2(R)) < oo, so T,, is compact by theorem  (2.1.1).

claim. : |T, = T| — 0, as n— oo
Proof.
1T = T)@I = Nws1Zars, Aesausas Anssnss)|
+o0o
(T = T)(2)|* = Z Nail? = > NPl
j=n+1 j= n+1
2
S n+1 Z |x]‘ and SO
] n+1
< )‘i+12|x3‘
= +1H$H2

IT = To] < A1 — 0, as n — +oo.
We conclude from theorem (2.1.1) that T is compact. O

Example 2.2.2. Let X = L5[0,1] and G € Ly([0,1] x [0,1]). Define the
operator
T: LQ[O, ]_] — L2[07 1] by

1
:/ G(x,t)f(t)dt is Compact.
0
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Proof.
Firstly, we show that the map 7" is well defined i.e for any f € Ly[0,1], Tf €
Ly]0,1]. Let f € Ly[0,1]. Clearly T'f is measurable and

(/ 1|(Tf)(fc)\2dx); - ([ G<ac,t)f-’<7:>chf|2d:c)é

( [(f 1G(x7t)f(t)dtl)2dx>é

([ ([ ewora [iropa) ar) i
= ([rora) ([ [ 1|1G<x,t>r2dtdx) 5

= | fl (fol fOI\G(x,t)thdx)E < oo since, G € Ly([0,1] x [0,1]).

IA

IN

D= ~

Thus

1 1 3
TfeLo0,1], T€B(Lof0,1]) and ||T\|§(//|G(m,t)]2dtdm) |
0 0

We show that T" is compact.
First case: G is continuous, i.e., G € C([0,1] x [0,1]).
Let f S BL2

(Tf)@)| < / Gl t) £ (2)de

< (/Olla(:c,z»Pdt)é (/01|f(t)|2dt)é
- (/ 1|G(m,t)|2d7f)2 1]
< (/01|G(a:,t)]2dt)2

1
< /M?dt  where M = Sup{|G(x,1)] : (z.) € [0,1] x [0,1]} < oo

which implies thato\(T f)(x)| < M. Therefore T(By,) is bounded (uniformly)
in L,[0,1].

G is uniformly continuous on [0, 1] x [0, 1] by continuity of G on the compact set
[0,1] x [0,1]. Therefore, given any € >0 30 > 0 such that for zy,zy € [0, 1]
with |z — 29| < §, we have

for every te€[0,1], |G(z1,t) — G(xe,t)| <e. (2.2.1)
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((Tf) (1) = (Tf) ()] < /!G(wht) G (@2, )||f()!dt

- (-] ([rs)
= ([ MQ 17

< €
= |[(Tf)(z1) — (Tf)(x2)| <€, Vay,z9€]0,1],f€ By, (2.2.2)

Therefore,T'(By,) is uniformly bounded by M and equicontinuous subset of
C'0, 1], hence by Arzela-Ascoli (1.1.15), T'(By,) is relatively compact in C[0, 1].
However the norm topology of Ls([0,1]) is weaker than the topology of C[0, 1]
(because, |[|f|lLo01) < Ifllc), so T(Bp,)is compact in Lo[0, 1], Hence T is
compact.

Second case (general). G is square-integrable but not continuous. Then there
exists a sequence (G,,) of continuous functions on [0, 1] x [0, 1] that converges
to G in Ly([0,1] x [0,1]), since C([0,1] x [0,1]) is dense in Lo([0,1] x [0, 1]).

Therefore,
1 1 %
(/ / (G(a, 1) —Gn(x,t»?dtdx) 0, n— 00
0 0

For each n € N, define

/G:z:t

T,, is compact for each n

T = Tz, = /|77 7,0 de)
< //|G:1:t (x,t)|2dtdx)"l’_>o, " — 00

Hence T is compact from proposition (2.1.2) H

Example 2.2.3. Now let X = Cla,b] and G € C([a,b] x [a,b]) the operator

T : Cla,b] — Cla,b] by

(Tf)(x):/ G(x,t)f(t)dt is also Compact.
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Proof. Clearly T is well-defined and linear. Moreover for any f € Bojqy

(@)@ = r/ (@)1 (0)dt

< /|Gast||f £)dt

< sl |/]Gxt|dt
t€0,1

- HfHoo/!Gdet

< max Ga:t|/dt

(z, t)E[a b] ><[a b]
< |G (1)
(z,t)e [a b]X[a b]
= ||T < max G(z,t)|(b—a) < o0
7Sl <, max  1G (010 - a)
Therefore, T(Bepas) is uniformly bounded. By same approach as in exam-

ple (2.2.2), T(Bcaz) is an equicontinuous subset of Cla, b], thus T(Bcay) is
compact in Cfa,b]. We conclude by (1.1.15) that T" is compact. O

Example 2.2.4. Compact Embedding theorems
suppose that Q is C'- bounded open subset of R*(Q). Letk > 1 and1 < p < oo,
the following embeddings are compact.

i) if kp < n, then H*P —— LI(Q), for all 1 < q < np/(n — kp),

ii) if kp = n, then H*? —— L1(Q), for all ¢ € [1,00),

iii) if kp > n, then H*? —— C(Q).

Theorem 2.2.5. For T € B(H,, Hs), the following dual properties holds[1]
i) KerT = R(T*)*

ii) KerT*= R(T)*

iii) R(T) = kerT**

iv) R(T*) = kerT+

Theorem 2.2.6. Let H, and Hy be Hilbert spaces.
An operator T' € B(Hy, Hy) is compact if and only if its adjoint T* is compact.

Proof.

Suppose T' € K(H;, Hs)

observe that, 7% € B(Hy, Hy) so TT* € K(H) by (2.1.1).

Let {x,} C Hs such that ||z,| = 1. We have that {T™z,} is bounded in H;.
Therefore there exists {T*x,,} subsequence of {I™*x,} such that {TT*z,, }
converges in Hy.since T' € K(Hy, Hs)
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|T* 2, — T xn,||? = (T*xp, — T 0, T*Tp, — T y,)
(T 0ny — T, T*(m, — 0,
<TT* (xnk - xm) — Lny, — xnz)
HTT*(ZL‘nk - x”l)” ||xnk — Iy ”
2|TT*(xp, — xp,)|| — 0,k,l — 00 since {TT*x,, } converges.

INIA I

Consequently {T*x,, } is Cauchy in H; ,its convergence is ensured by the
completeness of Hy. Hence, T is compact.

Conversely, Suppose T™* is compact. Then by the forward direction of this
theorem, T** = T is compact. O

lemma 2.2.7. (Riesz)
Let X be a Banach space and M be a closed proper subspace of X. Then Ve > 0
there exist x € X with ||x|| = 1 such that d(x, M) > 1—e.

Proof.

Let € € (0,1).

choose x € X \ M then d:=dist(x, M) > 0,

sinceMis closed.

Now set € = L > 0 and d=inf ||z — y||.
yeM

d
So there exists y € M such that d< |z —y|| <d+¢€ = T (2.2.3)
—€

Set v = = thus v € X, |lv|| =1 and
Given m € M ,we have,
o=l = || - m|
a—(y+llz—yl)m H
T el
o =mll = lle = @+ e = ylm) |

dist(v, M) = inf ||v —ml]

Hx yl|

dist(v, M) = H%dezst(:z: M)>1—¢

= int |2 - @+ lle = yilm) |

]

Theorem 2.2.8. Fredholm Alternatives
Let X be a Banach space and T € K(X). Then for any A # 0 ,the following
holds,

i) Ker(A —T) is finite dimensional

ii) R(A I —T) is closed
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iii) Ker(M —T) =0« R\ —T)=X

Proof.

i)  For each A, define Ny = Ker(Al —1T).

Forall x € N,, Tx=\x.

Let By be the unit ball in NV

Vo € By, Tx = A\x = T(By) = ABy, = T(B)) =By

Since T is compact, it follows that By is compact.

Hence dim(NV,) < oo

it) Let y, € R(M —T), such that y,, — y, we show that y € R(A —T).
Yo € RN —T)= 3z, e X : (M - T)z), =y, =

e, — Tx, = yy (2.2.4)

Ker(A —T) is finite dimensional, so there exists v, € Ker(AI —T') such that
dist(vy, Ker(AN —T)) = ||z, — v|| (2.2.5)
v, € Ker(Al = T) = v, =Tv, so (2.2.4) becomes

e, — v, +Tv, —Tx, =Tv, =y,
= MNzp —vp) — T2 — ) = Yn. (2.2.6)

Assume {||z,, — v,||},, is bounded. Since T"is compact, T'(z,, —v,,) — | € X.
From (2.2.6), we have that A(@,, — vy,) = y+1 = 2y, — Un, — 5y +1)
By continuity of 7', from (2.2.6) we have, (I — +T)(y +1) = y and so y €
R(A\ —-T).

Now, suppose that {||z, — v,||}, is not bounded. From (2.2.6), we have

(Tn — vn) (Tn — vn) Yn

_ — (2.2.7)
| Zn — vl |20 — vn | |20 — Ynll
Ty — Un,
Up = —————
|20 — vn |

There exists a subsequence of {||z,, — vn,||}, of {||z» — v,||}, such that
Hxnk B Unk” — 00,.

but equation (2.2.7) gives rise to

Yny,

I (2.2.8)
||$nk — Un, ||

Ay, — Tuy,, =
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which implies that A\u,, —Tw,, — 0 since y,, converges.

Since (uy,) is bounded and T is compact, Tu,, — z € X, so Au,, — z and
then u,, — 1z. Thus by continuity of T', T'(uy,) — $7(z), k — oc.

Since the strong topology is Haursdoff by uniqueness of limit, we have that,
1T(z) =2=T(z) = Az

Now,
dist(up, ker(A —=T)) = inf  |lu, — w||
weker(A\[-T)
x v
- eyl
weker (W =T) ||z, — vy || (||xn — V| )
= —— inf |zn —t, t=vn+ |70 — vnllw
lzn=vnll teper (A1)
= ”xn—ivnudist(xmker()\l —-T))
= —||a:nivnH |z, —ua]| =1
Therefore,
1
1 = dist(up, ker(A\ —T)) = wekeirr(l/{IiT)||un —w| < ||u, — XZH —0 (2.2.9)

This is a contradiction.

The proof is complete.

i1i) suppose ker(A —T) = 0. We show that R\ —T) = X
By contradiction,we suppose that R(A] —T) # X

Xy =W —-T)X is closed proper subspace of X
Xy =M -T)X; = (M —-T)*X

X, =\ =T)"X

X1 is a closed proper subspace of X, (n = 0,1,2...) since (Al —T') is one-
to-one.

Therefore by Reiz lemma (2.2.7) 3z, € X,,,[|z|| =1, dist(xn, Xpi1) > 3.
Forn>m, X, ¢ X,

Tz, — Txp| = || Aem — Azm + Axp — Az, + Ty, — Ty ||
= [|[(M =T)xpm — (A —T)xy + ATy, — A2y ||
Observe that (A — T)x,, — (A — T)x, + Az € Xinaa

Al

so |Tx, — Tay| > |Ndist(zm, Xmi1) > 5 (2.2.10)
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claim. {Tz,} has no convergent subsequence.

Proof. suppose 3{x,, } subsequence of {z,} such that Tz, converges.Then
from equation (1.3.16) we have

A
| Tz, — Tay,| > ’—2| (2.2.11)
This is a contradiction, since {T'x,,} converges O

Conclusively, {z,} is bounded but there exist no subsequence {x,, } such
that {T'z,, } converges.This contradicts the fact that T is compact.
Hence R(AM — T) = X Conversely, Suppose R(A — T') = X we show that
Ker(A\I =T)=0

claim. . Ker(A —T*) = {0}

Proof. Suppose that Ker(AI —T*) # 0, then there exists f € X*\ {0} such
that (A — T*)f = 0.

(A =Tf=0= A(x)=(foT)(x)=0, VreX
At —T(z))=0, VreX
(M —-T)(x)=0, VreX
(M —

(

( )

( (X)) = {0}
(X)={0} (Since RAI—-T)=X)

f =0 contrdict the fact that f € X*\ {0}.

Therefore Ker(A —T*) = {0}. O

A
f
f
f
f

P44l

Applying the forward direction of this theorem to 7™ which is compact,
gives that R(A — T*) = X* Hence Ker(A\I —T) = {0} O
2.3 Spectrum of Linear compact operators

Definition 2.3.1. Spectrum of linear operators
Let X be a Banach space over a scalar field K for T € B(X,Y'), the spectrum
o(T) of T is defined by

o(T)={AeK: X —T s not invertible in B(X)}

The resolvent set p(7') is defined by

p(T) = K\ o(D).

The points of p(T') are called the regular values of T'.
If \ € p(T), then

Ry\(T) = (M —T)' s called the resolvent of T at A\
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The spectrum is decomposed into the disjoint union of the following three sets.

a) The point spectrum of 7" :

o)(T) ={NeK | Ker(\ —T)#{0}}.

b) The continuous spectrum of 7" :

0o(T) ={A €K : Ker(M~T) = {0}, RO\ —T) = X but R(A\[-T) # X}.

c) The residual spectrum of 7" :

o (T)={\eK | Ker(\ —T)=1{0}, RN —T)# X}.

Remark: An element of 0,(7) is called an eigenvalue of 7" and a non-zero
vector f such that T'f = Af is called an eigenvector of T associated to the
eigenvalue \.

Theorem 2.3.2. Let X be a Banach space over C and T € B(X). Then the
following holds.

i) The spectrum, o(T) is a closed subset of C

ii) The spectrum, o(T) C B(0, ||T||sx))

iii) The spectrum, o(T') is a compact subset of C

Proof.

i) It suffices to show that p(7T) is open. Let Ag € p(T).

Ry (T)= (NI —T)71
RIT)= XN —T=T=xI—-R(T)
=IN-T= R (T)— (M- NI

= M =T =R, (T)[I — (Ao — A)Rx] (2.3.1)
If |Ag — Al < m, then I — (Ao — \) Ry, (T)is invertible by lemma (2.3.3).
Therefore (IN —T)™' = [I — (Ao — A)Ry,| ' Ry, (T)
+oo “+o0o
RA(T) = (IAN=T)™ = Ry (T) ) (A= )" Ry, (T) = D (A=) RyH(T)
k=0 k=0
+o0
= RA(T) = Y (A= Ao)"RYTN(T) (2.3.2)
k=0

This implies that R, is invertible in the neighbourhood of A = A\g such that

{IA = Aol < m} € p(T'). Thus B(Ao, M) c p(T)
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Hence p(T) is open,it follows immediately that o(7") is closed.

it)Let X € C: |A| > ||T]

71 1, therefore (I — %)*1 exist and (I — %)71 _

k3 L)k
k=0
1 T = Tk
—1 —1
(IA=T) :X(I—X) :ZW
k=0

This implies that (IA — T') is invertible, thus A € p(7T).

Observe that we have shown that B(0, ||T||)¢ C o(T)¢ = o(T) C B(0,||T|]).
i1i) It follows immediately from ¢) and i) that the spectrum, o(T") is a closed
and bounded subset of C. Therefore it is compact.

Remark: For real Banach space X with A € B(X), the spectrum o(7") may

0 1),We have A\I — A is

be empty. For example, with X =R? and A= (_ 10

invertible for all A € R.
However the spectrum of the complexification of T is nonempty. In fact

o(Te)={ € C | M —T isnotinvertible} = {—i, i}.

lemma 2.3.3. Let X be a Banach space and T € B(X,Y). If |T|| < 1, then
(Ix —T) is invertible and

+oo
(Ix-=T)"' = Y 1"
k=0
where the series converge absolutely.

+o0
Proof. S, := ZTk
k=0

for n,m € N| such that n > m, we have that,

1S = Sl = (1D T =>"TH|= || Y 1%
k=0 k=0

k=m+1
< DT
k=m+1
< o7
k=m+1
+oo
(Sy) is Cauchy, the completeness of X guarantees the convergence of ZTk.
k=0
(I=7) TF=> (TF-T"") =TI -T)=1-T" (2.3.3)
k=0 k=0 k=0
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passing to the limit as n — oo and taking into account that

1T < ITN)* — 0, since [|T]| <1,

we obtain . .
(I-T7)) 1" =Y THI-T)=1
k=0 k=0
Hence, the operator (I —T)~! does exist and (I —T)~! = ZTk O
k=0

Theorem 2.3.4. Riesz-Schauder
Let X be an infinite dimensional Banach space, T € K(X). Then The following
holds.

i) 0€o(T)

ii) o(T)\ {0} consist of eigenvalues of finite multiplicity i.e the dimension of
the \ -eigenspace(Ker(A — T)) has finite dimension VA € o \ {0}

iii) o(T") \ {0} is either empty, finite or a sequence converging to 0 (i.e., it is
a discrete set with no limit point other than 0).

Proof.

i) If 0 ¢ o(T),then 0 € p(T') = T is invertible. Since X is Banach,
T-!' € B(Y,X). Therefore, TT~' = I is compact. This is a contradiction,
because X is infinite dimensional. Thus 0 € o (7))

Remark: In an infinite dimensional space, a compact operator is never in-
vertible.

it) Let A€ o(T)\ {0}, then X # 0, we show that A € 0,(T).

Assume that X\ ¢ 0,(T) = Ker(AM —T) = {0}. It follows immediately from
(2.2.8) that R(A\ —T') = X. Thus (M —T) is invertible. This contradicts our
choice of .

Hence A € 0,(T), i.e Ker(A —T) # {0}. So A is an eigenvalue of T". Also
From (2.2.8) dim(Ker(Al —T)) < 0.

i1) It suffices to show that for each k € N,

Sp={X€a(T): |\ >z} is finite

since,

o(T)\ {0} = S

keN

Assume 3k € N such that Sy contains infinitely many eigenvalues \q, Ao, As...
Let v; be the eigenvectors corresponding to each A;.

X, := span{vy, vg, v3...U, }
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claim. v;, 1 < i <n are linearly independent

Proof: By Induction, assume that {vy,vs, vs, ..., v,} are not linearly inde-
pendent. Then Juvy, k € {1,2,..., n} such that vy, ...v;_; are linearly indepen-

dent.
k—1
Vi — ZO&jUj
j=1
Tv, = v, = 0= A\yvp, — Tvg,

k—1 k—1

= 0= Z)\k&j’l]j — T(ZO[]"UJ')
j=1 j=1
k—1 k—1

— 0= Z/\k(l/jﬂj — Z/\jajvj
j=1 j=1

k—1
— 0= ZO&j()\k — )\j)vj
j=1

Since A\, # A; and v; for i« < j < k — 1 are linearly independent we have
that o = 0,1 < j < k — 1. Therefore vy = 0, which is impossible. Hence
{v1,v9...v,,} are linearly independent.

X,—1 is a closed proper subspace of X,,, therefore by lemma  (2.2.7)
Jz, € X, :||z|] =1 and dist(z,, Xn1) > 3
For n,m € N with n > m,

Tz, — Trn|| = ||A\xn — (Aazy — Txy + Txy,)||

[[An(@n — (20 — /\%Txn + ﬁTm)H
= |>7‘Ln||’(xn — (m, — ?Txn + ﬁTm)H

1
observe that z,, — ﬁTxn = Zakvk — )\—T(Zakvk)

k=1 k=1
n n
1
= E QU — —E AL QU
k=1 " k=1

=
1 = _Zk
= Ty — 31T, = ;(1 )\n)akvk € Xn1
= [Tz, — Tl > | Aaldist(zn, X,—1)
= ||Tx, — Tznl| > 5 *

claim. {Tz,} has no convergent subsequence
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proof: Suppose that {7z, } is a convergent subsequence of {1z, }, then by
equation (x) we have that ||Tx,, — Tz, || > 5.
This is a contradiction, since every convergent sequence is Cauchy. [

In Conclusion,{z,} is bounded , and there is no subsequence {T'z,;} that
converges , this contradicts the fact that 7" is compact. Hence Sy is finite for
each k. This implies that o(7") \ {0} is a countable union of finite sets. Thus,
it is countable.

O]

2.4 Spectral theory of compact linear self-adjoint
operators

One of the main motivations of considering self-adjoint compact linear op-
erators, is the guaranteed existence of the eigensystem (the eigenvalues and
eigenvectors)and the simple form of the spectral decomposition. This result
can be viewed as a generalization of the finite dimensional case. In the finite
dimensional context, every linear operator may be identified with a represen-
tation matrix for suitable bases of X and Y. We recall an elementary result
concerning diagonalization of symmetric matrices

Example 2.4.1. Let T : R® — R". Then the following fact is well known:
If T is a real symmetric matriz, then it has real eigenvalues and there exists
an orthonormal basis {e1, es...,} of R™ such that e; is an eigenvector of T. In
other words, T s diagonalisable over an orthonormal basis.

In this chapter, we generalized this result for a compact and self-adjoint
operator in a infinite dimensional Hilbert space H.

Definition 2.4.2. Let H be a Hilbert space.An operator T € B(H) is called
self-adjoint or hermitian of T =T that is,

(Tz,y) = (z,Ty) Vr,yeHl
Remark. TT* and T*T are self-adjoint for any 7" € B(H)

Proposition 2.4.3. Let T € B(H) be a self-adjoint operator. Then the fol-
lowing holds.

i) Any eigenvalue of T is real.
ii) The eigenvectors corresponding to different eigenvalues are orthogonal.
iii) If A\ is an eigenvalue of T € B(H), then |A| < ||T|.

iv) (Txz,x) is real for all x € H
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Proof.
Let A be an eigenvalue of T'. Then exists nonzero x € H such that Tz = Az

i) Mzl = Mz, 2) = Oz, 2) = (Tx,2) = (2,Tz) = (x, \z) = \||z||?

= A= A
i1)  Let A, u be distinct eigenvalues of T' with the corresponding eigenvectors
T1,T9. = Toy = Ary and Taxg = pxy with x,29 #0

(Txy, 29) = (AT1, 72) = N(T1, T2)

(Txy,x9) = (21, Txo) = 1, T2)
= Mxy, x9) = p(x1, 29)
= (A= p) (w1, 22) =0
= (x1,29) =0 since A # p

:>(L’1J_l’2

wii) |[T[[|=]] = [[Te]] = Mlllzll = AL < {IT1|
w) (Tz,z) = (x,Tx) = (Tx,z)

2.5 Problems of existence of eigenvalues

Every linear operator on a finite dimensional Hilbert space has an eigenvalue.
The situation is not the same for infinite dimensional space.Lets us check out
some of such instances .

Example 2.5.1. Consider T : Ly([0,1],R) — Ly([0,1],R) f — Tf defined

by
(TH(E) =tf(1), for ae. t€0,1],

has no eigenvalue.

Claim 1: T € B(L»[0,1])

Proof.
It is easy to see that T' is well-defined and is linear. Moreover for every f €
L]0, 1], we have

1
I, / (TF)(t)Pdt = / 210 Pt

q
| < Jo lf@®)[*dt
that is  ||Tf||z,01 < |1 fll200,1]
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which implies that 7" is bounded and ||7]| < 1.
Hence T' € B(L»|0, 1])

Now let us find the adjoint operator 7™ of T
For all f, g € Ls[0,1], we have

(Tf,g) = / (TF)(t)glD)dt = / L (£)g(E)dt

= (Tf,g) = / f(O)tg(D)dt = (f, Tg)

Thus T is self-adjoint on Ls[0, 1]
Claim 2: o(T) = [0, 1].

Proof. Suppose A € p(T'). Then (A — T) is invertible in B(L»[0, 1]).
Consider fy: t+ 1, t € [0,1]. Therefore there exists g € L0, 1] such that:

A =T)"fo = g
= fo = (M = T)(g)
fo =Xxg—T(g)
1 = g(t) — (Tg)(t) forae. tel0,1]
1 = Xg(t) — tg(t) forae. tel0,1]
gt) = v ae tel0,1]

g € Lo[0,1] implies that

L |
— dt < .
/0|A—t|2 >

Making the change of variable y := A — ¢, we have that

A
/ —dy < oo.
A1 Y

It follows that 0 ¢ [A — 1, A, which implies that A € R\ [0, 1].
Thus, [0,1] C (7).

Now we show that o(7T") C [0, 1].

Let A € R\ [0,1]. We show that A\l — T has a bounded inverse.
For every f € L»[0,1],

N —T)g = f <= gt = a.ete|0,1].

And since

1 1
< —
X — ] = T min{\, A= 1]}

< +oo  Vtel0,1],
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it follows that |g| < ~|f].
Therefore A\I — T is invertible and

M =D)7| < 7.
Thus A € p(T") and so o(T) C [0, 1]. O

claim. T has no eigenvalue

Proof. Assume that T has eigenvalue \.
Let ¢ be the eigenvector corresponding to A, then

To= Ay
(To)(t) = (Ap)(t) for ae tel0,1]
to(t) = Ap(t)
(t—Ne(t) = 0 a.e
= 0 a.e

This means that ¢ = 0 a.e, when considered as a vector in L ([0, 1]), which

contradicts the fact that ¢ is an eigenvector.
Remark: More generally, for T : La([a, b]) — Lo([a, b]) defined by

(Th)() =tf(t), telab]

T has no eigenvalue and o(7T') = [a, b].

Example 2.5.2. We also consider T : Ly(]0,1]) — L2([0,1]) defined by
/ s

<s<
T can be re defined as (T'f)(t / G(t,s)f(s)ds, where G(t,s) := { I 0<s<t

0 otherwise

Now from example (2.2.2), we deduce that T is compact.
Now let find the adjoint of T. let f, g € L]0, 1]

/Tf)()
://f oL
_ / /f (_ds]dt

/f(S ds by Fubini’s theorem

/,
= / ( g(t)dt) ds
(f,T

*g)

(Tf,g)
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Therefore the adjoint operator is given by

Tg(s) = / g(t)dt

claim. T has no eigenvalue.

Proof. Assume T has an eigenvalue A. Then there exists a nonzero ¢ €
Ly([0,1]) such that
Ty = Ap

. So,
/0 o(s)ds = \p(t) a.e (2.5.1)

Since Lo([0,1]) consist of equivalence classes of square integrable functions
which are equal almost every where. (2.5.1) gives rise to the differential equa-
tion

observe that A can not be zero or else ¢ would be zero when considered as
vector in Ly ([0, 1]).
For 0 # A, the solution to the above differential equation is given by

o(t) = Cex.

Using the initial condition, we have that ¢ = 0 ,this contradicts our choice of
. Hence T has no eigenvalue. O]

From examples (2.5) and (2.5.2) , it is evident that compactness alone or
self-adjoint alone does not quarantee the existence of basic system.

2.6 Spectral property of the Norm of A linear
compact and self adjoint Operator

Here, it is shown that that every compact, self adjoint operator on a Hilbert
space has a basic system.

Theorem 2.6.1. IfT € B(H) is self adjoint, then
17| = sup [(Tz,z)]

||| |=1
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Proof. Let M := sup |(Tz,x)|

||zf]=1
Then for # € H with ||z|| = 1, we have,

(T, 2) < [|T||l|=]]* = ||

;»Hmﬁp (T, )| < |||
z||=1

= M <||T]|

Now let x and y be arbitrary vectors in H, then

(T(x+y),r+y) = (Tr+Tyz+y)
= (Tz+Ty,z)+ Tz +Ty,y)
= (Tw,2) +2Re(Tx,y) + (Ty,y)

(T'(z+y),z+y) = (Tz,2) + 2Re(Tx,y) + (Ty, y)
Similarly,

(T(z —y),x —y) = (Tz,x) — 2Re(Tx,y) + (Ty,y)
From (2.6.1) and (2.6.2) we deduce that ,

ARe(Tx,y) = (T(x +y),x +y) — (T(x —y),z —y)
Suppose = +y # 0

z+y (z+y)
T (g Taww) S M

= (T(z +y), (x+y)) < M|z +y|P

Similarly, (T'(z —y), (z = y)) < M||z — y||?
Therefore, (2.6.3) becomes

ARe(Tx,y) < M|z +y|* + M|z — y|*
= M(llx+yll* + ||z — yll*)
< 2M ([l + [lyl?) from  (1.1.3)

= 4Re(Tx,y) < 2M(||z|]* +[|ylI)

But, (Twx,y)=|[(Tz,y)|e" therefore,

4Re|(Tx,y)|e® < 2M(||z||> + ||y|[*), foreach x € H

In particular, for e~z we have that

4Re|(Te™"w, y)le’” < 2M (||=]]* + [|y[*)
M
= Rel[(T, )| < = (Il=I* + [lyI")
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= (Tz,y)| < —-(lllI” + [lylI*)

M
2
If T'=0, (2.6.5) holds trivially.

Suppose Tx # 0, y := II%HII

(Tz, | Ta)| < B (lal? + [[]?)

Tz.Substituting y in ~ (2.6.5) gives ,

|| T]
i (T2, Ta) < (k]| + [J]?)
|2|[|[|T]| < M][z]]?
[ Tz|| < M]|z||
17 < M
We can therefore conclude that ||T'|| = sup [(Tz,x)| = M.

||l||=1

(2.6.5)

O

Corollary 2.6.2. If T € B(H) and (Txz,x) = 0 for allx € H, then T =0

and symmetric

Theorem 2.6.3. If T € B(H) is compact and self-adjoint, then at least one

of the numbers ||T|| or —||T|| is an eigenvalue of T.

Remark. This theorem shows the existence of a non-zero eigenvalue for any
non-zero linear compact and self adjoint operator. It also implies that the
norm of any semi-definite positive self-adjoint compact linear operator is its

largest eigenvalue

Proof. If T'=0 then KerlT = H
Recall that o,(T)={\ € C: Ker(A\ —T) # {0} }.
Clearly,||T'|| = 0 € 0,(T).

Now ,assume 7" # 0.This implies that||T|| # 0

M = ||T|| == sup [(Tx,x)| := ||

[|z]|=1

= Huz,} C H with ||z,|| = 1 such that (T'z,,z,) — X ,as n — oo since

(T'xy, z,) is real for each n

To prove that A is an eigenvalue of T', we first note that ,
0<||Tx, — Azn||? = (T, — Ay, Tw, — A2,)

||Txn||2 —2MT'zy, xn) + >‘||xn||2
TN Plzn][? = 2M(T2p, ) + N?|[2n][?
A2 — 2XN(Txy,, ) + A2

= 0 < ||Tz, — Az,||?
= 0 < ||Tz, — Az, 2
= 0 < ||Tz, — Az, 2

INININA I

= ||[Tx, — A\x,||> — 0

= Tz, — \x, — 0, as n — 00
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Since T is compact, there exist a subsequence {z,,} of {z,}  such that
Tz, —yecH.
From equation (2.6.6), we have that y — Az, — 0,k — 0= z,, — 1y

= o,

By continuity of T, y = Tklim T, = Y = T%y =Ty=\y
—00

and y # 0, since [[yl| = lim [|\z,, || = |\ = [IT]| # 0.
Hence A\ is an eigenvalue of T'.
O

Corollary 2.6.4. For every compact self-adjoint operatorT’ on a Hilbert space
, we have that o,(T) # ()

2.7 Spectral theorem of Linear compact and
self-adjoint operators

In this section, we shall prove the main theorems of this work.

lemma 2.7.1. Let Y be a closed subspace of a normed space X.If x ¢ Y then
there exist f € Sx+ such that f(y) =0 for ally € Y and f(x) = dist(z,Y)

Proof.
Let z € X\ Y.

d:=dist(z,Y) >0, since Y is closed

Z = span{Y,z}
Define f:7Z — K by
fly+tx)=td,yeY and keK

For any uw :=y + tx, where y € Y and ¢ is a scalar in K
f(u) =td € K, since d € R.

Hence f is well defined

claim. f € B(Z)
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Proof.
Obviously, f is linear.
u:= 1y + tx, where y € Yand t is a scalar such that u # 0. Then,

ul|d ul|d
)] = |f(y +t)] = [t|d = Hlalt = el
_ tlllulld _ ulld llulld —_ [lulld _
T I T = (3 < dist(z,Y) — d [Jul|
[fw)l = Alu|=[lfl] <1

Hence, f € B(Z)

Now ,d = in£|\x—y\| =y, €Y |y, —z|| — d,n — 0
ye

d = |f(yn) = F@) < |[f]llyn — ]

Passing to the limit as n — oo, we have that d < ||f||d = 1 < || f]]

Therefore, ||f||=1= f € Sy

Clearly, fly =0 and f(z) = d = dist(z,Y)

In conclusion, Z is a subspace of X and f is a bounded linear functional de-
fined on Z. Therefore by Hahn Banach theorem there exists a bounded linear
functional F' defined on X , which extends f with ||F|| = ||f|| = 1. This
proves the required result. O

Definition 2.7.2. Let M be a closed subspace of a Hilbert space H.M 1is said
to be T-invariant If and only if TM C M, i.e. Vo € M,Tx € M

lemma 2.7.3. Let T be a self-adjoint operator on a Hilbert space H and let A
be a scalar. Then X\ € o(T') if and only if IIiﬂf (A —T)x|| =0
z||=1

Proof.
Suppose A € o(T'), we show that I\iﬂ£1||()\j —T)x|| =0

By contrapositive, assume that ||iﬂf1\\(A[ —T)x|| > C, for some C' > 0.

Therefore,||(A — T)z|| > ¢||z|], Ve e H

R(A —T) is closed in H by theorem  (2.2.8), we will also show that R(A] —T)
is dense in H. By contradiction assume that R(AI —T') is not dense in H. Pick-

ing yo € ROM — 1) then (Al — T)(x), yo) = 0,¥x € H

(M =T)(x),y0) = (x, (M —T)(yo)) = 0,Vz € H, since T is self -adjoint.
(w, A\ = T)(y0)) =0,YVo € H
= (M =T)(y) =0

= A\yo = T'yp.
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for y # 0, we have that \ is an eigenvalue for T

Since all the eigenvalues of T" are real, we have that (Al —T)yo = 0 and yo # 0
contradicting the fact that ||(A — T)yo|| > C||yol|-

Thus, R(Al — T') is dense in H. SinceR(AI — T') is both closed and dense in
H, we conclude that (A —T) is invertible = X\ € p(T"),which contradicts our

hypothesis.
Hence ||iﬂf1H<)\[ —T)z||=0

Conversely, Let A be a scalar such that inf ||[(A] —T)z|| = 0, we show that

zl|=1
Aeao(T).
Suppose A ¢ o(T).
= X € p(T).Then (M —T)~! exist. Moreover, (\[ —T)~! € B(H), since H is
Banach.
For z € H : ||z|| = 1, we have that

L= [zl = (M = T)H (M = T)(@)[] < [|(AM = T)HIII(M = T)(2)]]

= 1< |7 = T) | = T) (@)
= AL = D)@l > A = 7)1
= inf [I(M = T)al| = [\ = 7))

This contradicts our hypothesis . Hence A € o(T)
[

lemma 2.7.4. Let T be a self -adjoint operator on a Hilbert space H. Let M be
a closed subapace of H that is T-invariant. Then N = M+ is invariant under
T .Denote Ty = T|p and Ty = T|n.Then T, T, are self-adjoint operators on

M and N respectively and o(T) = o(Th)J o (T3).

Proof. Firstly, we show that N is invariant under 7.
Vere M, Txr € M since M is T- invariant
Let ye N = M+,
(Tx,y) =0 since Tz e M
= 0= Tz,y) = (x,Ty)
= (z,Ty) =0,Yr € M
=Tye Mt =N

For an arbitrary y € N, we have shown that Ty € N, therefore, N is T-
invariant.

Since both M and N are T-invariant, 7]} and T, are self-adjoint on the
corresponding subspaces.
It is left to show that o(T) = o(T7) o (T3).
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Let A € o(T1) by lemma (2.7.3) we have that  inf ||[(AM —T})z|| =0

zeM,||x||=1
Therefore, 3x,, € M with ||z|| = 1 such that ||\z,, — T1(z,)|| — 0,n —
00,= ||Az, — T(x,)|| — 0,n — 0.
Thus by lemma (2.7.3) A € o(T)
For arbitrary A € o(7}), we have shown that A\ € o(T), this implies that
o(Ty) C o(T). similarly, o(7T3) C o(T'). Therefore we conclude that

o(Th) UU(TQ) C o(T)

It is left to show that o(T") C o(T7)|Jo(12)

Assume that A ¢ o(71)Jo(T2). Then there exist C' > 0 such that for ev-
ery x € M and for every y € N, we have that ||\z — Tz|| > C||z|| and
1Ay = Toyll = Clyl]

zi=x+y,z€ Hxx —Tx e M and \y — Ty € N
Ao — TP = | — T+ My — Tyl?
= M—Trx+ y—Ty, e —Tz+ Iy —Ty)
A\x — Tx, \x —Tz) + (\y — Ty, \y — Ty) since (N = M=)
1Az — Ta|* + || Ay — Tyl||?

[|A\2 — Tz|[?

> C([f* + [lyl*)
= ||Az = Tz[]* = C|z|f?
= it |- Tel| 2 C
=\¢ o(T)
= o(T) Co(Th)Jo(T3).
Hence o(T) = o(T7) J o (1) O

Theorem 2.7.5. Spectral theorem of compact self-adjoint operator
LetT' # 0 be a compact self-adjoint operator on an infinite dimensional Hilbert
spaceH . Then o(T) = {0} U{\i}, where \; are distinct real non-zero eigenval-
ues of T.The set {\;} contains ||T|| and is either finite or a countable sequence
convergent to zero. Moreover , the space H has orthonormal basis formed by
eigenvectors corresponding to eigenvalues of T.

Proof.

op(T) = {Ai}
Step 1. we show that o(T") = {0} J 0,(T)
claim. o(T) C {0} o,(T)
Proof. Suppose A is non-zero and not an eigenvalue of 7' . Then Ker(AM —T) =
{0}. Therefore from theorem (2.2.8) R(A —T) = H. This implies that A\ — T
is invertible,so A ¢ o(T').
For arbitrary A ¢ {0} Jo,(T"), we have shown that A ¢ o(7").Hence o(T") C
{0yUan(T) O
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claim. {0}y Jo,(T) C o(T)

Proof. SinceT is compact, we have that 0 € o(T") by theorem  (2.3.4) and by
definition ,0,(T") C o(T").Thus {0} Jo,(T) C o(T) O

We can therefore affirm that o(T") = {0} | 0,(T)

Step II. We justify that ||T|| € 0,(T)
This is evident from theorem  (2.6.3) , since 7' is compact and self-
adjoint.

Step III. We argue that o,(7") = o(T) \ {0} is at most countable.
This also follows from Reisz-schauder theorem  (2.3.4)

Step IV.Finally we show that the eigenvectors corresponding to the eigen-
values of T' form orthonormal basis for H

For an eigenvalue A, N, := Ker(A —T)

We can form an orthonormal basis B) of each N, since N, is finite dimensional

for each \.
B:= UBA
A

B is an orthonormal set in H, since the eigenvectors are orthogonal . It is
left to show that B is orthonormal basis for H.clearly span(B) contains all the
eigenvectors of H. It is enough to show that span(B) = H

By contradiction,assume that span(B) # H

Consider G = span(B )L. Since all the eigenvalues are T-invariant, it follows
that span(B) is T-invariant and hence by lemma (2.3.4) G is also T-invariant
.Moreover,

o(T) = o(T|animy) +0(Tla)

However, T'|s has an eigenvalue (because it is compact and self adjoint), hence

it has a non-zero eigenvector v. v must be an eigenvector of H.
Thus v € G span(B).

ve G span(B) = v € spcm(B)L and v € span(B)
= (z,v) =0 Vz € span(B) and v € 510cm(B)L
In particular, (v,v) =0 = |[v|]?=0= v =0.
This contradicts the fact that v is non-zero. Therefore span(B) = H
Hence B is an orthonormal basis of H. O

Theorem 2.7.6. Decomposition of compact, self- adjoint operators
Suppose T is a compact self adjoint operator on H , there exist an orthonor-
mal system o1, P2, @3, ... of eigenvectors of T and corresponding eigenvalues
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A1, Ag, Az... such that for all x € H,

Tz = Z)\k@% Pr) Pk
K

If {\c} is an infinite sequence ,then it converges to zero.

We shall proof this theorem by successive applications of theorem (2.6.3)
and lemma (2.3.4)

Proof. Let HH=H and T} =T
By theorem (2.6.3), there exist an eigenvalue A\; of 7} and a corresponding
eigenvector ; such that ||¢1]| = 1 and |\ | = ||T1]]

Hy = {p1}*

H, is a closed subspace of Hy; and T'Hy C Hy (i.e Hy is T-invariant).
Now let T, be the restriction of T to Hs. Then T, is compact self adjoint
operator in B(Hj)
If T3 # 0,then there exists an eigenvalue \s of Ty and corresponding eigenvector
2 such that |[of| = 1 and |Aof = |[T3] < [|Th]] = [A4]
{¢1, g2} is orthonormal.

Hy = {p1, 2}

Hj is a closed subspace of H and T'Hy C Hj

Letting T3 be the restriction of T' to Hsz, we have that T3 is a compact self-
adjoint operator in B(Hj3). Continuing in this manner, the process stops when
T, = 0 or else we get a sequence {\,} of eigenvalues of T and corresponding
orthonormal set {1, 2, p3...} of eigenvectors such that

Ania| = [[Taall < Il = Aa] - n=1,2,3... (2.7.1)

claim. If {\,} is an infinite sequence, then \, — 0,n — o0

Proof. Suppose by contradiction , there exist € > 0 such that |\,| > € for all
neN
Hence for n # m, we have that,

But this is impossible, since {T'¢, } has a convergent subsequence due to the
compactness of T'. We therefore conclude that A\, — 0,7 — o0 O
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Now, we prove the representation of T as asserted in the theorem.
Case I. T,, = 0 for some n

$n22$—2<£€,90k>g0k
k=1

It is evident that x,, is orthogonal to ¢; for 1 <7 <n
Therefore, z, € H,

n

0 =Tz, =Tz —T() (. 0n)ex)

k=1

= Tx = ZM@U Ok) Pk
=1

Case 1II. T # 0 for alln e N
[Tz — Z)\kz T, or)prl|

[ Tn]]

[Anl[|znl]
[Anll]2]] — 0

IA I IA

= ||Tx—Z)\k T, okl — 0,n — o0

Hence, Tx = ZM(% ©r) P

k=1
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CHAPTER 3

Application to Linear Elliptic Boundary value Problems

3.1 Notations and definitions

All funtions and Vector fields used are of class atleast C?

Definition 3.1.1. We define the gradient of the scalar function f € R™ as the
vector field of the partial derivatives of f denoted by V f i.e

of of of 9f
0xy Oxy’ Oxs Oxy,

Definition 3.1.2. The divergence of the vector field F' = (fi, fa, ..., fn) in the
coordinates (1, xg, ..., x,), is given by

V=

divkF =V -F=_—+—"—+4+ ...+

Definition 3.1.3. Let ¢ € C*(Q),k > 2, where Q is open in R™. We define
the Laplacian operator of ¢ by

Ao = div(V)
Proposition 3.1.4. By taking ¢, € C*(Q),k > 2, we get,
i) Alg+v) =Lp+ Ay

ii) div(¢pVip) = o(A) + (Vo, Vi)

iii) A(gr)) = (D) 4+ 2(Vh, V) + o(A)
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Proof.
i) Alo+)= div(V(o+1))

_ Qip(2e) | Asv)y

Ox1 7" Oxn

. 2] 0 0 0
= div((Ze+ 22, (B 2))

026 0?2 5] 02
22 8901!}5 mg} Bxg)
9% 0% 09 0?2 0?2 0%

= AN+ ¢) = div(Vo) + div(V)

= Ao+y)= Lo+ Ly
i) din(p(V)) = div(6(2, 2%, 28))

Z(p2L) + 52 (P2L) + .52 (o L)
82 52 52 o] 0 0 o
= div(d(Vv)) = ¢Ap + (Vo, Vi) (3.1.1)

i) AN(py) = div(V(g)), proceeding as in above we have that

A(pY) = o(AY) + (L) +2(Ve, Vi)

Divervence Theorem

Let F' be a continuously differentiable and compactly supported Vector F on
Q. Then

/Q (divF)dx = / (V, F)dA

o

Where V is an an outward normal vector and dA is a unit surface on the
boundary of €.
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Green’s Formula
Applying the divergence theorem and definition of divergence ,such that atleast

b, € C*(Q). We get

/ div($(V))dx = / (V) + (V, V))de = / (V. $(Ve))dA
Q Q

o0N

This gives rise to the first Green’s formula

/ (D) + (V4), V) ) = / oV, Vi) dA (3.1.2)
Q o0

In particular, if = 0 on the boundary. The formula becomes

/Q (V) + (V, V))de =

The second Green’s formula is given as

/ﬂ (1/J(A¢) - ¢>(A¢))dx = /m (¢<V, Vo) — oV, W>)dA

3.2 Elliptic Boundary Value Problem

Let € be a bounded domain (i.e open connected) in R™ with smooth boundary
0f) and let L denote the differential operator

L= 3% %(aij($)%)

where a;; = aj; € C®(Q)
L is uniformily elliptic if there exist o > 0 such that

3 ay(@)6g = allEl?, VEER"

1<i,j<n

Consider the Dirichlet Boundary Value Problem
—Lu =f in Q

u =0 on 02

Where f is a given function on (2.
Let f € L*(Q)
A weak solution of (3.2.1) is a u € H} () such that

Ju v 1
Z / Uﬁxia_xj_/gfv for all v e Hj

1<,5<n

(3.2.1)
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In other words, a weak solution of (3.2.1)is a function u € H}(€) such that

Bolu,v] = (f,v) 2, Vv € Hy () (3.2.2)

Where By : Hy x Hi — R is a continuous bilinear form.

Z /& ou 81}

ij
1<i,j<n (91:2 axﬂ
Theorem 3.2.1. Solution of the elliptic Boundary Value Problem
Let Q2 C R™ be a bounded open set. Let the operator L be uniformly elliptic, with
the coefficients a;; € L=(Q). Then for every f € L*(Q), the boundary Value
problem (3.2.1) has a unique weak solution u € H(QY). The corresponding
solution operator denoted as L™ : f + w is a continuous operator from L*(Q)
into H} () N H?(Q) and compact from L*(Q) into L?(2)

Proof.
The existence and uniqueness of weak solution to the elliptic boundary value
problem (3.2.1) will be achieved by using Lax-Milgram theorem.

1) The continuity of By

du 81}
Blwill € 3 [lasgrgildes 3 llesls |52 (55

ox;
1<i,j<n 1<i,j<n 2 J
2) we claim that By is coercive, i.e. there exists 3 > 0 such that

o

7,

ov
< Cllul| g |[v][ 2

2

Bolu,v] > Bllu||gr forall  u € Hy () (3.2.3)

Indeed, since €2 is bounded, Poincaré inequality yields the existence of a
constant K such that

[l < K/Q Vuldz  Vuc H] (3.2.4)

On the other hand, the uniform ellipticity condition implies that

ou Ou L
B = s —— 2 == 2 2
o, 1] /Q 2_:”% e /Q > (g5 = /Q Vuldr  (3.2.5)

With the two inequalities above, we have,

lullfay = lulliag) +||VUI|L2(Q

< KIIVUH o) T IVul[f2q
lullFg) < (K + 1)!|Vu|\%z(m
HU||§119 < £ Bolu,ul

KL.HHUH%P(Q)
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By Lax-Milgram for every f € H}(2) there exists a unique element u € H} ()
such that
Bolu,v] = (f,v)m Yo € Hy(Q)

Furthermore, we show that the map A : f — w is continuous.
Bolu,u] = {(f,u), we H}Q)
Bllullfn < Bolu,ul = (f,w)m, u € Hy(Q)
Bllull7 i 1] 2 [l |

lullm < B7HIf]22

1L (Pl < ClIfllpe, C =57 (3.2.6)

Hence map A : f +— u is continuous.

Now, we prove that the solution operator L™! : f — u is compact From L*(Q)
into L*(Q)

Let S be a bounded subset of L?(2), we show that L~!(S) is precompact in
L*(Q).

From (3.2.6), we have that L='(S) is bounded in H}(Q2). By Rellich-Kondrachov,
the embedding HJ(Q2) C L?*(2) is compact. Hence L~'(S) is precompact in
L*(2) O

Therefore

We saw earlier that the existence of basic systems is guaranteed only for
Compact and self-adjoint operator. However, the Laplace operator

A Hy(QNH*(Q) — L*(Q)

is not compact (since it is unbounded) but yet it has a basic system due to the
properties of its inverse. This can be achieved by taking advantage of spectral
theorem of compact self-adjoint operators and theorem(3.2.1)

lemma 3.2.2. The Laplace operator is A\ : HL(Q) N H*(Q) — L*(Q) is
self-adjoint.

Proof. Let ¢ € H} ()0 € H*(Q)

(6, ) = /Q oovis= |

¢ = 0 on the boundary, therefore

(b(Vw)VdA—/QV@iacvw from (3.1.2)

(6, ) =—/Qw-vw
Similarly,
(6, Ad) :—/Qw-w
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We deduce that (Ag, 1) = (¢, A).
Hence the Laplace operator defined above is self-adjoint. n

Now from (3.2.1) taking L = A, u = ¢ we have

~Aé =f in Q

5 —0 o 60 (3.2.7)

Multiplying the first equation in (3.2.1) by ¢ € HJ and integrating both sides
over (), we have,

| —vewyin = [ vran, e

By Green’s formula we have,

/ (Vovi)de = / fode 6 € HAQ)
Q Q

Here, we shall explore the Lax-Milgram theorem.
H; is closed subspace of a Hilbert space H', so it is Hilbert. Define

B:H)xH} — R
[6,9] — Blo,Y] = [((Vo.V)dx
B is linear, which follows from the linearity of integral and divergence.
clavm. B is bounded

Proof.
Blo.vl < [ (V0. v0)ldr< [ 196llIVylda
Q Q

< (Ivo@ipas) ([ Ivo@iFar)”
= |VallalITulee
< {lollm [l

— Bl < ollmlwlm

claim. B is H}-elliptic i.e there exists § > 0 such that

Bl¢,¢] > Bl10llni), V¢ € Hy(Q)
Proof.
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Blg,¢] = [, V.Vo = (Vo, Vo) = ||Vo|[7
From Poincare inequality, there exist a constant s such that
ol ey < K[IVEll2, ¢ € Hy
= |0l < wIIVOll. ¢ € Hp,
= llollipn < (52 + 1| Vel[7a
= |9l < (k*+1)B[6, ¢]
= Blo.¢] > ol

. . 1 .
Hence setting § = 7 broves our claim. O

AV VAR VARVA

Now, for each f € L*(2), we define

Ly H{(Q) —R by
o= Ly() = [ fda

i) For each f, Ly is linear

i) b < [Irvle s (fls@ra) ([ pera)’

2@ 19|z @)

(L) < A1 e ([0
It follows that for each f € L*(Q),L; is bounded.

Hence by Lax-Milgram theorem, for each f € L*(Q), problem(3.2.7) is assured
of a unique solution say ¢;. We define the solution operator

D(A) = {u € Ly(Q) : Au € Ly(Q)}

AT L2(Q) — D(A)  defined by

f =AY f)=¢;, where ¢; solves (3.2.7) (3.2.8)

claim. i)\~ is positive.

Proof. Let f € L*(Q) and A~ f = ¢; such that ¢; is a solution of (3.2.7)
(AU f) = (b5, Ddp) = (Voy, Vo) >0 O

claim. 1)\~ is self-adjoint.

Proof. Let f,g € L*(Q) and A7 f = ¢y, A7l g =1,
(AU g) = (¢, —Diy)
= (Voy, Viby)
= _<A¢f’¢g>
(A fg) = (f.07'g)

claim. i) A~Y € B(L2(Q), HY)
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Proof.
Obviously, A~! is linear.

Bloy, éf] = /ﬂ forde, by € HI(Q)

Using the H!'-ellipticity of B, we have that

Bllos|En < Bloy. o] = /Q fopde o € HYQ)

= Bllosllzn < 11z 1ol
= |losllm < 3l fllnq)
= [|A g <y, with y=5>0
Hence A~1 € B(L*(Q2), Hg) O

The compactness of A~! follows from theorem (3.2.8).
As a consequence of the spectral theorem, there exists a Hilbert basis {¢,} of
L?(€2), and a positive sequence {v,} converging to zero such that for every n,

A, = v, (3.2.9)

Observe that v, # 0 for all n, otherwise there exist ny € N such that ¢, is
zero, which is a contradiction. It follows from (3.2.7) and (3.2.8) that there
exists an orthonormal basis {¢,} for H}(Q) such that

1
Ay = Aop with N, = — (3.2.10)

Un,

Remark. The eigenvalues of —A are positive and form a sequence converging
to 400

Example 3.2.3. Let Q2 =]0, 7[C R,
Dom(L) = {u € Hy(]0,x[) : u” € L*(0,x[)}

and Lu = —ug,.
Given f € L*(]0,w[), consider the elliptic boundary value problem

—Uy, = f in]0, 7]
u(0) = 0
u(l) = 0.

First step, we compute the eigenfunctions of L. By solving the boundary
value problem.
— Uy = pU, u(0) =u(r) =0
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The eigenvalues and the normalized eigenfunctions are given by
2 2 .
we =k and  ¢p(zr) = /= sin(kx), ke N\{0}.
T

Of course, the inverse operator L™' has the same eigenfunctions ¢ (), with
eigenvalues A\, = k% By spectral theorem

u(e) = L7 = > Mlf, dn)r2

= %% ( /07r f(y)\/gsin(ky) d@/) \/gsin(’fﬂf)

= Z% ( /07T f(y) sin(ky) dy) sin(kx).

k=1

In conclussion we have presented linear compact operators on arbitrary Ba-
nach spaces, investigated the spectral properties of compact operators, shown
that neither compactness nor self-adjointness guarantees the existence of basic
system for a bounded linear operator on an infinite dimensional Hilbert space.
We have also shown that the spectral decomposition theorem could be ex-
tended to justify the existence of basic system for unbounded differential op-
erators, specially those which are self-adjoint and have compact inverses.
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